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1. INTRODUCTION

The solution of a second kind Fredholm integral equation with weakly singular
kernel is typically nonsmooth near the boundary of the domain of integration
(its derivatives are unbounded, see, for example, [1-3, 5, 7-8, 10-14]). If one
wants to obtain a high order convergence of a numerical method for these
equations one has to take into account, in some way, the singular behavior
of the exact solution. The purpose of the present paper is to discuss how it
can be done using polynomial splines on special graded grids in the numer-
ical solution of a sufficiently wide class of nonlinear two-dimensional weakly
singular integral equations.

2. INTEGRAL EQUATION

We consider the nonlinear equation

u(@) - / K(z,y,u@)dy = f(z), z€G, (1)
G

where
G={r=(21,22): 0< 21 <dp, 0< 2y <dp} CTR.

The kernel K (z,y,u) is assumed to be m times (m > 1) continuously differ-
entiable with respect to z, y and u for x € G, y € G, = # y, u € IR, whereby
there exists a real number v € IR, v < 2, such that, for any nonnegative
integer k € Z4 and multi-indexes o = (v, a2) € Z3 and § = (b1, 5:) € 23
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with k 4 |a| + |8] < m, the following inequalities hold:

9\ 1, v+|al <0
D202, (52) Klep| <bilu§ 1+ logle =il v+lal =0
e~y va]al >0
(2)
anB 9 ‘ a b 0 g
DacDaH-y % K(mayaul)_Dsz—i-y % K(way,w) <
17 V+|Oé| <0
< bo(maxflui|, [uz]})|ur —uz| ¢ 1+ [loglz —yll, v+af=0. (3)
lz—yl vl va]al >0

Here |a| = a; + a» for a € Z2, |z| = (22 + 23)'/? for z € R?,

" o a1 P a1 g B o o 51 P o B2
Dw(a—x) (a@) : Dw—(a—m*a—yl) (a@*a@) :

and the functions b; : [0,00) = [0,00) and bs : [0,00) — [0,00) are assumed
to be monotonously increasing.
Note that the assumptions (2) and (3) hold, for example, for the kernels

K(z,y,u) = Ki(z,y,u)|z —y|™”

and

K(z,y,u) = Ki(z,y,u)log |z — y|

where 0 < 7 < 2 and K (z,y,u) is a m + 1 times continuously differentiable
function with respect to z,y,u for z,y € G = {(z1,22) : 0 <z <dj, 0 <
x2 < d2}, u € R (see (2) and (3) with v = vy and v = 0, respectively). In the
case v < 0 the kernel K (z,y,u) is bounded but its derivates may be singular.

For the right hand term of equation (1), we assume that f € C"™"(G) (with
the same m and v as in (2) and (3)). The space C"™"(G) is defined as the
collection of all m times continuously differentiable functions u : G — IR such
that

e = SUD (Tja) - (2-v) ()| Dz u(@)]) < o0

la]<m "€
Here
1, A<O0
n(z) =< [1+|logo(z)]]7t, A=0 z€G, NeER,
o(z)~*, A>0
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and o(z) = infycaq |z — y| is the distance from & € G to dG, the boundary of
G.

3. SMOOTHNESS OF THE SOLUTION

The following results state the regularity properties of a solution v € L (G)
of equation (1) and give a basis for a discussion of the optimal (global and
local) order of convergence of piecewise polynomial collocation methods for
equation (1) (see Sections 3 and 4).

THEOREM 1 [14,7]  Let f € C™"(Q), and let the kernel K(x,y,u) satisfy
conditions (2) and (38). If integral equation (1) has a solution u € L>®°(G),
then u € C™VY(QG), i.e., the growth of its derivatives D%u(x) near the boundary
0G can be estimated as follows:

1, ol <2—v
|Du(z)| < const 1+ logo(z)|, |laj=2-v
()7l o >2—v
(z € G, |al <m). (4)
Denoting, for z € G,
or(z) = min{zy, dy — x}, k=1,2,

we have o(x) = min{o;(z), 02(x)}. Introduce the space Ct""(G) consisting of
functions u € C™"(G) such that

8lu(m) 1, l<2—l/
‘8—" <const{ 1+ |logor(x)|, 1=2—-v 3,

Tk or(z)? VL, I>2—-v
reG;l=1,....om; k=1,2. (5)

THEOREM 2 [14, 8]. Let f € C5""(G), and let the kernel K(x,y,u) satisfy
conditions (2) and (3). If integral equation (1) has a solution u € L*®°(G)
then u € CE""(Q).

Note that the estimates (4) and (5) for a solution u of equation (1) on the
conditions of Theorem 2 are sharp in many cases. This complicates an effective
solution of the integral equation (1). In Section 3 the piecewise polynomial
collocation method is presented which is adapted to the possible singularities
of the solution and is of the same accuracy as if there were no singularities in
the solution at all. Moreover, in Section 4, using special collocation points,
error estimates at the collocation points are given, showing a more rapid
convergence as the global uniform convergence in G available by piecewise
polynomials.
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Notice also that C™(G) C C™"(G) C C5"" (@), where C™(QG) is the space
of m times continuously differentiable functions u : G — IR. On the other
hand, a function u € C5""(G) always can be extended up to a continuous
function on G.

4. COLLOCATION METHOD

To introduce the partition of G into cells we choose the vector N = (Ny, N») of
natural numbers and introduce in the intervals [0,d], k = 1,2, the following
2Ny, + 1 grid points:

r
Jk  _ d J

:I’.k’N - Tk _kk> ) JE = 0717 7Nk7 (6)
Ni+jr _ Ni—jk _

TN —dk_kav y Ik =1, , Ni,

Here r € R, r > 1, characterizes the degree of the non-uniformity of the grid
(6). If r = 1 then the grid points (6) are uniformly located.
Denote

JN = {.7 = (jl)jZ) : jk = 17)2Nka k= 172}
Using points (6) we introduce the partition of G into closed cells G

G%E{Z’:(l’l,l’g)i l‘ikN1<l°k§$iIfN}C6> Jj€Jn.

We determine the collocation points in the following way. We choose m points
M,...,Mm in the interval [—1,1]:

“1<m<...<ngp <1. (7)
By affine transformations we transfer them into the interval [mfg’“ Nl,mk N U =
S 2Ng; k=1,2):
- 1 Mg +1, 5 i —1
E =iy Gy -y ae=lme )

Note that &'y""™ = &y = atty if ;= =1, g =1 (jp = 1,...,2N; — 1).
We assign the collocation points

7,4 _ ( J1,q1 j2742)
=61,N »S2 N

, g€ Q, 9)

QE{QZ(Ql,@)i qk:]-:"')m; k:172})

to the cells G{V, je€ Jn.
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For a function u : G — IR we construct a piecewise polynomial interpola-
tion function Pyu : G — R as follows:

1) onevery cell G, j € Jn, Pyuis a polynomial of the degree not exceeding
m — 1 with respect to both of arguments x; and z;

2) Pyu interpolates u at points £47, ¢ € Q. Thus, Pyu is uniquely defined in
every cell Gg\, separately and may have jumps on the hyperplanes z; = mfc’“ N

Jje =1,...,2N; — 1. We may treat Pyu as a multivalued function on these
hyperplanes. In the case 11 = —1, i, = 1, Pyu is a continuous function on
G

Let us denote by En the range of the interpolation projector Py. This is
the finite dimensional space of piecewise polynomial functions uy on G which
on any cell G%, j € Ju, are polynomials of degree not exceeding m — 1 with
respect to any of arguments x; and x».

The approximate solution uny € En of the integral equation (1) we deter-
mine by the collocation method from the following conditions:

[ov(@) = [ Ko un)dy - 1@)] =0, peQ, iey. (10
G N
We can define uny € En by the formula
un (@) =Y chlei(z), zeGy, jen, (11)

7€Q

where
o (@) = pi' A (1) 03N (22)

and gaf;’“j’g’“ (zx), k = 1,2, are the polynomials of one variable of degree m — 1

such that

Jiesth (kPR — ! , =1,...,m. 12
e ={ o FrEl (12
Now the collocation conditions (10) will take the following form of a nonlinear
system which determines the coefficients ey = un(&47):

= / K(Ef\}”,y, > C’Nqsa?\}q(y))dy +f(EF), peQ, ieldy.
jEJNGgV q€eQ

. (10")

If 7y > —1 or 7, < 1 then all collocation points &y?, ¢ € @, j € Jn, are

different and there are (2m)>N; Ny collocation points. Thus, in this case the

system (10°) has (2m)2N; N> equations and the same number unknowns. If

m = —1, B, = 1 then part of the collocation points coincide. The number of
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different collocation points is (2Ny(m — 1) + 1)(2Nz(m — 1) + 1) = dim En
and the system (10’) has the same number of equations and unknowns.

THEOREM 3 [14].  Let the following conditions be fulfilled:

1) graded grid (6) and collocation points (9) are used;

2) kernel K(x,y,u) satisfies (2) and (3)

3) f € CB""(G);

4) integral equation (1) has a solution ug € L>°(G) whereby the linearized
equation

o) = [ Kalouay,  Kolwy) = ZEED
G

u=uo(y)

has in L*°(G) only the trivial solution v = 0.

Then there exist N > 0 (k = 1,2) and dy > 0 such that, for Ny > N}
(k = 1,2), the collocation conditions (10) define a unique approximation
un € En to ug satisfying ||uny —uo||L(a) < do. The following error estimates
hold:

r> 5 if 2—v<m

sup |un(z) — ug| < const h™ for ¢ r >1 if 2—v=m ; (14)
TEG r>1 if 2—v>m

r>ﬁ,r21 if 2—-v<1

en < const h™ for r> g if 1<2—-v<m-1 ,
r>1 if 2—v>m-—-1
(15)
where
dy ds
h= —, 1
max{Nl,NQ} (16)
and
EN = a 2y — 1 17
N qECIQI,Ij)G(JN|UN(§N) uo (§n7)] (17)

is the maximal error of un at collocation points (9).

Note that an estimate sup,¢q [un(z) — u(z)] = O(h™) is of optimal order
even for a function u € C*°(G). Theorem 3 shows that, for the collocation
method (10), the accuracy O(h™) can be achieved using sufficiently great val-
ues of the scaling parameter r of the grid (6). There are possibilities to reduce
7 restricting ourselves to uniform estimates at the collocation points only (see
(15)). Moreover, using special collocation points, the accuracy ey = o(h™)
can be achieved (see next Section). Thus, the superconvergence phenomenon
at collocation points takes place [4, 14, 9, 6].
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5. SUPERCONVERGENCE AT THE COLLOCATION POINTS

Now we assume that n1, ...,y (see (7)) are the nodes of a quadrature formula
1 m
[o©iexY ey, —1sm<.<mst (s
1 k=1

which is exact for all polynomials of degree m + u, p € Z,0 < p < m —
1. Actually, the weights w1, ..., w,, of the quadrature formula (18) will not
be used in our discussion. The case u = m — 1 corresponds to the Gauss
quadrature formula and is of the greatest interest in the following theorem.

THEOREM 4 [6].  Let the following conditions be fulfilled:

1) kernel K(z,y,u) and 0K (x,y,u)/0u are m + u + 1 times (m,u € Z,
m > 1,0 < p < m—1) continuously differentiable with respect to z, y and u for
r€G,y€G, x#y,u€R, and satisfy (2) and (3) for |a|+|8|+k < m+pu+1
with av e R, v < 2;

2) f e CETI(G);

3) equation (1) has a solution ug € L*°(G) and the linearized equation (13)
has in L>*°(G) only the trivial solution v = 0;

4) graded grid (6) is used with the scaling parameter r = r(m,v,u) > 1 sat-
isfying the corresponding restrictions in (14) strenghend to the strict inequality
r>m/(2—nu) if 2—v < p+1, and the additional conditions

2_
rz% if 2—v<p+l
— UV .
]_ )
r>m;7“+ if 2—v>p+1
— UV

5) collocation points (9) are generated by the nodes (7) of a gvadrature
formula (18) which is exact for all polynomials of degree m+pu, 0 < p < m—1.
Then

hutl 2—v>pu+1
en < const h™ h**1(1 +|logh|), 2—v=p+1
h2=v, 2—v<pu+1

h?, v<0

+ < h*(1+|loghl), v=0

h2—v, v>0

where h and ey are defined in (16) and (17), respectively.
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