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ABSTRACT

In this paper we study the existence and multiplicity solutions of nonlinear elliptic
problem of the form

Au+X-u— f(u) g in Q
0

Sy =
U= on 652

Here, € is a smooth and bounded domainin RY, N >2, A\¢ Rand f:R— Risa
continuous, even function satisfying the following condition

e < (B ea- [tP for | > 1
0 < f(t) <es-|tf for [t} <1

for some ci1,c2,c3,p,a € R, c1,c2,c3,aa>0and p>1+ a.
We shall show that, for A€ R, g € L,(Q)if N=2, r>1, p>1l+aor
N >3,r> ]%'—ig, l1+a<p< %, the above problem has solutions.
Assuming additionally that, A < A; and f is decreasing for ¢ < 0, we shall show that,
this problem have exctly one solution.
We take advantage of the fact, that a continuous, proper and odd (injective) map of the
form I 4+ C (where C is compact) is suriective (a homeomorphism).

1. THE MAIN RESULTS

We will consider the following nonlinear Dirichlet problem
Au+A-u—flu)-u=g in Q (1)
u=20 on 6§}

Here, Q is a smooth and bounded domain in RY, N > 2, X € R and
f: R — R is a continuous, even function satisfying the following condition
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c1-[t* < f(t) S o [HPTH for Jt] > 1

0< f(t) <es i for |t <1 @

for some ¢y,c2,c3,p,a € R, ¢1,¢2,c3,a>0and p> 1+ a.
We assume that, p > 1+« for N =2 and 1+a<p<%f0r N > 3.

For each u €Wjs (), let us define the elements Lu, Tu as follows:

(Lu, ¢)12 = [, u- pdx 3)
(Tu, $)12 = Jo f(u) - u- ddx

for every ¢ EW?12 ().
LemMmA 1. If u EW/?12 (), then Lu,Tu EV[ZQ (Q).

Proof. Let u EWolg (©). Then, for every ¢ EWolg (Q), we have

|ql(¢)|=|/gu'¢dl°|S/Q|U'¢|dﬂfﬁ fulloz [ @lloz < e[l ¢lli2

and
@ = | [ f)-u-odsl < [ |- dids
< NI ullogs 16 logsy <e I
for N >3 or
@] < 1 7@ ulle Nl <c Il
when N = 2.

This means that, functions ¢; and ¢ are linear continuous functionals
defined on the Hilbert space Wiz (2). The Riesz theorem implies that,
Lu, Tu €Wy, (Q)D

Thus we can define the operators L, T :V[})u () —)I/I})12 (©2). Now we shall
prove some properties of L and T.

LeEMMA 2. The operator L is linear and compact.

P roof. It is obvious that, L is linear. Let us consider a bounded sequence

{un} in Wis (Q). Since the imbedding W12 () C L2(Q) is compact, there
exists a subsequence {u,, } such that u,, — u in L2(Q), ¥ — co. Hence
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|| Lup, — Lu |12 < ¢ || tn, —ullo2 — 0.

This means that, Luy,, — Lu in Wi (2) as k — oo and the operator L
is compact.O

LeEMMA 3. The map T is continuous and compact.

Proof Letu, — uin Wy (), n — oo. The continuity of the
imbedding Wi» (2) C L2x (?) implies that u, — u in L2 ().

It follows from inequality (2) and the Vajnberg theorem that, f(u,)-u —
f(u)-u in L(N27-J;r)l (). Hence

[| Tup —Tu |12 = sup |[(T(uy — Tu, ¢)12]
|#]l12=1
= s | [ ()~ 0) ) 9ds
[[¢ll12=1 J
< o | () -un = ) - uflgza - | ¢ llo 22
< e s Fm) t S0) - ullogsy 10 s
< el flun) tn = fw) -l — 0

for n — oo, N > 2 and

| Tup —Tu |12 < ”;”1113_1 | fun) - un = f(u) - wlloz - || ¢ [lo2
< el flun) -up = f(u)-ulloe — 0
for N = 2.

This proves continuity of T.

Now let {u,} be a bounded sequence in V[})lg (Q). From the compactness
of the imbedding V[;u Q) cC Lz;v_Jr.zp(Q), we conclude that, there exists a
subsequence {u,,} such that u,, — w in LZZ;IL_F-;(Q), kE — oo. It fol-
lows from inequality (2) and the Vajnberg theorem that, f(up,) - un, —
fw) -w in L2w~ (Q). The continuity of T implies that T is compact.0

N+2

Let A :V[;u (Q) —)W;m (Q) be a map defined by

A=I-X-L+T.

We shall prove some properties of A.
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LEMMA 4. The map is odd.

Proof A(-u)=(-u)—A-L(-u)+T(-u) = —u+A-Lu—Tu =
—(u—A-Lu+Tu) = —Au.O

LEMMA 5.  The map A is proper.
P r oo f We shall show that, || Au ||12— oo if || u ||;2—> oo. Let

{un} CW012 () and || uy, |[12—> o0 as n — oo. Then

(Aunaun)u = (Unaun)IQ -A- (Lunaun)m + (Tunaun)m

= - fu R + / Flun) - u2da

S N (25 <A [ |25 + / > e

[l 1 = [l wn [l + [l wn 116350
> lun [fy =2l un 32 +e [l un llo3®

= [lun 172 + [ un 152 (e Nl un 155 =)
But (Aun,un)i2 < || Aup |12 - || wn ||12, therefore
| A s > 1t e + 1 i [ (e 1t 18 =)/ |t fhz —> 00 a5 —> oo.

O
THEOREM 1.  The map A is suriective.

P r oo f. It follows from fact that, a continuous, proper and odd map of
the form I + C (where C is a compact) is suriective.O

THEOREM 2. If X < A and [ is decreasing for t < 0, then A is a
homeomorphism.

P r o o f. We shall prove that A is injective. Let us assume that, there exist
u,v EWis (Q), such that Au = Av. Then
(Au,u —v)12 = (Av,u — v)12
(u—v,u)12 — A+ (Lu,u — )12 + (Tu,u — v)12 —
— (v,u—v)12 + A- (Lv,u —v)12 — (Tv,u —v)12 =0

(u—v,u—v)12 — A (Lu— Lv,u —v)12 + (Tu —Tv,u —v)12 =

fu—v iy = A flu—vl, +/Q(f(U)-u—f(v)-v)-(u—v)dﬂf=0-

Hence
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lu—vlfy = A [u—vl =—/Q(f(U)-u—f(v)-v)-(u—v)d»’v-

Since A < Ay, the left-hand side of the equation is nonnegative, the right-
hand side is nonpositive, so u = v and therefore A is injective. From theorem
1 we conclude that, A is homeomorphism.O

An element u EW})H () is called a weak solution of problem (1), if the
following condition is satisfied

/QVU-Vqua:—)\-/Qu-(bdw-i—/Qf(u)-u-qﬁdwz—/Qg-d)dm (4)

for every ¢ EW?12 ().

Let g € W_12(Q), then there exists h EW})H (Q) such that — [, g - ¢dex =
(h,¢)12 and (4) can be written in the form

(U—)\-LU+TU,¢)12 = (h,¢)12 (5)

for every ¢ €Wia ().
This equation is equivalent to

u—A-Lu+Tu=h (6)

or
Au = h.

THEOREM 3. If g € L,.(Q) where, r>1, N=2, p>14+aor N >3,
r> ﬁ,’—fz, l+a<p< %f;, then there exists a weak solution of problem (1).
If additionally X < X1 and function f is decreasing for t <0, the problem (1)

has exactly one weak solution.

P r oo f. Let g satisfies the assumptions of theorem. Then

|/Q(—g) pdz| < lglloz-ll@lloz < e ll@lliz  incase N =2
or

N+2 N -2

|/Q(—g)'¢d9«“| < lgllozx -ll¢llozs < cll¢lhe  for N >3.
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It denotes that g € W_15(2). The thesis of theorem follows from theorems
1 and 2.0
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