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�� SECTION �

We consider the di�erential�operator equation

du�t�

dt
�Au�t� � � ���

in the interval ��� T �	 where u is the function of a variable t � 
�� T � with values
in the Hilbertian space H 	 and A is a non�bounded self�adjoint operator in
H �
It is assumed that the operator A does not have a �xed sign and has a

bounded reciprocal operator A�� within H � Without any loss in generality	
for simplicity we assume that the operator A has a point spectrum� An
example of this type of operator is the operator in L��
� generated by the
operator �� �� is the Laplacian given in a bounded dimain 
 � R�� and
boundary conditions at the boundary �
	 giving together with the operator
�� a self�adjoint noncoercitive problem �see 
��	 p������ The Cauchy problem
for the eq� ��� with conditions of the form

u��� � � or u�T � � � ���

is not correct in sense of Hadamar � Petrovski�
In the present work we have shown that the conditions ��� may be under�

stood as follows� We introduce nonlocal boundary conditions to eq� ��� in the
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following way �

�u��� � ��� ��u�T � � �� � � H� � � � � �� ���

Then	 the problem ���� ��� has a strongly generalized solution U�t� �� having
the following properties �

lim
���

jju�T� ��� �jj � �� lim
���

jju��� ��� �jj � �� ���

where jj � jj is norm in space H �

�� SECTION �

Now we demonstrate that the problem ���	 ��� has a strongly generalized
solution�
Let f�ngn�� be positive eigenvalues of the operator A	 and f�ngn�� be

negative eigenvalues of that operator� Let us denote the eigenvectors of the
operator A corresponding to the eigenvalues f�ngn�� by fvngn �� and those
corresponding to the eigenvalues f�ngn�� � fwngn���
Eigenvectors vn and wn of the operator A are forming in H a complete

orthogonal system� Without loss in generality	 we assume that jjvnjj � � and
jjwnjj � ��
Let the vector � � H be represented as

� �

�X
n��

cnvn �

�X
n��

dnwn� ���

where

cn � �vn� ��� dn � �wn� ��� ���

and ��� �� is a scolar product in H �
The solution u�t� �� of eq� ��� is soughtin the form

u�t� �� �

�X
n��

�ne
��ntvn �

�X
n��

	ne
�n�T�t�wn� ���

substituting this expression into the conditions of ��� and using the represen�
tation of ���	 we obtain the following equality �

�X
n��


�� ��� ��e��nT ��nvn �

�X
n��


�e�nT � ��� ���	nwn �
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�X
n��

cnvn �
�X
n��

dnwn� ���

From this it is inferred that

�n � 
�� ��� ��e��nT ���cn� ���

	n � 
�e�nT � ��� �����dn� ����

Substituting the values �n and 	n into ���	 we have

u�t� �� �

�X
n��

e��nt
�� ��� ��e��nT ����vn� ��vn

�

�X
n��

e�n�T�t�
�e�nT � ��� ������wn� ��wn� ����

Since

�����e��nt
�
�� ��� ��e��nT

�������� �
�

�
����

�

�����e�n�T�t�
�
�e�nT � ��� ��

�������� �
�

�� �
� ����

then

sup
��t�T

����
m�pX
n�m

e��nt
�� ��� ��e��nT ����
n� ��
n

����
�

����

� sup
��t�T

����
m�pX
n�m

e�n�T�t�
�e�nT � ��� ������wn� ��wn

����
�

�
�

��

m�pX
n�m

�vn� ��
� �

�

��� ���

m�pX
n�m

�wn� ��
�

and consequently the series ���� converge to the space norm C�
�� T �� H� for
the functions continuous on 
�� T � and possessing the values in H �
Thus	 for any � � H the problem ���� ��� has a solution strongly generalixed

in C�
�� T �� H�	 that is representable as a series ����	 and for this solution the
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following estimate is correct�

sup
��t�T

ku�t� ��k� �
�

��

�X
n��

�
n� ��
� �

�

��� ���

�X
n��

�wn� ��
��

�� SECTION �

In this paragraph it is demonstrated that the solution u�t� �� posesses the
properties of ���� Firstly	 it is shown that

lim
���

jj�� u�T� ��jj � �� �� � H� ����

Let us consider the di�erence

�� u�T� �� �
�X
n��

�� ��� ��e��nT � e��nT

�� ��� ��e��nT
�vn� ��vn

�

�X
n��

�e�nT � ��� ��� �

�e�nT � ��� ��
�wn� ��wn� ����

For all � � 
�� �� the value

�� ��� ��e��nT � e��nT

�� ��� ��e��nT
�

���� e��nT �

�� ��� ��e��nT
����

is nonnegative and nondecreasing with � since its derivative with respect to
� is as follows�

��� e��nT �e��nT

��� ��� ��e��nT ��
� ��

Therefore	 the value ���� takes the greatest value at � � �	 i�e�

� �
���� e��nT �

�� ��� ��e��nT
� �� e��nT � �� ����

For all � � 
�� ���� the value

�e�nT � ��� ��� �

�e�nT � ��� ��
�

��e�nT � ��

�e�nT � ��� ��
����

is nonpositive and nonincreasing with � inasmuch as its derivative with respect
to � is as follows �

�e�nT � ��

��e�nT � ��� ����
� ��
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Hence the value of ���� on the segment 
�� ���� is the lowest when � � ���	
i�e�

�� �
e�nT � �

e�nT � �
�
�e�nT � ��� ��� �

�� ��� ��e��nT
� �� ����

Based on the inequalities ���� and ����	 from eq� ���� it is inferred that
uniformly in � � 
�� ���� the following estimate is true �

k�� u�t� ��k� �
�X
n��

�� � ��� ��e��nT � e��nT ��

��� ��� ��e��nT ��
�vn� ��

� ����

�

�X
n��

��e�nT � ��� �� � ���

��e�nT � ��� ����
�wn� ��

�

�

�X
n��

�vn� ��
� �

�X
n��

�wn� ��
� � k�k��

Now we demonstrate that

lim
���

k�� u�T� ��k� � �� �� �M� ����

where M is some set dense in H �
Then by virtue of the Banach�Steinhaus theorem	 ���� is derived from ����

and �����
As a set M we take all � of the form 
see also ���� �

� �
NX
n��

cnvn �
�X
n��

dnwn� �N ���

Thereupon	

k�� u�t� ��k� �

NX
n��

����� e��nT ��

��� ��� ��e��nT ��
�vn� ��

�

�

�X
n��

���e�nT � ���

��e�nT � ��� ����
�wn� ��

�

�
��e��NT

��� ���

NX
n��

�vn� ��
� �

��

��� ���

�X
n��

�wn� ��
�

�
��e��NT

��� ���
k�k�

and for such � ���� is valid�
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Now we prove that

lim
���

ku��� ��� �k � �� �� � H� ����

Let us consider the di�erence

�� u��� �� �

�X
n��

�� ��� ��e��nT � �

�� ��� ��e��nT
�vn� ��vn ����

�
�X
n��

�e�nT � ��� ��� e�nT

�e�nT � ��� ��
�wn� ��wn ����

For all � � 
���� �� the value

�� ��� ��e��nT � �

�� ��� ��e��nT
�

��� ����� e��nT �

�� ��� ��e��nT
����

is nonnegative and nondecreasing with � since its derivative with respect to
� is as follows�

�� e��nT

��� ��� ��e��nT ��
� �

Consequently	 the value ���� on the segment 
���	 �� takes on the lowest value
when � � ���� i�e�

�� �
e��nT � �

e��nT � �
�

��� ����� e��nT �

�� ��� ��e��nT
� � ����

For all � � 
�� �� the value

�e�nT � ��� ��� e�nT

�e�nT � ��� ��
�

��� ����� e�nT �

�e�nT � ��� ��
����

is nonnegative and nonincreasing with � since its derivative with respect to
� is as follows�

e�nT �e�nT � ��

��e�nT � ��� ����
� �

Therefore	 the value ���� is the greatest for � � �	 i�e�

� �
��� ����� e�nT �

�e�nT � ��� ��
� �� e�nT � � ����
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Based on the inequalities ���� and ����	 from ���� it is inferred that uniformly
in � � 
���� �� the following estimate is true�

k�� u��� ��k� �
�X
n��

��� ��� ��e��nT � ���

��� ��� ��e��nT ��
�vn� ��

� ����

�

�X
n��

��e�nT � ��� ��� e�nT ��

��e�nT � ��� ����
�wn� ��

�

�
�X
n��

�vn� ��
� �

�X
n��

�wn� ��
� � k�k��

Now we show that

lim
���

ku��� ��� �k � �� �� �M� ����

where M is a particular set dense in H � Then according to the Banach�
Steinhaus theorem	 ���� results from ���� and ����� In this case as a set M
we take all � representable in the form given below�

� �

�X
n��

cnvn �

NX
n��

dnwn� �N ���

Therefore	

k�� u��� ��k� �
�X
n��

��� ������ e��nT ��

��� ��� ��e��nT ��
�vn� ��

�

�

NX
n��

��� ������ e�nT ��

��e�nT � ��� ����
�wn� ��

�

�
��� ���

��

�X
n��

�vn� ��
� �

��� ���

��
e���NT

NX
n��

�wn� ��
�

�
��� ���

��
e���NT k�k�

and for such � the expressions ���� are true�
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