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ABSTRACT

In this paper we study the existence and multiplicity solutions of nonlinear elliptic
problem of the form


u� � � u� f
u� � u � g in �
u � � on ��

Here� � is a smooth and bounded domain in RN � N � �� � � R and f � R �� R is a
continuous� even function satisfying the following condition

c� � jtj� � f
t� � c� � jtjp�� for jtj � �
� � f
t� � c� � jtj for jtj � �

for some c�� c�� c�� p� � � R� c�� c�� c�� � � � and p � � � ��
We shall show that� for � � R� g � Lr
�� if N � �� r � �� p � � � � or

N � �� r � ��N
N��

� � � � � p � N��

N��
� the above problem has solutions�

Assuming additionally that� � � �� and f is decreasing for t � �� we shall show that�
this problem have exctly one solution�
We take advantage of the fact� that a continuous� proper and odd 
injective� map of the
form I � C 
where C is compact� is suriective 
a homeomorphism��

�� THE MAIN RESULTS

We will consider the following nonlinear Dirichlet problem

�u� � � u� f�u� � u � g in �
u � � on ��

���

Here	 � is a smooth and bounded domain in RN 	 N � 
	 � � R and
f � R �� R is a continuous	 even function satisfying the following condition
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c� � jtj
� � f�t� � c� � jtj

p�� for jtj � �
� � f�t� � c� � jtj for jtj � �

�
�

for some c�� c�� c�� p� � � R	 c�� c�� c�� � � � and p � � � ��
We assume that	 p � � � � for N � 
 and � � � � p � N��

N�� for N � ��

For each u �
�

W�� ���	 let us de�ne the elements Lu� Tu as follows�

�Lu� ���� �
R
�
u � �dx

�Tu� ���� �
R
�
f�u� � u � �dx

���

for every � �
�

W�� ����

Lemma �� If u �
�

W�� ���� then Lu� Tu �
�

W�� ����

P r o o f� Let u �
�

W�� ���� Then	 for every � �
�

W�� ���	 we have

jq����j � j

Z
�

u � �dxj �

Z
�

ju � �jdx � k u k�� � k � k�� � c� k � k��

and

jq����j � j

Z
�

f�u� � u � �dxj �

Z
�

jf�u� � u � �jdx

� k f�u� � u k� ��N
N��

� k � k� ��N
N��

� c� k � k��

for N � � or

jq����j � k f�u� � u k�� � k � k�� � c� k � k��

when N � 
�
This means that	 functions q� and q� are linear continuous functionals

de�ned on the Hilbert space
�

W�� ���� The Riesz theorem implies that	

Lu� Tu �
�

W�� �����

Thus we can de�ne the operators L� T �
�

W�� ��� ��
�

W�� ���� Now we shall
prove some properties of L and T�

Lemma �� The operator L is linear and compact�

P r o o f� It is obvious that	 L is linear� Let us consider a bounded sequence

fung in
�

W�� ���� Since the imbedding
�

W�� ��� � L���� is compact	 there
exists a subsequence funkg such that unk �� u in L����	 k ���� Hence
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k Lunk � Lu k�� � c� k unk � u k�� �� ��

This means that	 Lunk �� Lu in
�

W�� ��� as k ��� and the operator L
is compact��

Lemma �� The map T is continuous and compact�

P r o o f� Let un �� u in
�

W�� ���	 n �� �� The continuity of the

imbedding
�

W�� ��� � L ��N
N��

��� implies that un �� u in L ��N
N��

����

It follows from inequality �
� and the Vajnberg theorem that	 f�un� �u ��
f�u� � u in L ��N

�N����p
���� Hence

k Tun � Tu k�� � sup
k�k����

j�T �un � Tu� ����j

� sup
k�k����

j

Z
�

�f�un� � un � f�u� � u� � �dx

� sup
k�k����

k f�un� � un � f�u� � u k� ��N
N��

� k � k� ��N
N��

� c � sup
k�k����

k f�un� � un � f�u� � u k� ��N
N��

� k � k��

� c� k f�un� � un � f�u� � u k� ��N
N��

�� �

for n ���	 N � 
 and

k Tun � Tu k�� � sup
k�k����

k f�un� � un � f�u� � u k�� � k � k��

� c k f�un� � un � f�u� � u k�� �� �

for N � 
�
This proves continuity of T�

Now let fung be a bounded sequence in
�

W�� ���� From the compactness

of the imbedding
�

W�� ��� � L ��N�p

N��
���	 we conclude that	 there exists a

subsequence funkg such that unk �� w in L ��N�p

N��
���	 k �� �� It fol�

lows from inequality �
� and the Vajnberg theorem that	 f�unk� � unk ��
f�w� � w in L ��N

N��
���� The continuity of T implies that T is compact��

Let A �
�

W�� ��� ��
�

W�� ��� be a map de�ned by

A � I � � � L� T�

We shall prove some properties of A�
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Lemma �� The map is odd�

P r o o f� A��u� � ��u� � � � L��u� � T ��u� � �u � � � Lu � Tu �
��u� � � Lu� Tu� � �Au��

Lemma �� The map A is proper�

P r o o f� We shall show that	 k Au k���� � if k u k���� �� Let

fung �
�

W�� ��� and k un k����� as n ���� Then

�Aun� un��� � �un� un��� � � � �Lun� un��� � �Tun� un���

� k u k��� ��� k u k
�
�� �

Z
�

f�un� � u
�
ndx

� k un k
�
�� ��� k un k

�
�� �

Z
�

junj
���dx

� k un k
�
�� ��� k un k

�
�� � k un k

���
����

� k un k
�
�� ��� k un k

�
�� �c� k un k

���
��

� k un k
�
�� � k un k

�
�� �c� k un k

�
�� ����

But �Aun� un��� � k Aun k�� � k un k��	 therefore

k Aun k�� � k un k�� � k un k
�
�� �c� k un k

�
�� ���� k un k�� ��� as n ����

�

Theorem �� The map A is suriective�

P r o o f� It follows from fact that	 a continuous	 proper and odd map of
the form I � C �where C is a compact� is suriective��

Theorem �� If � � �� and f is decreasing for t � �� then A is a
homeomorphism�

P r o o f� We shall prove that A is injective� Let us assume that	 there exist

u� v �
�

W�� ���	 such that Au � Av� Then

�Au� u� v��� � �Av� u� v���

�u� v� u��� � � � �Lu� u� v��� � �Tu� u� v��� �

� �v� u� v��� � � � �Lv� u� v��� � �Tv� u� v��� � �

�u� v� u� v��� � � � �Lu� Lv� u� v��� � �Tu� Tv� u� v��� �

k u� v k��� � �� k u� v k��� �

Z
�

�f�u� � u� f�v� � v� � �u� v�dx � ��

Hence
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k u� v k��� � �� k u� v k��� � �

Z
�

�f�u� � u� f�v� � v� � �u� v�dx�

Since � � ��	 the left�hand side of the equation is nonnegative	 the right�
hand side is nonpositive	 so u � v and therefore A is injective� From theorem
� we conclude that	 A is homeomorphism��

An element u �
�

W�� ��� is called a weak solution of problem ���	 if the
following condition is satis�ed

Z
�

ru � r�dx � � �

Z
�

u � �dx�

Z
�

f�u� � u � �dx � �

Z
�

g � �dx ���

for every � �
�

W�� ����

Let g � W������	 then there exists h �
�

W�� ��� such that �
R
�
g � �dx �

�h� ���� and ��� can be written in the form

�u� � � Lu� Tu� ���� � �h� ���� ���

for every � �
�

W�� ����
This equation is equivalent to

u� � � Lu� Tu � h �
�

or

Au � h�

Theorem �� If g � Lr��� where� r � �� N � 
� p � � � � or N � ��
r � ��N

N��
� ��� � p � N��

N�� � then there exists a weak solution of problem ����
If additionally � � �� and function f is decreasing for t � �� the problem ���
has exactly one weak solution�

P r o o f� Let g satis�es the assumptions of theorem� Then

j

Z
�

��g� � �dxj � k g k�� � k � k�� � c� k � k�� in case N � 


or

j

Z
�

��g� � �dxj � k g k� ��N
N��

� k � k� ��N
N��

� c� k � k�� for N � ��
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It denotes that g �W������� The thesis of theorem follows from theorems
� and 
��
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