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Algebras of mnemofunctions permits to solve the problem of multiplication
on distributions. But in those algebras it’s not always possible to determine
the different integral transformations, which are necessary for the research of
number of theoretical physics problems. Integral transformation are widely
used in the theory of differential equations, in which distributions and their
multiplication play an important role. Therefore it is necessary to determine
integral transformations for algebras of mnemofunctions. On the basis of
the general method [1] algebras of mnemofunctions with differentiation and
Fourier, Laplace and Mellin transformations respectively have been already
built [3-5]. This note is dedicated to the building of algebra of mnemofunctions
with differentiation and Weierstrass transformation.

Regular Weierstrass transformation is determined by the formula

F(2)= 2= [ s =07 (1)
R

where f(t) is some regular function of ¢. Therefore this transformation takes
f(t) to the function F(z) of complex argument z.

The basis of the following research will be the variant of determination of
generalized Weierstrass transformation suggested by A.H.Zemanian [2].

Let a, b € R and a < b. We take two strictly monotonic sequences a,, € R
and b, € R such that a, = a+ 0 and b, = b — 0. Then R(a,b) is space of
infinitely differentiable functions with the topology determined by the system
of seminorms

rg n(f) =maxsup|é_, _p (t)f(k)(t)|, 5,n>0, s,n€Z,
k;gs tER ny n
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where
e >0,
S, 8 = { Bt 1 <.

Therefore, let real part of z be in (a,b). H(a,b) is the space of analytic

functions of z satisfying the condition sup |sz(l)(z)| < 00, where A is
Re zea
any compact subset of interval (a,b), and k, [ are nonnegative integers. On

H(a, b) we shall determine the topology by the system of seminorms

hs,pa(F) =max sup |2tF()(z)],
l<s Rezea
1<v

where s,v,i,l are nonnegative integers. And A is any compact subset of
interval (a,b), z € C.

R(a,b) is topological algebra with the multiplication, determined by the

formula

F(@) o g(t) = F(D)g(t)e™ ", (2)
where « is a constant in (a, b) [4]. Besides R(a, b) doesn’t depend on selection
of sequences (a,,) and (b,) and Laplace transformation is the isomorphism of
R(a,b) onto H(a,b). H(a,b) is the topological algebra [4].

We shall define two new spaces Ry (a,b) and Hy (a,b). Further we shall
prove that Ry (a, b) and Hy (a, b) are the topological algebras and Weierstrass
transformation is the isomorpfism of R (a,b) onto Hy (a,b).

Now Ry (a, b) is space of infinitely differentiable functions with the topology
determined by the system of seminorms

2
Fs,n(f) =maxsuple ™ 4p_ y f @), sn>0, snez
k<s ter ’

where
(1) = e=t/2 4 <,
Pa, p\1) = e*ﬁt/2, t>0.

Then, Hy (a,b) is the space of analytic functions of z ( for a < Re z < b) sat-

2

isfying the condition sup |e® 14k p(l) (z)] < oo, where A is any compact
Re zea

subset, of interval (a,b), and k, I are nonnegative integers. On Hw (a,b) we

shall determine the topology by the system of seminorms

- ) ]
hs v A(F) =max sup |e? /4le(Z)(Z)|,
l<s Rezea
1<v
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where s,v,i,l are nonnegative integers. And A is any compact subset of
interval (a,b), z € C.
It’s easy to notice that

Pa, 3(t) = €32, —a2(t)- 3)

THEOREM 1. The mapping f(t) — e‘t2/4f(t) is the isomorphism of Rw (a,b)
onto R(—b/2,—a/2).

P roof. First we shall prove that mapping f(t) — e*t2/4f(t) is continuous.
Let f(t) € Rw(a,b), then for all s and n it’s possible to determine the topology
on R(—b/2,—a/2) by the following collection of seminorms

rs,n(g) = maxsupl&, 9 o o) fF) ().
k<s ter

Using the formula (3) we'’re getting

o (¢ 4100) = maxsunly, 3,200 (¢ 4500) | <

2
< ¢; max sup‘p_an —bn(t)e_t /4f(t)(k)Pk(t)‘ =
k<s teR ’

—t2/4

= eimaxsuple " p_g y  OFOWpg L by 5, OB <

kSS ter

<afts,ni1(f) ;up |Pan+1 — an, bpg1 — bn(t)Pk ()] < ets,ne(f),
€R

because Py (t) is a polynomial of degree no more than k. Now if
£(t) € Ry (a,b), then e ¥/4£(t) € R(~b/2, —a/2) and
rs,n (€7t2/4f(t)) <cTs,nta(f)
Continuity of mapping f(t) — e’t2/4f(t) has been proven. By analogy we
can show that if g(t) € R(—b/2, —a/2), then ¢t /4¢(t) € Ry (a,b) and

2
Ts,n (et /49('5)) <crs,nti(9)

2
It means that mapping inverse to f(t) — e /4f(t) is also continuous.
2
This completes the proof because f(t) — e~/ 4 f(t) is obviously one-to-one

mapping.
Straightly from the definition of spaces H(—b/2, —a/2) and Hy (a, b) follows
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2
THEOREM 2. The mapping F(z) — e~ /4F(—z/2) is the isomorphism
H(-b/2,—-a/2) onto Hy (a,b).

Let £'(—b/2,—a/2) and W/'(a,b) be the spaces of generalized func-
tions transformed by Laplace and Weierstrass respectively. It’s known
that mapping f(t) — e’t2/4f(t) is the isomorphism of W/'(a,b) onto
L'(=b/2,—a/2) [2]. Besides R(—b/2,—a/2) is continuously and densely
imbedded in £'(—b/2, —a/2) and Laplace transformation is the isomorphism
of R(—b/2, —a/2) onto H(—b/2,—a/2) [4]. Therefore using theorem 1 and 2
it can be shown by simple calculations that for any function f(¢) in Rw (a,b)
formula

2214

W(f)(z) = F(z) = i

L(e*t2/4f(t)) (-3), a<Rez<b, (@

is true, where L and W are Laplace and Weierstrass transformations respec-
tively. Now on the basis of [4], formula (4) and theorems 1 and 2 the following
two theorems are true.

THEOREM 3. The space Rw (a,b) is continuously and densely imbedded in
W'(a,b).

THEOREM 4. Weierstrass transformation is the isomorphism of Rw (a, b) onto
HW ((l, b) .

From the formula (2) and theorem 1 it follows that Ry (a,b) is the topo-
logical algebra with multiplication, determined by the formula

F(t) o g(t) = f(t)g(t)et /Arat/2,

where « is a fixed number in (a,b).

NowRw (a, b)is topological algebra continuously and densely imbedded in
W'(a,b). More then that, it follows from the definition of Ry (a, b) that differ-
entiation on Ry (a, b) is the continuous operator. Hy (a, b) is also topological
algebra and differentiation on Hyy (a,b) is the continuous operator. It fol-
lows from the theorem 2 and respective results for algebra H(—b/2, —a/2)
[4]. Therefore in accordance with general theory [1,3,4] we can build the al-
gebras of mnemofunctions G(Rw (a,b)) and G(Hw (a, b)) with differentiation.
Taking into account the respective results for algebras of mnemofunctions
G(R(-b/2,—-a/2)) and G(H(-b/2,—a/2)) [4], we obtain that the following
theorems are true.
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THEOREM 5. Weierstrass transformation is one-to-one mapping of
G(Rw(a,b)) onto G(Hw (a,b)).

THEOREM 6. W'(a,b) is imbedded in G(Rw (a,b)) and this imbedding is in-
Jective.

Summing up it remains to say that Weierstrass transformations in W'(a, b)
and on G(Rw (a, b)) are coordinated. Taking into account the formula (4), the
character at this relation is the same as for Laplace transformation in algebra
of mnemofunctions. Besides the characteristics of Weierstrass transformation
remain the same also for algebra G(Rw (a,b)). For exemple, in G(Rw (a,b))
the formula of operation’s transformation generating the operational calculus
for Weierstrass transformation

W ((t —2D¢)f(t))(2) = 2F(2), a<Rez<b

is true.
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