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�� INTRODUCTION

One general methodology for investigation of di�erence schemes� which ap�
proximate nonstationary nonlinear di�erential equations� is given in �����	
That methodology is based on the nonlinear stability de
nition and enables
us to use the investigation formula �aproximation � stability
 convergence�
in the nonlinear cases	

In this note we modify this scheme of investigation by using the de
nition
of asymptotical stability of nonlinear di�erence schemes	 It enables us to
prove uniform in time error estimates	 The e�ciency of such methodology
is demonstrated for implicit and explicit 
nite � di�erence schemes which
approximate the semilinear di�usion�reaction problems
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Here � is a rectangular domain in Rd� d � �� aj�x� are given functions satis�
fying conditions
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In this paper we use the following norm convention

kv��� t�kL� 
 sup
x��

jv�x� t�j�



On uniform in time error estimates for di	erence schemes ��

Then we de
ne the neighbourhood of the solution

B�u�R� 
 fv � ku��� t�� v��� t�kL� � Rg�

We assume that the di�erential equation has some structure which forces a
solution to approach an equilibrium	 More precisely� we assume the following�

�H�� f�x� t� v� ��
t��

F �x� v��

�H�� The problem ��	�� � ��	�� de
nes asymptotically stable nonlinear oper�
ator in B�u�R�� i	e	�
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for any U � B�u�R�� here H�
� is the subspace of the standard Sobolev space

H���� satisfying the homogeneous Dirichlet boundary conditions	

Then jju��� t�� �U jjL� � �� where �U satis
es the stationary problem
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Following ��� �see� also ���� in the di�erence scheme to be described below
we replace function f by a smooth function fR� which coincides with f in
B�u�R�� Outside of B�u�R� fR is bounded and Lipschitz continuous� where
all bounds depend only on u and R� This replacement does not a�ect the
exact solution u�x� t��

Finally we mention some related work	 Larsson ��� analyses the long�time
behavior of the dissipative backward Euler method	 He proves error esti�
mates in the L� norm	 The approximation of �contracting� trajectories near
asymptotically stable equilibra by an explicit Euler 
nite�di�erence scheme is
considered by Sanz�Serna and Stuart ���	 The qualitative behaviour of spa�
tially semidiscrete 
nite element solutions of a semilinear parabolic problem
near an unstable hyperbolic equilibrium is studied by Larsson and Sanz�Serna
���	 We mention the important work of Heywood and Rannacher ���	

�� FINITE�DIFFERENCE SCHEME

In this section we describe the 
nite�di�erence approximation of ��	�� � ��	��	
Let �� be the uniform time mesh with the time step �� Let �h 
 ��h �

��h�� � ���dh be a discretization of �� where �ih are space meshes obtained



�� R� 
Ciegis and O� 
Stikonien�e

by dividing space intervals ��� �� into mesh intervals by a sequence of points
xij 
 jh� j 
 �� �� � � � � N � �� where Nh 
 � and h denotes the space step	
Then for any vector j 
 �j�� j�� � � � � jd� with � � jk � N we get a discrete
point Xj 
 �x�j� � � � � � xdj� � � �h�

Let Un
j denotes the discrete approximation of u�Xj � tn�� We also use the

notation

V �x � �� k� 
 V �x�� � � � � xk � �� � � � � xd��

The inner product between mesh functions U and V and the discrete L�
and L� norms are de
ned by

�
U� V

�

 hd

X
X��h

U�X�V �X�� kV k 

p

�V� V ��

kV k� 
 max
X��h

jV �X�j�

The 
nite�di�erence scheme is de
ned as follows

Un�� � Un

�
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where Dk is an approximation of the di�erential operator by central di�erences
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and we use the following notations

U� 
 �Un�� � ��� ��Un� tn�� 
 tn � ��� � � � � ��

It is well�known that Dk satis
es the estimates �see� e	g	 ����

�AL

h�
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��h
�
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�
�DkU�U

�
�

�

h�
ARkUk

�� ��	��

�� THE METHOD FOR INVESTIGATION OF NONLINEAR
DIFFERENCE SCHEMES

In this section we consider a modi
cation of a general investigation method
which was proposed in �����	
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First the existence of the unique solution of 
nite�di�erence scheme ��	�� �
��	�� is proved	 We 
nd a solution by using the iterative method

s��

U �Un
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where
s
U denotes the s�th iterative approximation and

s
U
�

 �

s
U ������Un�

As it follows from ��� the convergence of the iterative method ��	�� � ��	��
and the uniqueness of the solution depends on the following stability property	

Let us consider the auxiliary discrete problem for the di�erence V n�� �
Wn��

V n�� �Wn��

�

 �
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�fR
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n�� � ��� ��Un
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�fR
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n�� � ��� ��Un
�

in �h�

V n�� �Wn�� 
 � on ��h� ��	��

where Un � B
�
u�tn�� R

�
and Pn��� Qn�� are any functions satisfying bound�

ary conditions ��	��	
Definition �� The �nite�di	erence scheme is said to be stable� if for

su
ciently small � � ��� h � h� the following estimate

kV n�� �Wn��k��� � �CDkP
n�� �Qn��k��� ��	��

holds for problem ������ ������ where CD may depend on constants which are
used for the de�nition of fR�

Then the following theorem is proved in ���	
Theorem ���� If the di	erence scheme ����� � ����� is stable then for

su
ciently small � � �� the iterative sequence de�ned by problem ������ �����
converges to the solution of the di	erence scheme ������ ������ the following
estimate

kUn���
s

U k��� �
qs

�� q
k

�

U �Unk���� q � �

holds and this solution is unique�
Now we will give one important remark about the realization details of the

iterative method ��	�� � ��	��	
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Remark �� The main norm k � k��� can be weaker than the maxi�
mum norm k � k�� We will prove below that for su�ciently small � � ��

the solution Un�� � B
�
u�tn���� R

�
� Hence we have that fR

�
X� tn��� U

�
�




f
�
X� tn��� U

�
�
� In the formulation of the iterative method we can use a ball

B�Un� �R�� If after convergence of the iterative sequence Un�� 	� B�Un� �R��

we decrease the time step �� It is important to note that some
s

U may not

belong to B�Un� �R�
�

nor to B
�
u�tn���� R

��
	

Now we will investigate the convergence of the discrete solution	 The global
error Zn

j 
 Un
j � u�Xj � tn� satis
es the problem

Zn�� � Zn

�
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�
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is called the truncation error	
Definition �� Finite�di	erence scheme ����������� is said to be asymp�

totically stable� if for su
ciently small � � ��� h � h� the following estimate

kZn��k��� � e�CS�kZnk��� � �CT k�
nk���� ��	��

holds for problem ������ ������ where CS � CT are nonnegative constants that
may depend on constants used in the de�nition of function fR�

Let assume that the following estimate

k�nk��� � CA��� � h��� �� 	 
 �� n � � ��	��

is valid for the truncation error	
Theorem ���� Let �nite�di	erence scheme ����������� be asymptotically

stable� Then for su
ciently small � � �	 the global error of the solution of
di	erence scheme ������ ����� satis�es the uniform in time estimate

kUn � u�tn�k��� � C��� � h��� ��	���
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P r o o f	 By iterating the stability estimate ��	�� we have

kZnk��� � e�CS�tn�tm�kZn�mk���

��CT max
n�m�j�n��

k�jk���
�
� � e�CS� � � � �� e�CS�m����

�
�

With � � �� we thus get

kZnk��� � e�CS�tn�tm�kZn�mk��� �
CT
CS

eCS�� max
n�m�j�n��

k�jk���� ��	���

Taking tm 
 t� and using ��	�� we prove the required uniform in time global
error estimate ��	���	 This completes the proof	 �

There we will make one important remark �see also ������	 Although the
replacement of f�x� t� u� by fR�x� t� u� does not a�ect the exact solution of
the di�erential problem� it may change the solution of the di�erence scheme	
Hence it is necessary additionally to prove the convergence estimate in the
maximum norm L�� Examples of such analysis will be given below	

Next we consider the corresponding discrete stationary problem

�

dX
k��

DkV 
 FR�x� V � in �h� ��	���

V 
 � on ��h�

The existence of the solution V is guaranted for small h if FR satis
es the
assumption �H�� and since V is a 
nite�dimensional vector	

Then 
nite�di�erence scheme ��	�����	�� can be used as an iterative method
for 
nding the solution of stationary problem ��	���	
Theorem ���� Let �nite�di	erence scheme ����������� is asymptotically

stable� Then Un converges to the stationary solution V of ������ and the
following error estimate is valid

kUn � V k��� � e�CStnkU� � V k���� ��	���

Moreover� V converges to a stationary solution �U of ����� and V � �U satis�es
the estimates

kV � �Uk��� � Ch� � ��	���

P r o o f	 The di�erence Zn 
 Un � V satis
es the problem

Zn�� � Zn

�
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k��

DkZ
��
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Then it follows from ��	��� that

kZnk � e�CtnkZ�k�

Hence an initial error kZ�k is reduced ��� times if n � ln�������CS���
We now turn to the proof of ��	���	 Substituting �U into ��	�� we get that

the truncation error satis
es

k�k��� � CAh
� � 	 
 ��

Then by ��	��� we obtain the uniform in time error estimate

kUn � �Uk � e�CStnkU� � �Uk�
CT
CS

h� �

Using this inequality and the established fact that Un � V as n � � we
prove ��	���	 The theorem is proved 	 �

�� THE IMPLICIT FINITE�DIFFERENCE SCHEME

In this section we apply general results of Section � to the implicit scheme
��	�� � ��	�� with � 
 �

Un�� � Un

�
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DkU
n�� � fR�X� tn��� U

n��� in �h� ��	��

Un�� 
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We assume the following hypotheses	

�H�� The function fR is globally Lipschitz function� i	e	

jfR�x� t� U��� fR�x� t� U��j � LjU� � U�j�

�H�� The smooth function fR satis
es the estimate

�fR
�u

�x� t� v� � �SF � SF 
 ��

It is well�known that for a su�ciently smooth solution u�x� t� of ��	�� �
��	�� the truncation error satis
es

j�j � CA�� � h�� in �h� ��	��
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It is su�cient to prove that 
nite�di�erence scheme ��	�����	�� is stable and
asymptotically stable	
Lemma ���� Let assume that �H�� and �H�� are satis�ed� Then �nite�

di	erence scheme ����� is stable and asymptotically stable in L�� i�e� k�k�j� 

k � k�� j 
 �� ��

P r o o f	 In order to prove that scheme ��	�� is stable we consider the
auxiliary discrete problem �see ��	���

V n�� �Wn��

�



�X
k��

Dk�V n�� �Wn��� � fR�X� tn��� P
n���

�fR�X� tn��� Q
n���

It follows from the maximum principle that

kV n�� �Wn��k� � �kfR��� tn��� P
n���� fR��� tn��� Q

n���k��

By the estimate �H�� we now have that for n � �

kV n�� �Wn��k� � �LkPn�� �Qn��k��

We conclude that 
nite�di�erence scheme ��	�� � ��	�� is stable	
We now turn to the proof of asymptotical stability	 The global error Z 


U � u satis
es the discrete problem

Zn�� � Zn

�



dX
k��

DkZ
n�� � fR�X� tn��� U

n���

�fR�X� tn��� u�tn���� � �n�

Then it follows from �H�� and from the maximum principle that

kZn��k� �
�

� � �SF

�
kZnk� � �k�nk�

�
�

We note that
�

� � �SF

 e��CF for CF 
 ��

This completes the proof of the lemma	 �
Hence the conclusions of Theorem �	� and Theorem �	� hold for the implicit

di�erence scheme ��	�� � ��	�� if the function fR satis
es assumptions �H��
and �H��	

We also remark that� since the asymptotical stability is proved in the max�
imum norm L�� we have

kUn � u�tn�k� � R� � � tn ��
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for � and h su�ciently small� so that� in fact�

fR�X� tn� U
n� 
 f�X� tn� U

n��

Now we replace the assumptions �H��� �H�� with the following more general
assumption�

�H�� The smooth function fR satis
es globally the estimates

�SL �
�fR�x� t� v�

�u
� SR for SL� SR 
 ��

In order to use the results of Section � we will prove the stability estimates
in Lemma �	� and Lemma �	�	
Lemma ���� Let fR be a smooth function satisfying �H��� Then �nite�

di	erence scheme ����� is stable in L��
P r o o f	 It is su�cient to note that the assumption �H�� follows from the

assumption �H�� with L 
 max�SL� SR�� Then the stability inequality ��	��
follows from Lemma �	�	 This completes the proof of Lemma �	�	 �
Lemma ���� Let fR be a smooth function satisfying �H�� and the follow�

ing inequality

dAL�� � SR 
 Cf � �� 

�

h�
sin�

��h
�

�
� Cf 
 � ��	��

is valid� Then �nite�di	erence scheme ����� is asymptotically stable in L��
i�e� the stability inequality

kZn��k � e��CF
�
kZnk� �k�nk

�
for CF 
 � ��	��

holds for the global error�
P r o o f	 We 
rst split fR as fR 
 f�R � f�R � where

� �
�f�R
�u

� SR� � �
�f�R
�u

� SL� ��	��

Then we have the discrete problem for the global error

Zn�� � Zn

�
�
�f�R
�u

Zn�� 

dX

j��

DjZ
n�� �

�f�R
�u

Zn�� � �n� ��	��

Taking the inner product of ��	�� with Zn�� and using ��	��� we get

kZn��k� � kZnk kZn��k� �

dX
j��

�
DjZ

n��� Zn��
�
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��SRkZ
n��k� � �k�nk kZn��k�

Using ��	�� and ��	��� we have

�
� � �

�
dAL�� � SR

��
kZn��k � kZnk� �k�nk� ��	��

We note that ��	�� implies

� � �
�
dAL�� � SR

�

 e�CF for CF 
 ��

hence ��	�� follows from ��	��	 This completes the proof of Lemma �	�	 �
Since the asymptotical stability is proved only in the L� norm� we must

prove that Un � B�u�tn�� R�� It follows from ��	�� and the well�known inverse
inequality

kZnk� � h�d��kZnk

that the global error satis
es the estimate

kZnk� � Ch�d���� � h���

Hence� for d � � and � 
 C�h
d���� with � 
 �� we have

kZnk� � C�h� � h��d��� � R

for su�ciently small h and ��
In the one dimensional case d 
 � we can prove that Un � B�u�tn�� R�

without imposing the restrictive relation between sizes of parameters � and
h�
Lemma ���� Let d 
 � and fR be a smooth function satisfying �H�� and

the following inequalities

k
�fR
�x

k� � SF � AL�� � SR 
 CF 
 �� ��	��

Then for su
ciently small � and h we have that Un � B�u�tn�� R��
P r o o f	 We will use the well�known multiplicative inequality �see� e	g	

����

kZnk� � CkZn

x �j���kZnk����

where we denote

kZn

x �j� 


NX
j��

ha�Xj�����
�Zj � Zj��

h

��
�
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It is easy to see that

kZn

x �j � kUn


x �j� kun
x�j�

Since u�x� t� is a smooth function� we have kun
x�j � C� It remains to prove
that kUn


x �j is also globally bounded	
Taking the inner product of ��	�� with D�U

n�� and using the Green s 
rst
formula we get

kUn��

x �j� � �kD�U

n��k� � kUn

x �j kUn��


x �j

��
�
ARk

�fR
�x

k� � SRkU
n��

x �j

�
kUn��


x �j�

Using the inequality �see� e	g	 ����

kD�U
n��jj� � ��ALkU

n��

x �j�

and the assumption ��	��� we get

�
� � �

�
��AL � SR

��
kUn��


x �j � kUn

x �j� �ARSF �

By iterating this inequality� we have the uniform estimate

kUn

x �j � kU�


x �j�
�
� � �CF

�
ARSF �CF �

Hence the global error Zn can be estimated in the L� norm by

kZnk� � C�� � h�����

and Un � B
�
u�tn�� R

�
for su�ciently small � and h� This completes the proof

of Lemma �	�	 �

�� THE EXPLICIT FINITE�DIFFERENCE SCHEME

In this section we apply general results of Section � to the explicit scheme
��	�� � ��	�� with � 
 �

Un�� � Un

�



dX
k��

DkU
n � fR�X� tn� U

n� in �h� ��	��

Un�� 
 � on ��h� ��	��

Since we are using an explicit scheme� only asymptotical stability must be
investigated	 We again note that for a su�ciently smooth solution u�x� t� of
��	�� � ��	�� the truncation error satis
es ��	��	
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Lemma ���� Let fR be a smooth function satisfying �H�� and the in�
equality ����� is valid� Then for su
ciently small � � ��� where

�� 

�

AR�d�h� � SL � Cf
��	��

the �nite�di	erence scheme ������ ����� is asymptotically stable�
P r o o f	 The global error Z 
 U � u satis
es the discrete problem

Zn�� � Zn

�



dX
k��

DkZ
n � fR�X� tn� U

n� ��	��

�fR�X� tn� u��tn�� � �n�

In our stability analysis we will use the method similar to one presented in
���	 Let de
ne the following matrices

AZ 

dX

k��

DkZ� T�Z 

�f�R
�u

Z�

Taking L� norms of ��	��� we obtain

kZn��k � kI � �
�
A � T� � T�

�
k kZnk� �k�nk� ��	��

Since A is symmetric and T� are diagonal the norm kI � �
�
A � T� � T�

�
k

coincides with the spectral radius 
 of I � �
�
A � T� � T�

�
� Using �H�� and

standard results on eigenvalues of the matrix A� we get


 
 max
�
j�� �

�
AR

�d

h�
� SL

�
j� j�� �

�
AL�� � SR

�
j
�
�

Taking � � ��� where �� is given by ��	��� we get that 
 
 � � �Cf �
exp���Cf �� Hence it follows from ��	�� that

kZn��k � e��CfkZnk� �k�nk�

This completes the proof of Lemma �	�	 �
Again we must prove that Un � B

�
u�tn�� R

�
� Since � � Ch� by ��	��� the

required global error estimate follows for d � � and small h from the inverse
inequality

kZnk� � h�d��kZnk � Ch��d���
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