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ABSTRACT

The �nite�di
erence scheme for a special linear parabolic equation is investigated� A
priori estimates for such �nite�di
erence scheme are derived in the di
erence analogues of
norm on Banach function spaces V� and W

���

�
�

�� INTRODUCTION

A�A� Amosov and A�A� Zlotnik ����� obtained some results on the following
linear di�erence scheme 	LDS�k 
 �� �
�

�t	�V 
 
 �	��V 
 � �� �kV
��
i���n


 �� V
��j�� 
 V �� 	�


The unknown function V is de�ned on the grid �h��� when k 
 � and V is
de�ned on the grid �h��� � �� when k 
 �� We suppose that �kV �

��
i���n


 ��

Eq� 	�
 is de�ned on the grid �h � �� when k 
 � and on the grid �h��� � ��

when k 
 �� So� the grids on which functions �� �� and � are de�ned are
known� Let � 
 �t�a � �b � ��c� where �c

��
i���n


 � when k 
 ��

Lemma ���� Let N�� � �� �� and ql� rl � ������ l 
 �� �� �� �� and
	�q�


�� � r��� � ���� 	�ql

�� � r��l 	 �� l 
 �� �� �� The next statements

are valid�

a� If jj�t�jj��� � N 	�� 
 ��
 then

jjV jjQ � jjI��V jj���
� K	N
	jj��V � � ��

ajj�����k � jj�ajjQ � jj�bjj��� � jj�cjj���
�
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where

jjV jj������ 
 sup
W �W��Wn��

	V�W 
�h

jjW jj��� � jjV jj������ 
 sup
W

	V�W 
�h
���

jjW jj��� �

b� If jj��jj� � N � jj�t�jjq��r� � N 
 or jj�t�jj��� � N� and 
max � 
�	N


or if jj��jj� � N � �t� � � then

jjp
�tV jj�Q � jjV jjV� �
� K	N
	jjV �jj� jj��

ajj� jj
�����ajjQ � jj�bjjq��r� � jj�cjjQ
�

c� If conditions b� are valid and �a 
 � then

jjV jjC � K	N
	jjV �jj� � jj�bjjq��r� � jj�cjj�q���r�
�

d� If �� � � N� jj�t�jjQ � N� jj��jj��� � N then

jjV jj����� � K	N
	jjV �jj��� � jj�jjQ � jjV jjV�
�

�� NOTATION

The notation and conventions adopted here are the same as that introduced
by A�A� Amosov and A�A� Zlotnik ���� In the domain Q we introduce grids
�
� h 
 feq�� � � 
 eq� 	 eq� 	 � � � 	 eqn 
 L � eqn��g� �h 


�
� h n feq��� eqn��g�

e�h 
 �h n feq�g� �h 
 �h n feq�� eqng with stepsizes hi 
 eqi � eqi��� � � i �
n� h� 
 hn�� 
 �� the grids �h��� 
 feqi����jeqi���� 
 	eqi � eqi��
��� �� �
i � ng� e�h��� 
 �h��� n feq����g� �h��� 
 �h��� n feq����� eqn����g with stepsizes

hi���� 
 	hi � hi��
��� � � i � n� and �� 
 ftj j� 
 t� 	 t�� � � � � t	n 
 Tg�
�� 
 �� n ft�g� �

�� 
 �� n ft�g with stepsizes 
j 
 tj � tj��� � 	 j � n�

We assume hmax 
 max
��i�n

hi� 
max 
 max
��j�n


j � 
� 
 �� Let the grid
�
� h

be a quasiuniform� i�e� N�� � hi���hi � N 	� 	 i 	 n
� We consider
grid functions Z 
 Zj 
 Zi 
 Zj

i 
 Z	eqi� tj
� Z 
 Zj 
 Zi���� 
 Zj
i���� 


Z	eqi����� tj
� and denote Z � IR	�h��� 
 and Z � IR	�h������ 
� respectively�
For functions Zk� k 
 �� �� ��� we use the notation Zk 
 Zk�i or Zk 
 Zk�i�����

Let the grid functions U � IR	�h
� eU � IR	e�h
� �

U � IR	�h
� V � IR	�h���
�

eV � IR	e�h���
� V � IR	�h���
� Y � IR	�� 
�
�

Y � IR	�� 
 be determined on the

grids �h� e�h� �h� �h���� e�h���� �h���� �� � �� � respectively� and let Z be one

of the functions U� eU� �

U� V � eV � and V � In this section �U � R	�h
 is zero

continuation function of U � and
�

Y � R	
�
�� 
 is zero continuation function of
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�

Y � and
�

U � R	�h
 is zero continuation function of eU� and �V � R	�h���
 is

even continuation function 	 �V���� 
 V���� �Vn���� 
 Vn����
 of V�
We introduce the following grid operators� For the functions Zi 
 Z	eqi


de�ned on the grids �h or �h��� we assume

�Zi���� 
 	Zi�� � Zi
�hi��� sZi���� 
 	Zi � Zi��
��� Z��i 
 Zi����

	i is integer or semi�integer indice
� Let �k� sk� k 
 �� �� � be powers of op�
erators �� s� It is not di�cult to prove that �	Z�Z�
 
 �	Z�
s	Z�
�s	Z�
�	Z�

and

jsV j � �sjV j� jsU j � �sjU j� j�sU j � �sj�U j� 	�


j�sV j � K	N
sj�V j� j�s �V j � K	N
sj ��t�V j� 	�


For the functions Y j 
 Y 	tj
 � IR	�� 
 we assume

�

Y j 
 Y j��� � � j � n� bY k 
 Y k��� � � k 	 n�
�

Y � 
 Y �� �tY
� 
 �

�tY 
 	Y �
�

Y 
�
� �tY 
 	bY � Y 
�
� stY 
 	Y �
�

Y 
��� I��Y 
 ��

Ik�j� Y 

P

k�l�j

Y l
l�
�

Ij�Y 
 I��j� Y� IjY 
 I��j� Y�

Then the following formulae are valid�

�t	Y�Y�
 
 	�tY�
Y� �
�

Y �	�tY�
�

I� 	Y�Y�
 
 Y�I�Y� � I� 	�tY�
�

I�Y�
�

Ik�j� 	Y��tY�
 
 Y j
� Y

j
� � Y k

� Y
k
� � Ik�j� 	�tY�Y�
�

From the norm Lq	� 
� Lq	� 
� Lr	�� T 
 for q� r � ����
 we get the
norms jj � jjq��h � jj � jjq��h

���
� jj � jjr��� if trapezoidal� midvalue� right rectangular

integration rules are used� respectively� We introduce the following norms 	�
is one of the grids on ��� L�


jjU jjq��h 
 jj �U jjq��h � jjeU jjq��h 
 jj
�

U jjq��h � jjY jj���� 
 max��j�n jY 	tj
j�
jjZjj� 
 maxx�� jZ	x
j� jj � jjq�r����� 
 jj jj � jjq�� jjr��� � q� r � ������

as well as the inner product 	Z�Z
� such that 	Z�Z
� 
 jjZjj����� Then the
formulae of the summation by parts

	U� �V 
�h � 	�U� V 
�h
���


 UnVn���� � U�V���
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	U� � eV 
e�h � 	�U� eV 
�h
���


 Un
eVn���� � U�

eV���

hold� We denote

jjZjjQl�� 
 	 I l� jjZjj����
���� jjZjj����Ql�� 
 max��j�l jjZj jj����
jjZjjC�Ql��� 
 max��j�l jjZj jj���� � 	 l � n�

Further on we omit subscripts �� �� � and � � �� denoting a domain of grid
functions� We use norms

jjZjjV��Ql� 
 jjZjj����Ql � jj�ZjjQl �

jjZjj�����
Ql 
 jjZjjV��Ql� � jj�tZjjQl � jj�ZjjV��Ql��

Denote jj � jjC 
 jj � jjC�Q�� jj � jjV� 
 jj � jjV��Q�� jj � jj����� 
 jj � jj�����Q � Q 
 Qn�

jj � jj 
 jj � jj�� jj � jj��� 
 jj � jj� jj� � jj�
It is not di�cult to prove that 	� 	 � � �� p� q� q�� q�� r� r�� r� � �����


jj sU jjp � jj U jjp� jj sV jjp � K	N
jj V jjp�
jjZjj� � �jj�Zjj�K�	N
jjZjj��

jjZjj� � jj�Zjj� � �jj��Zjj�K�	N
jjZjj��
jjZjjq � K	N
	jj�Zjj� jjZjj
��rjjZjj����r�

j	a� Z
j � �jj�Zjj� �K�	N
	jjajjr�q� jjZjj��r� � jjajjq� jjZjj
�
j 	aZ�� Z
 j � �jj�Zjj� �K�	N


� jjZjj� � jjajjr�q�	jjZjj� � jjZ�jj��

�
�

j 	aZ�� Z
 j � �jj�Zjj� � �jj�Z�jj� �K�	N

�
	� � jjajjr�q�
 	jjZjj� � jjZ�jj�


�
�

	�q
�� � r�� 
 ���� 	�q�

�� � r��� 
 �� 	�q�


�� � r��� 
 ����

Lemma ��� 	Di�erence Gronwall�s L�� see �����
� Let functions A���� A����
A�
�� B���� B���� F be de
ned on the grid �� � If function Y � � is de
ned on
the grid �� and satis
es inequality

Y � Y
�
� I� 	A

���Y �A���
�

Y �B���Y ��� �B���
�

Y ��� � F 
�
�

I� 	A
�
�Y 


with Y
�

 const � Y � � � and 
jA

����j � ���� � � j � n� then the estimate

jjY jj���� � �
	Y

�
� jjF jj�
��� � jjBjj� exp	jjAjj�


�
exp	jjAjj�


is valid� There A 
 jA���j � jA���j � jA�
�j�� A�
�jj�n 
 �� B 
 jB���j �
jB���j� k � kr 
 k � kr� w� �
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�� SPECIAL LINEAR PARABOLIC EQUATION

Now we consider another linear di�erence scheme 	LDS�
 ����

�t	�V 
 
 
��� �� V
��
i��


 �
��
i�n����


 �� V
��j�� 
 V �� 	�


The unknown function V is de�ned on the grid �h��� and V �
��
i��


 �� � is

de�ned on the grid e�h��� � �� � If we suppose that P � 
 P �� �� 
 ��� �� 
 ��

then � 
 � 	V 
 
 � 	V� �� �� P 
 
 ��V � �sV � P is de�ned on the grid
�h������ � Eq� 	�
 is de�ned on the grid e�h��� � We suppose �cji�n���� 
 ��

Let L 
 L	Z
 
 L	Z� 
� �� �� P 
 
 
�� � � 
 �	Z
 
 �	Z� 
� �� �� P� �
 

L	Z
��� We denote �l	V 
 
 �	V� �l� �l� Pl
� �l	Z
 
 �l	Z� 
l� �l� �l� Pl� �l
�

l 
 �� �� and �� 
 	��� ��
� �� 
 	��� ��
� �P 
 	P�� P�
� �� 
 	��� ��
�
Lemma ���� Let N�� � ��� �� � N� and ql � ������ rl � ��� ��� l 


�� �� �� �� and 	�ql

�� � r��l 
 ��

a� Then

K	N
��jj�V jj� � 	��� ��
 �K	N
jj�P jj� �K	N
	� � jj��jj�r��q�

jjV jj��

	��� ��
 � K	N
jj�V jj� �K	N
jj�P jj� �K	N
	� � jj��jj�r��q�

jjV jj��

b� If N�� � 
�� 
� � N then

K	N
��jj��V jj� � 	��� ��
 �K	N
d���

	��� ��
 � K	N
	jj��V jj� � d��
�

where

d�� 

�jj�P jj����� � jj��jj� � 	� � jj���jj�r��q�


jjV jj�
�	� � jj��jj�r��q�

� jj���jj�r��q�

jj�V jj��

P r o o f� a
 As � 
 ��V � �sV � P and jj�sV � P jj� � KjjP jj� �
K	 j�j�� sV sV 
 � �jj�V jj� �KjjP jj� �K	� � jj�jj�r�q
jjV jj� then we can con�
sider only the case �� 
 �� 
 �� In this case we have

K��jj�V jj� � 	���V� ���V 
 � Kjj�V jj�� j 	�P���P�
 j � Kjj�P jj��
j 	�i�V��Pj
 j � �jj�V jj� �Kjj�P jj�� i� j 
 �� �� i �
 j�

So the part a
 is proved�
b
 As jj�sV � P jj� � �jj��V jj� �KjjP jj� �K	� � jj�jj�r�q
jjV jj� and

jj��ssV � s��sV � �P jj�
� �jj��V jj� �K	� � jj��jj�r�q

jjV jj� �K	� � jj�jj�r�q
jj�V jj�Kjj�P jj�
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then we can consider only the case �� 
 �� 
 �� We have � 
 
s���V �

��s�V �
�P �� and

jj
��s�V � 
�P � �jj�
� �jj��V jj� �K

�jj�jj� � jj�P jj� � 	� � jj��jj�r�q
jj�V jj�
�
�

So we must consider only case � 
 
��V � � � Then the proof of case b

follows from inequalities

K��jj��V jj� � 	
��
�V� 
��

�V 
 � Kjj��V jj�� j 	��� ��
 j � Kjj��jj��
j 	
i��V� �j
 j � �jj��V jj� �Kjj��j jj�� i� j 
 �� �� i �
 j�

We consider equation 	�
 and denote jjZjj����Q 

���� jjZjj����������

����
�

Z� 
 min	Z� �
�
Lemma ���� Let N�� � �� 
 � N� N�� � �� and ql� rl � ������ 	�ql


���
r��l � �� l 
 �� ���� �� 	�ql


�� � r��l � ���� l 
 �� ��

a� If jj��jj� � N� jj	�t�
�jjq��r� � N� jj�jj�q���r� � N� jj�
jj�q� ��r� � N and

max � 
�	N
� then

jjp
�tV jj�Q � jjV jjV� � jj� jjQ � K	N
	jjV �jj� jj��
ajj

�jj
�����ajjQ � jj�bjjq��r� � jj�cjjQ � jjP jjQ � jjV jj�Q
�

b� If � � N� jj�t�jjQ � N� jj�t�jjq��r� � N� jj��jj�q���r� � N� jj�jj��� � N�
jj��jj�q���r� � N� jj�t�jjq��r� � N and 
max � 
�	N
� then

jjV jj����� � jjp
�t�V jjQ � jj�� jjQ � K	N
	jjV �jj��� � jj�jjQ
�jjP jjV��Q� � jj�tP jj����Q � jjp
�tP jjQ � jjV jjV�
�

If q� 
 q� 
 q
 
 �� r� 
 r� 
 r
 
� in the case a� or q� 
 �� r� 
� in the
case b� then we can omit condition 
max � 
�	N
�
P r o o f� In this proof let conditions for ql� rl be equalities because jj � jjq�r �

Kjj � jjq�r if q � q and r � r�
a
 Let d 
 jjV �jj � jj��

ajj � jj
�����ajjQ � jj�bjjq��r� �jj�cjjQ� jjP jjQ� We
take the inner product of equation 	�
 with V � apply operator I l� 	we omit
index l below in the proof
 and get

	�t�� V
�
Q � ���jjp
 ������tV jj�Q � ���jjp�V jj�


 ���jj
p
��V �jj� � 	��� 
V 
Q � 	�b� V 
Q � 	��c� V 
Q

�	�a� V 
� 	��
a� V

�
� 	
����
�

�a�
p

�tV 
Q�
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If �t� � � we bound the �rst summand by zero� else we estimate 	��t�� V �
Q
� �jj�V jj�Q �KI�

�
	� � jj	�t�
�jjr�q�
jjV jj�

�
� Using the formula of summation

by parts we get 	��c� V 
Q 
 �	�c� �V 
Q and

	��� 
V 
Q 
 �	�� �
sV 
Q � 	�s
�V� �V 
Q � 	s
P� �V 
Q � 	�sV� �V 
Q�

We estimate

j 	�� �
sV 
Q j � �jj� jj�Q � �jj�V jj�Q �KI�
�
	� � jj�
jj�r��q�


jjV jj���
j 	�sV� �V 
Q j � �jj�V jj�Q �KI�

�
	� � jj�jj�r��q�


jjV jj���
j 	�b� V 
Q j � �jj�V jj�Q � �jjV jj� �K

�

I�
�
	jj�bjjr�q� � jj�bjjq�
jjV jj

�
�Kd��

From lemma ���a and obtained estimates we get the inequality

jjV jj� � KI�
�
	jj	�t�
�jjr�q� � jj�jj�r��q�

� jj�
jj�r��q�

jjV jj� �

�K
�

I�
�
	jj�bjjr�q� � jj�bjjq�
jjV jj

�
�Kd��

Now we use Gronwall�s lemma which proves this part of the lemma� If
jj	�t�
�jj��� �jj�jj��� � jj�
jj��� � N then I�

�
	�
jjV jj�� � Kd��

b
 Let d 
 jjV �jj���� jj�jjQ� jjP jjV��Q�� jj�tP jj����Q � jjp
�tP jjQ� jjV jjV� �
We consider the case � 
 � because the general case we get with � 	 


�
�
�
��
��t���

��
V�We take inner product of equation 	�
 with 	
���tV ���
���

apply the operator I l� which yields

K��	 jj�tV jj�Q � jj�� jj�Q
 � 	 �tV� �� 
Q �Kd��

Using the formula of summation by parts we have

	�tV� ��
Q 
 �	�t�V� ��V 
Q � 	�t�V� P 
Q � 	�t�V� �sV 
Q�

Each summand on the righthand side of this equality we rewrite in the form

����	�� 
	�t�V 
�
Q � ���jjp��V jj� � ���jj
p
���V �jj� � ���

�

I� 	�t�� j�V j�
�
	P� �V 
� 	P �� �V �
� I� 	�tP� �V 
 � I� 	
�tP� �t�V 
�

�	�V� �sV 
 � 	�V �� ��sV �
�
�

I� 	�t�� sV �V 
 � I� 	s�tV� ��
�

V 
�

and estimate the inner products

j
�

I� 	�t�� j�V j�
j � �jj��V jj�Q �K
�

I� 	 jj�t�jjr�q� jj�V jj� 
 �Kd��
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j	�t�V� P 
Qj � �jj�V jj� � �jjp
�t�V jj�Q �Kd��

j
�

I� 	�t�� sV �V 
j � �jj��V jjQ �K
�

I� 	 jj�t�jjr�q� jj�V jj� 
 �Kd��

jI� 	s�tV� ��
�

V 
j � �jj�tV jj� �KI� jj�
�

V jj� �Kd��

From lemma ���b and obtained estimates we get the inequality

jj�V jj�Q � KI� 	 jj�
�

V jj� � jj��jj�r��q�
jj�V jj�


�K
�

I�
�
	jj�t�jjr�q� � jj�t�jjr�q�
jj�V jj�

�
�Kd��

Now we use Gronwall�s lemma which proves this part of the lemma�
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