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ABSTRACT

The finite-difference scheme for a special linear parabolic equation is investigated. A
priori estimates for such finite-difference scheme are derived in the difference analogues of
norm on Banach function spaces V5 and W22’1.

1. INTRODUCTION

A A. Amosov and A.A. Zlotnik [2,3] obtained some results on the following
linear difference scheme (LDS,k =0,1):

By (aV) = 8(k8V) +8,8*V|_, =0,V|° =V (1)

The unknown function V is defined on the grid @" x @™ when k = 0 and V is
defined on the grid @}, x ©" when k = 1. We suppose that 6¥V°| _ = 0.

Eq. (1) is defined on the grid w" x w” when k = 0 and on the grid w'/, x w”
when &k = 1. So, the grids on which functions «, x, and & are defined are
known. Let & = 0;$, + P, + 0P.., where ¢C|i:0,n =0 when k£ = 1.

LEMMA 1.1. Let N7 < a,k, and q,r € [1,00],l = 1,2,3,4; and
)+t < 5/4, Qa) "t 4+t < 1,1 = 2,3,4. The nest statements
are valid:

a) If [|0¢kl|con < N (K° = K1) then

V@ + [11-0V]]2,00
< E(N)(1a°V = Sg]| "D 4[| @a]lg + 1Pyl 11 + [[Dell2.0),
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where

(Va W)wi‘/z

1) V, W) n
v (—=1);0 — ( ) w :
V1| . W[

— V]|t = su

Woety —o ||W||(1) || || Wp

b) If [|a’llsc <N, ||0celgors <N (or ||0t0]|so1 < N) and Timax < 7°(N)
or if [|a°||oc < N, Ora > 0 then

V7OV + IV, <
S KN)(IVO + 12001+ 1172 ®allg + [|Bsllgrr0 + [|BellQ);

c) If conditions b) are valid and &, = 0 then
Vlle < KN)IV°lloo + [1@ollgs.rs + 1Pell205,2.);
d) If a,k < N, ||0sallg < N, ||6k||2,00 < N then

V1D < KW)IVO + (2]l + [IVIIva)-

2. NOTATION

The notation and conventions adopted here are the same as that introduced
by A.A. Amosov and A.A. Zlotnik [3]. In the domain @ we introduce grids
wh={1<0=0p <@ < <@Gp=L< G}, @ =w0"\{G1,Gnr1},
o ="\ {g}, w" = @\ {Go, G} with stepsizes h; = ¢ — Gi_1,1 < i <
n,ho = hpy1 = 0, the grids w’f/g = {Git1/21Gi4172 = (@ + Giv1)/2, -1 <
i < n}, “N"{l/z = 5’1’/2 \{q-1,2}, wf/z = 511‘/2 \ {G=1/2, Tn+1/2} with stepsizes
hi+1/2 = (hz + hi+1)/2, 0<i<n,and @™ = {tj|0 =ty < t1, - ,tph = T},
wh =w" \ {to}, 0T = wT \ {tl} with stepsizes T =t; —tji—1, 0<j <M.

We assume Amax = max h;, Tmax = max 7;, 70 = 0. Let the grid wh
1<i<n 1<j<n

be a quasiuniform, i.e. N™' < hiy1/h; < N (0 < i < n). We consider

grid functions Z = 27/ = Z; = Z] = Z(q;,tj), Z = 77 = Ziy1)n = Zg+1/2

Z(@i11/2,tj), and denote Z € R(@" xw") and Z € R(E’I’/2 xw"), respectively.

For functions Zy,k = 1,2, ... we use the notation Zy = Zy,; or Zx = Zp;i11/2-

Let the grid functions U € R(@"), U € R(&"), U e R(W"),V € R(E'f/2),
Ve R(a:'{l/g)a Ve R(wfp), Y € R(W),Y € R(w") be determined on the

grids @, o, wh, 5’1’/2, E}{’m, w{‘/Q, w”, w”, respectively, and let Z be one
o]

of the functions U, U, U, V, V, and V. In this section U € R(@") is zero

continuation function of U, and Y € R(Q7) is zero continuation function of
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Y, and U € R(@") is zero continuation function of U, and V € R(U’I’/Q) is

even continuation function (V_1/2 = Vi, Vn+1/2 =Vp_1y2) of V.
We introduce the following grid operators. For the functions Z; = Z(g;)
defined on the grids @" or U'f /2 We assume

0Ziy172 = (Zixr — Zi)[hiv1,  $Zi1y2 = (Zi+ Zix1)[2, ZEi= Ziz1)2

(i is integer or semi-integer indice). Let 6%, s*, k =0, 1,2 be powers of op-
erators 4, s. It is not difficult to prove that 6(Z1 Z2) = §(Z1)s(Z2) +5(Z1)0(Z2)
and

sV] < 28V, |sU| < 28U, |8sU] < 26|00}, (2)
|6sV| < K(N)s|6V]|, |5SV| < K(N)s|5t5V|. (3)

For the functions Y7 =Y (t;) € R(@") we assume

2 . ~ \ _
Yi=Yi-l1<j<m Y=yl o<k<m Y°=Y° 9,Y°=0
— V ~ \

Y =Y =Y)/r, oY= -Y)/r, sY = +Y)/2, I°V =0,

Iy = Y Yig, DY = [NY, IY = %Y.
k<I<j

Then the following formulae are valid:

_ _ v oo
01 (Y1Ys) = (0.Y1)Ys +Y1(0,Y>),

_ v
I,(V1Ys) = V1I.Ys — I (0:Y1 I;Y2),
I8 (Y10,Y,) = Y{ VY = VFEVE — 189,11 Y2).

From the norm Ly (2), L,(2), L.(0,T) for q,r € [1,00) we get the
norms || - ||, z», || - ||q7w?/2, [| - ||rw- if trapezoidal, midvalue, right rectangular
integration rules are used, respectively. We introduce the following norms (w
is one of the grids on [0, L])

. ~ *
HUllgor = NUlgzms Ullgwr = UMy zm Y lloowr = maxi<j<m [V (#5)],
1Z]lce = maxzen [Z(2)], [ lgrwxer = [ ] llgwllrer g7 € [1, 00],

as well as the inner product (Z, Z),, such that (Z, Z), = ||Z||3,,. Then the
formulae of the summation by parts

(U7 6V)wh + (6U) Vv)wi‘/2 = UnVn—l/Q - UO‘/I/Q
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(U) 6‘7);}; + (6U7 ‘A//v)wi‘/2 = U”Vn+1/2 - []0‘71/2
hold. We denote

1Zllgrw = CIHIZIB Y2 11Z]]2,00,01 0 = maxoci<t [1 27|20,
1Z]lc(qyw = maxo<j<i [|Z7]|cow, 0 <1<

Further on we omit subscripts w, w”, and w X w” denoting a domain of grid
functions. We use norms

1Z1lva@t) = 121200, + 162111,
2,1 a
12157 = 11Z1lvai@n) + 1821l + 116211y on-

2,1 7
Denote |- [le: = I lletay |1l = I Iy 1 14 = 11- 1§, @ = @,
=10l [ 19 = (] 110 -
It is not difficult to prove that (0 < e < 1,p,q,q0,41,7,70,71 € [1,0])

sU lp <1 U lps 11 sVl < KNIV lp,
1Z]loc < ell0Z]] + K-(N)[|Z]]1,
1Z]lcc +110Z]]o0 < ell6*Z]| + K-(N)||Z]]1,
121, < K(N)(|I8Z]] + 121>/ |Z|[* >/,
(a, Z)| < ell6Z]]> + K(N)([[allg 121> + lallq [121]),
| (aZ1,2) | <elloZ|]> + K(N) (N1 ZI]* + [lallgr (12117 + 11 Z1]1%))
| (aZ1,2) | <ell6Z]]* +elld Zu|* + Ko (N)( (1 + lallgs) (12117 +11Z1]1%)),
(29) P +r 7t =1/4, 20)  +ryt =1, 2q)  +r =5/4.

LeMMA 2.1 (Difference Gronwall’s L., see [1,3]).  Let functions AM), A?),
AB) BM  B®) F be defined on the grid w™. If function Y > 0 is defined on
the grid W™ and satisfies inequality

— v v v
V<Y’ + I, (ADY + A® y 1 BOY1/2 4 BR) Y 1/2 L F)4 [ (A®)Y)
with 70 =const > Y% >0 and T]‘A(l)’j <1/2, 1 <j <, then the estimate

—0
V122 < (0 + 1FI10)M2 + 1Bl exp(l|A]]1)) exp(][ Al

is valid. There A = |AD| + |A®)| + |A®)|+,A®)|,_z = 0,B = |BY| +
Bl = 1] - [Jr,w™
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3. SPECIAL LINEAR PARABOLIC EQUATION

Now we consider another linear difference scheme (LDS1) [4]:

di(aV) = BNl + &, V|_, =] 0, V'™"=v" (4

i=nt1/2

The unknown function V is defined on the grid @" x @™ and V°|._ =0, IT is

|i=0
defined on the grid C}{L/z x wT. If we suppose that P? = P!, 40 =41 k0 = g!
then IT = II(V) = II(V,k,v,P) = k0V + sV — P is defined on the grid
W{L/2 Xxw". Eq. (4) is defined on the grid &" x w™. We suppose Pclimp+1/2 = 0.
Let L = L(Z) = L(Z,B,k,7,P) = BoIl, A = A(Z) = A(Z,B,k,7, P, ) =
L(Z) +®. We denote II;(V) = II(V, k1,1, P1), Li(Z) = Xi(Z, By 1, i, Pry 1),
I =1,2;and £ = (K1, k2), 7= (11,72), P = (P1, ), ¢ = ($1,P2).
LEMMA 3.1. Let N7 < k1,62 < N, and q; € [1,00],m € [1,2],] =
1,2,3,4, and (2q) ' + 7' = 1.

a) Then

K(N)7[VI[® < (1, o) + K(N)||P|” + KN (L + |75V,

2q1

(IT1, T2) < K(N)||6V]]* + K(N)[|PI]* + K (N)(L+ |1l VI

2q1

b) If N~ < 1,8, < N then

K(N)o*VI? < (A, 42) + K(N)dz,
(A1, A) < K(N)(|[8°VI]]? + d2),
where
- 2 - 127
2 = ([IP]|M) +[|8|> + (1 + 167135V

+(1+ 11711253 + 10&][25) 18V

Proof a)As II = kéV + sV — P and ||ysV — P||? < K||P|]* +
K(|y?,sVsV ) <el|oV|]? +K||P|]> +K(1+ |7]3)||V|]> then we can con-
sider only the case y1 =2 = 0. In this case we have

K6V < (510V, 520V) < K16V, | (=P, —P) | < K||P||?,
| (kidV,—F;) | < el|V[[* + K||P|[*,§ = 1,2,i # j.

So the part a) is proved.
b) As [[ysV =PI <el|0*V] + K[|P||* + K(1+ |lyI3)]|V]|* and

||0yssV + sydsV — 6P|
< ell*VI* + K@+ 8y EDIVIF + K1+ [VEDNOVI] + K[|a P
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then we can consider only the case 71 = 72 = 0. We have A = Bské*V +
BoksdV —BOP +® and

||B6Kks6V — BSP + &||?
<el|8*VI[P + K ([|2]* + [|0P]]* + (1 + [l 5 [10V]?).

So we must consider only case A = 362V + @. Then the proof of case b)
follows from inequalities

K7[82V]]? < (810°V, 820°V) < K||0*V |12, | (81, 82) | < K[| 8],
| (B:082V,8;) | < el|®V || + K||B;|*,i,5 = 1,2,i # j.

We consider equation (4) and denote ||Z||£2_1) = ||Z||(*1)?1||27m,
Z~ =min(Z,0).
LEMMA 3.2. Let N"' <k, < N,N~!<a,andq,r € [1,00], (2q) '+
< Ll=1,..,6, 2q) 4+t <5/4,1=1,8.
a) If [|a°|[oc < N, [|00:@) " lgr,re < N, [ll2g2,2r0 < N, [108]|245,20, < N and
Tmax < 70(N), then

VTV IG + VI + 1 llg < KNIV + [|25]]
HIT 7 2 Ballg + 1Bsllgr.rr + 1Belle + [1Pllg + IIVIIE);

b) Ifa <N, ||5t05||Q <N, ||at’<'||q4,7"4 <N, ||6K'||245727"5 <N, ||7||2,00 <N,

||67||2Q572T6 < N) ||at7||tIs,7“s < N and Tiax < TO(N)) then

IV + V788V ]|g + |16 |l < K(N)(|IVOl|V + ||12]|o
+IPllvy@) + 18:PIIG Y + [IVT8:Pllg + [V [va)-

Ify =g =q3 =1,r1 =713 =73 =00 in the case a) or g5 = 1,r5 = 0o in the
case b) then we can omit condition Tmax < T°(N).

P roof. In this proof let conditions for g;, r; be equalities because || -||4.» <
K||-|lgrif¢g<Gand r <T.

) Lt d = V|| + 193] + |7/ 4l + [|@4ll0.rs +Pello+ [|Pllq- We
take the inner product of equation (4) with V, apply operator I! (we omit
index [ below in the proof) and get

(Bea, V) + 0.5 VT 28,V |5 + 0.5||VaV |2
= 0.5[[VaOVO|]? + (611, 8V )q + (5, V) + (08, V)q

Vv
+($,, V) — (8°,VO) — (+7 128, /78, V).
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If 9; > 0 we bound the first summand by zero, else we estimate (-0, V3o
< el|oV|[3 + K- (1 + [|(@ra) " ||;)IIV][?). Using the formula of summation
by parts we get (d®.,V)g = —(P.,0V)q and

(0II,BV)g = —(II,08sV)q — (ksBdV, 0V )g + (sBP,0V)g — (vsV,0V)q.
We estimate

| (11,685 )q | < el [HI[[g, + ellaV[[g + K I (1 + 18] 12V 1),
| (78V,8V)q | < elloVIIg + KL (L + M) IVIP),

2q2

\
| (@, V) | <elloVIg +ellVIP + K I (18] [57 + (8ol o) IVI]) + K.
From lemma 3.1a and obtained estimates we get the inequality

V1P < KT ((1@re) (It + 11l + 16BNV )

2q2 2q3

Vv
+K L (18] 157 + 18]l IV]]) + K d?.

Now we use Gronwall’s lemma which proves this part of the lemma. If
1@10) Iloo +HlMl2,00 + 138k2.00 < N then L (()IV]?) < K.

b) Let d = [[VO|) +|8]|g + ||Pllva (@) + 18P " + 11V/78:Plig + |V |Iv,.

We consider the case a = 1 because the general case we get with &' =
N

$ov  —Oiace V. We take inner product of equation (4) with (8719,V —4§11)/2,
apply the operator I! which yields

K10V IG + 10011[3) < (0:V,61T ) + Kd®.
Using the formula of summation by parts we have
(8:V,6IT) g = —(0:6V, K8V ) + (0:8V, P)g + (8:0V,vsV ).

Each summand on the righthand side of this equality we rewrite in the form

— \%
—0.5(k, 7(8:6V)?) g — 0.5]|V/&8V|[* + 0.5]|VKOVC||2 + 0.5 L (8, |5V ]?),
(P,6V) — (P°,6V°) — I.(8;P,6V) + I.(10: P, 8;5V),

\Y _ \Y
—(6V,y8V) 4+ (6V°,4°sVO)+ I (8, sVOV) + I.(s0;V,v0V),

and estimate the inner products

\ \
| I (0, |0V *)] < ell6*VIIG + K I ( (10l 16VII* ) + Kd?,
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010V, P)g| < elloV]]* +el|VT:0V |G + Kd?,
v V.
| - (87, sV V)| < ell6*Vlg + K L-(|loeyllglloVII* ) + Kd?,

_ Vv _ Y4
I (50:V,70V)| < €||0:V||? + KL||6V]|]* + Kd*.

From lemma 3.1b and obtained estimates we get the inequality

Vv
16VII5 < KI([I8VIIP + [1oxll252 16V]%)

\
K L (10wl + 11012 |V | ) + K d?.

Now we use Gronwall’s lemma which proves this part of the lemma.

At the time this reaseach was provided, the author was employed at the
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versity, and Kaunas Vytautas the Great University.
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