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�� INTRODUCTION

The mathematical model of chemical reactions which are taking place on
the surface of the glass �bre material� if it is pulled through bathes �lled
with acid solution� was constructed and partly numerically investigated in
the article ���� The urgency of this investigation was caused by necessity to
minimize substance of alkaline metal oxides in the glass �bre material and
thus magnify its thermal strength� The two point boundary value problem
for system of two self�similar ordinary di	erential equations with quadratic
right side in respect to derivatives of unknown functions under some partial
assumptions was carried out in ���� We o	er some qualitative investigations
of this boundary value problem in the present article� At the same time
our observations are interesting from the point of view of the mathematical
modeling�

�� MATHEMATICAL MODEL

The full mathematical model of considered technological process consists of

a� di	erential equations of hydrodynamics �equation of 
ow continuity and

equations of momentum conservation in the directions of coordinate axes��
b� di	erential equations of substances transport in the acid solution�
c� boundary conditions determined by chemical reactions on the surface of

the glass �bre material�
Of course� these are steady�state di	erential equations since the industrial

process is continued and established�
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For the sake of simplicity let us consider that only one oxide of alkaline
metal was involved in the surface chemical reaction� Then the di	erential
equations of substances transport taking into account the di	erential equa�
tions of hydrodynamics are following
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where x�� x� respectively is the spatial coordinates in the lengthwise and the
normal directions of the glass �bre material�
u�� u� are velocity components of the acid solution 
ow in the directions

corresponding to axes x�� x��
�i�mi� Di respectively are density� mass concentration and di	usion coef�

�cient of acid �i � �� and alkaline metal salt �i � �� formed by the surface
chemical reaction in the acid solution 
ow�
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is the density of the acid solution�
If axis x� is located on the surface of the glass �bre material and Ri are the

Arrhenius rates of the chemical reaction for species i � �� �� �� then boundary
conditions which are determined by the chemical reaction on the surface of
the glass �bre material �x� � �� are following
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Let Ri � ��iMiA
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��� i � �� �� �� where �� is the area density of the

glass �bre material� m� is the mass concentration of alkaline metal oxide in
the glass �bre material� �j �Mj�j � �� �� �� �� respectively are the stochiometric
coe�cients in the equation of the chemical reaction and the molecular weights
of substances�
A is the Arrhenius coe�cient of proportionality� � � � is a chosen exponent�
Then the mentioned boundary conditions obtain the following form
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Furthermore� let us assume that for the velocity pro�le of the acid solution
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Then by variable � � x�

q
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the di	erential equations of substances

transport we can alter in the following form
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where fj��� � mj � j � �� �� but from the boundary conditions determined by
the chemical reaction on the surface of the glass �bre material we obtain
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where Aj � A
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� Note� that if x� is �xed� then Aj � const

because we are considering the established process�
In addition the conditions for the mass concentrations of the acid and the

salt at the beginning of process of surface chemical reaction �x� � �� give the
boundary conditions in the in�nity

f���� � m�
�� f���� � �� ���

where m�
� is the mass concentration of acid at the beginning of process�

The right side of the di	erential equations ���� which we shall denote by
g��� f� f ��� are quadratic with respect to �rst derivatives and therefore did not
satis�ed the classical Bernstein�Nagumo�Opial condition �see� for example�
����

j g��� f� f �� j� p��� j f � j� b�j f � j���
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d
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which implies the a priori estimate for the �rst derivative of bounded solutions
of the system ���� It should be noted also that boundary value problem ����
��� has nonlinear boundary conditions� So� the solvability of this boundary
value problem causes clearly mathematical interest�

�� EXISTENCE OF SOLUTIONS

Let us consider k�dimensional generalization of obtained boundary value prob�
lem �������
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are true� then the boundary value problem �
����� has the solution f and exist
monotone functions hji 
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and components fj � j � �� � � � � k� of this solution have the estimates

h
��	
j� ��� � fj��� � h

��	
j� ���� ���

d

d�
h
��	
j� � f �j��� �

d

d�
h
��	
j� ��� ����

in the domain ������
P r o o f� The linear homogenous boundary value problems
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have Green�s functions� which can be written in the following form


Gj��� 
� �

����
���

�R
�

exp�
�j��

����	
� �d�� � � � � 
�

�R
�

exp�
�j��

����	
� �d�� 
 � � � ��



Qualitative investigations of boundary value problems ��

Let pji � ����i�� � �Aj�j �j j ���k��� and de�ne for arbitrary chosen
gj� � R� gj� � �gj����� j � �� � � � � k� i � �� �� the functions
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h
��	
ji ��� �

d

d�
h
��	
ji ��� � �

�Z
�

exp�
	j�


� � ���

�
�gjid
 � pji exp��

	j�
�

�
��

Let q � �q��� q��� q��� q��� � � � � qk�� qk���

Fj��� q� �
� � 
��

�
��

�
kP
i��

�ih
��	
iqi�

kX
i��

�ih
��	
iqi�

h
��	
jqj�

and F
��	
j ��� � min

q�f���g�k
Fj��� q�� F

��	
j ��� � max

q�f���g�k
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modi�cation of methods based on the a priori estimates� which was applied
for particular boundary value problem in the article ��� and was formulated in
more general form in the work ���� the su�cient conditions for the solvability
of the boundary value problem ������� are ful�llment of the inequalities
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Due to relations �j � �� j � �� � � � � k� which are true since the assumptions
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and consider the boundary value problem

f ��j � 	j�f
�
j � ��gj��

� � 
��

�
��

�
kP
i��

�ifi

kX
i��

�if
�
if
�
j � gj���

f �j��� � ��pj�� Ajf������k��fj��� � �j�� pj���

fj��r� � �m�
j � j � �� � � � � k�

As it is well known �see�for example� ���� these quasilinear boundary value
problems for any natural number r have the solutions f 
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and according to assumptions ��� also the following inequalities
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The estimates ���� together with the inequalities ���� for every natural num�
ber r imply
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So� the functions f 
r� 
 ��� �r� � Rn are also the solutions of the di	erential
equation system ��� and the inequalities ���� provide that the functions f 
r�

satisfy the boundary condition ����
Later we have the possibility to select from the sequence of solutions r �

f 
r� the convergent subsequence which converge to solution f of the boundary
value problem �������� Of course� components fj of this solution also satisfy
the estimates ���� ����� The theorem is proved�

Remark� It is interesting to pay attention to the physical signi�cance of
the assumptions ���� These inequalities mean that density of each chemi�
cal substance which solution contains and which is involved in the chemical
reactions no less like the density of water�

Extensions� The formulated existence theorem is possible to extend to
some classes of boundary value problems which generalize the boundary value
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problem �������� For example� it remains valid if in place of the di	erential
equation ���is considered more general di	erential equation
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 ������ ����� are continuous functions�
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