Volume 29, Issue 2, 193-214, 2024 TECH

MATHEMATICAL MODELLING AND ANALYSIS ' 1 VILNIUS
https://doi.org/10.3846 /mma.2024.18133 WP Technical University

Simultaneous Inversion of the Source Term and
Initial Value of the Time Fractional Diffusion
Equation

Fan Yang, Jian-ming Xu and Xiao-xiao Li

School of Science, Lanzhou University of Technology
Lanzhou, 730050 Gansu, China

E-mail(corresp.): yfggd1140@163. com
E-mail: jianmingxu97@163.com

E-mail: lixiaoxiaogood@126.com

Received November 22, 2022; accepted March 8, 2024

Abstract. In this paper, the problem we investigate is to simultaneously identify
the source term and initial value of the time fractional diffusion equation. This prob-
lem is ill-posed, i.e., the solution (if exists) does not depend on the measurable data.
We give the conditional stability result under the a-priori bound assumption for the
exact solution. The modified Tikhonov regularization method is used to solve this
problem, and under the a-priori and the a-posteriori selection rule for the regular-
ization parameter, the convergence error estimations for this method are obtained.
Finally, numerical example is given to prove the effectiveness of this regularization
method.
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1 Introduction

Let §2 be the bounded area on R%(d = 1,2,...). 942 is the smooth boundary of
2 and T > 0 is a fixed time. The following time fractional diffusion equation
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is studied:

a?u(xvt)zuzm(x’t)Jr@(w)v z € {2, tG(OaT]a 0<a<l,

(z,t) =0 x €99, te(0,T],
u(z, 0) = ¢¥(z), x € 0, (1.1)
u(z, to) = f(x), x €12, to € (0,17,
u(z, T) = g(x), x € 8.

(

Here, 0§ () is the Caputo fractional derivative of the order a(0 < o < 1), which
is defined by

o t uT(x'r
Do — 9°u _ F(l o Jo Heds, 0<a<l, (1.2)
ata U/t(.'lf,t), o = 17

I'(z) is a Gamma function.

In problem (1.1), if ¢(z), ¢(z) are known, it is a direct problem. If
o(z), ¥(z) are unknown, this is an inverse problem. In this paper, we study
the inverse problem. The intermediate data u(x,to) = f(x) and the final data
u(z,T) = g(x) are the given data. We use the data f(z), g(z) to identify the
source term @(z) and initial value ¢ (z), assuming that the exact data f(z),
g(x) and the measurement data f°(z), ¢°(x) satisfy

I7°C) = FOI <6 19°C) =g <6, (1.3)

where ||-|| is the L?(£2) norm and & > 0 is the error level.

The inverse problem of the time fractional diffusion equation is of great
interest in engineering to detect previous states of a physical field from its cur-
rent information. Therefore, many researchers have done a lot of research on
the inverse problem of the time fractional diffusion equation. In [22], Yang et
al. used a quasi-reversibility regularization method to invert the initial value
of the fractional time diffusion equation with a inhomogeneous source. Wang
et al. [11] used the Tikhonov regularization method to invert the initial value
of the time fractional diffusion equation over a general bounded region. Liu et
al. used the strong maximum principle for fractional diffusion equations and
an application to an inverse source problem [7]. In [2], Ismailov applied eigen-
function expansion method for an inverse source problem of a time-fractional
diffusion equation with nonlocal boundary conditions. In [28], Zhang used the
truncated method to identify an unknown source in time fractional diffusion
equation. In [20], Xiong et al. made use of an optimal regularization method
for an inverse heat conduction problem about a time-fractional diffusion equa-
tion. Moreover, some results concerning a homogeneous backward problem can
be found in [6,12,14,25].

At present, the research on the identification of source terms, initial values
or diffusion coefficients of time diffusion equations has matured, and scholars
have begun to explore simultaneous identification. In [21], Xiong simultane-
ously inverted the order of the time fractional derivative, the order of the spatial
fractional derivative and the diffusion coefficient through the data at a point on
the boundary under homogeneous Neumann boundary conditions. Cheng [1] et
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al. studied the simultaneous inversion of the order and diffusion coefficient of
the time fractional diffusion equation under special initial conditions. Liao and
Wei [5] used the measurement data at the endpoint to simultaneously identify
the order of the fractional temporal derivative and the spatial source term.
Janno [3] et al. studied the simultaneous reconstruction of the fractional order
and space-dependent source term in a fractional diffusion equation from final
time measured data. In [4], Li et al. used a modified optimal perturbation
algorithm to deal with simultaneously recovering for the fractional order and
diffusion coefficient for the time-fractional diffusion equation. Zhang [27] et al.
studied the simultaneous identification of two initial values of the fractional
wave equation. The topic of simultaneous identification of source item and ini-
tial value has been preliminarily studied. Jin [18] et al. used a novel modified
quasi-reversibility regularization method to identify the source term and initial
value of the spatial fractional diffusion equation. Qiu [9] and Jin [17,19] et
al. studied the simultaneous identification of source terms and initial values of
heat equation.

However, to the best of our knowledge, there are few researches on simul-
taneous inversion of source term and initial value of time fractional diffusion
equation. Jin [15,16] et al. studied the simultaneous identification of the source
term and initial value of the time fractional diffusion equation, but did not give
the error estimates. Ruan [10] et al. used the standard Tikhonov regularization
method to simultaneously identify the source term and initial value of the time
fractional diffusion equation. Yu [26] et al. used the exponential Tikhonov reg-
ularization method to simultaneously identify the source term and initial value
of the time fractional diffusion equation. In this paper, the modified Tikhonov
regularization method is used to identify simultaneously the unknown source
and the initial value of the time-fractional diffusion equation. In addition, we
not only obtain the priori convergence error estimate under the priori regular-
ization parameter selection rule, but also give the posteriori convergence error
estimate based on the posteriori regularization parameter selection rule.

The paper is organized as follows: Section 2 states some preparation knowl-
edge. In Section 3, we derive the conditional stability of problem (1.1) under
the a-priori bound condition for the exact solution. Section 4 uses the modified
Tikhonov regularization method to solve the problem (1.1) and gives the priori
and posteriori error estimates. Section 5 presents numerical example to verify
the effectiveness of the regularization method.

2 Preliminary

In this section, we present some important Definitions and Lemmas.

DEFINITION 1. Suppose {\,}22;, { X, (x)}32; be the Dirichlet eigenvalues and
eigenfunctions of the operator 68—;2 on the domain (2:

& X () = A Xp(z), in £,
Xn(x) =0, on 012,

where 0 < A\ < X < ..o < Ay < oo limy 00 A = 400 and X, (z) €
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H2(2)NHL(R2), then {X,,()}5°; can be normalized as the orthonormal basis
in space L?(2).

DEFINITION 2. For any p > 0, we define the space

D((=ay) = {0 € (@) 3 31(6.X,)F < ).
n=1

where (-,-) is the inner product in L?(§2), and D((—A)P) is a Hilbert space
with the norm

Il = (X216, X))
n=1

DEFINITION 3. [8] The Mittag-Leffler function is defined as follows:

oo k
z
Eop(2) = r;) mﬂ e C,

where o > 0 and 5 € R are arbitrary constants.

Lemma 1. [8] If A > 0, then the following equality holds:

mlpe—F

1
W7Re(p) > |a|®,

/0 €7pttam+'371EgTé)(iata)dt _
where E(g:}i)(y) = Cz!—mmang(y).
Lemma 2. [23] For a > 0 and v € R, then
Eaq(2) = 2Ba,a4+(2) +1/T'(7), z€C.

Lemma 3. [23] For 0 < o < 1,¢t > 0, we have 0 < E, 1(—t) < 1. Moreover,
E,1(—t) is completely monotonic, that is

L g (>0
dtn =

Lemma 4. [24] Assume that 0 < ag < aq < 1. Then, there exist constants
Dy > 0, depending only on ag, oy such that for all o € [y, a1], we obtain
D_ 1 Dy 1

= < By () < ——F ,
't—-a)l—z« — ’1(I)_F(1—a)1—x

for all z < 0.

Lemma 5. For any A\, that satisfies 0 < A\y < ... <\, and A\, > 1, there are
normal numbers Dy, Do that depend on «, tg, A1, and we have

Dy D,

L < By (=ate) < 22,

)\n — :1( O) = An
where D1 = ——2=__ Dy = I+

T(1—a)(1+t5) * T(A—a)ts -
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The proof of Lemma 5 is similar to Lemma 2.3 in [24].

Lemma 6. For any A, that satisfies 0 < A1 < ... < A\, and A\, > 1, there are
normal numbers D3, Dy that depend on o, T, A1, and we have

DS//\n < E@,l(_AnTa) < D4//\n7
D_ D
where D3 = TA—a)(A1T7) * Dy = F(l—ig)Ta'

Lemma 7. Assuming that D1 > Dy, for any A, that satisfies 0 < Ay < ... <
An, there is a normal number dependent on o, T, tg, A1, and we have

D5/)\n S Ea,l(_)\ntg) - Ea,l(/\nTa) S DG/)\na

where D5 = D1 — D4, D6 = D2 — D3.

Proof. From Lemmas 5 and 6, we can obtain

Dy Ds Dg
Eo1(=Apty) — Eq1( AT < — — — = —
al( O) 71( ) An )\n An
D1y Dy Dj

Eo1(—At?) — E Toy> 2L A5
a,l( )\nt()) a,l()\n ) = /\n )\n /\n7

where D5 = D1 — D4, D(, = D2 — D3 O
Lemma 8. For any A\, that satisfies 0 < Ay < ... < A\, there exists normal
numbers dependent on «, T, tg, A1, and we have

Dy 1 Dg 1
< Ea o )‘ t = ) S Ea.a _)\nTa S 9
Moty < Pt (CMI6) < e 3 el )= e

where D7 =1- Ea,l(_>\1t8)7 Ds =1- Ea71(—>\1Ta).

The proof of Lemma 5 is similar to Lemma 2.5 in [22].

3 The solution, the ill-posed analysis and the results of
conditional stability

Using the separated variable method, the Laplace transformation and the in-
verse transformation of the Mittag-Leffler function, we can obtain the solution
of the problem (1.1):

=3 W ot (~Aat®) + 1700 B ast (~Aat®)) X (2),

n=1

where ¢, = (¢ (m),Xn( ), on = (p(z), X, (x)) are the Fourier coefficients.
According to u(z,t9) = f(z), u(x,T) = g(z) and the above formula, we can
obtain ¢(z) and ¥ (z) corresponding expressions:

> AnEa 1(*)\nt8)gn - )\nEa 1(*)\nTa)fn
— E : : Xn(z), 1
#(@) Fa1(—Aat8) — Ba1(—AaT®) (z) (3:1)

n=1
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and

S MTE ey a1 (AT o — Mt@Eeo an1(—Ant®) gn
.’L') — Z s +1( )f 0 s +1( 0)9 Xn(.’L')7 (32)

Eo1(=Antg) — Eq1(—A\T9)

here, g, = (9(z), X, (2)) and f, = (f(z), X,,(2)) are the Fourier coefficients.
Now, we give some notations to represent (3.1) and (3.2).

A Mom MBat (AT o
2; t§) = Ban—dnray n@=Krgt Ky (3:3)

K1, Ky are self-adjoint operators, and the singular values of K Land K. 5 Lare
as follows:

ol M Eo1 (= Antd) Kl = M B (=2 T?)
L Eai(-Antg) — Ean (A1)’ " Bai(—Mitd) — Eaa(—A\T)’

For formula (3.2), we have the same statement as above:
v=FK3'f+ K, 'g,

K3, K4 are self-adjoint operators, and the singular values of K5 Land K 1 Lare
as follows:

MT*Eg a11(—AnT%)
Ea,l(_/\ntg) - Ea,l (_)‘nTa) ’

Mt Eaat1(—Antd)
Eai(=Antd) — Eaa(—AT%)’

K3t = Kt =

When n — oo, A, — 00, K;' = 00, K;' — o0, so from formula (3.3),
the small perturbation of g(z) and f(x) will cause a great change in the data
©(x). In the same way, the small perturbation of g(x) and f(z) will also cause
a great change in the data v (z). Therefore, this is an ill-posed problem and
cannot be solved by classical methods. It needs to be solved by regularization
method. Below, we give the priori bound:

max{[|p(z)| p(—ayey, V(@) p—ay)} < E, (3.4)

[N

where E, p are positive constants, ||<p(x)||D((?A)p):(ZZ°:1 2P| (p(x), Xn)]?) 2,

[ @)l pi-am = (o A2 1@ @), X))
Theorem 1. If p(x), ¥(x) satisfy the priori bound condition (3.4), then,

2 R -R—

leOIl < CLEZ=2(|lg]* + I £II*)7@+, p >0,
2 P

[0l < C2E7#2 (lg]1* + (I f1I*) 77+, p >0,

where C1 = (Dis)ﬁ, Cy = (AlgDs)ﬁ.
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Proof. Combining (3.1) with Holder inequality, we obtain

2 A EO )\ t('x))gn )\TLEO (_)\nj (X)fn 2

)‘ tO )gn - /\nEa,l(_/\nTa)fn
( A tﬁ“) a,l(*AnTQ)

(\ Ea1 At — A Bt (— A T9) fo) 752
( /\nta) a,l(_)‘nTa))z

X )\nEa,l(_)‘ntgl)gn - )\nEa,l(_)\nTa).fn)ﬁ%

(') pt2 pt2 4
= Z (An® Ea,l(_Antg)gn —An® E‘Oul(_)‘nTO‘)fn)PJr2
(Ea,1(=Ant§) — Eq1(=AT1%))?

2p
X a 1( A ta)gn - E‘oz,l(*)\nT‘O‘)fn)m

> (AnEa 1(*Ant8£)gn - )\nEoz 1(*)\nTa)fn)2 Pzﬁ
< p > 5
- ( Z An (Ea1(=Ants) — Eq1(=A,T))p+2 )

)2

(D Mt~ B (AT 7)™

=1
(f: AP (ApEaa(— Ants“)gn—AnEaJ(—AnTa)fn)?)fﬁ

< —t
“\ & DF (Ban (—Ant8) — Eo1(—AT®))2
% (22 (Baa (~Matf)gn)” +2 3 (Baa (~MT)2)?) "
n=1 n=1

P A Ea 1( Anta)gn — By 1(_/\71,Ta)fn)2 ﬁ
<D p+2 2p ( 0 )
=5 (Z A (Ea1(=Ants) — Eq1(—=2T))? )

< (2 g2 +2) £2)"7 < 2D T BT (gl + |41

Thus,

le()ll < CLEF=(|lg])? + | fII) 20, Cy = (2/D5) 7.

The proof of ||1(-)| is the same as that of ||o(-)||, so it is omitted. Therefore,
we complete the proof of Theorem 1. O

4 The modified Tikhonov regularization method and
convergence rates

Section 3 shows that the problem (1.1) is ill-posed. If we want to restore the
stability of solutions, we need to use the regularization method. In this section,
we are going to use the modified Tikhonov regularization method to restore
the stability of the solution. The convergence rate for the modified Tikhonov
regularized solutions are obtained based on some mathematical analysis.

Math. Model. Anal., 29(2):193-214, 2024.
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4.1 The modified Tikhonov regularized solutions

Consider the operator equation:
Kx =y,

where z € X, y € Y, X, Y are Hilbert space, and K : X — Y is the linear
bounded operator. The Tikhonov regularization method is to solve a penalized
least-squares problem of the following form :

in{||Kz — yl||? 2.
ggg{ll r —ylly + pllzlx}

By solving the penalized least-squares problem above, we can derive the min-
imal element z#(z € X) : z# = (K*K + pul) ' K*y, here, K* is the adjoint
operator of K.

According to the above derivation, we can get the regularization solution of
the source term and the initial value after two calculations:

ol (KK, + ul) " Ki g’ + (K3 Ky + ul) " K3 f°, (4.1)
vl =(K3Ks + BT K5 f° + (K K4+ BI) 'K} g°,
where K, i = 1,2,3,4 is the adjoint operator, and K} = K;, i = 1,2, 3,4,

1 and B are regularization parameters. Substitute the singular value of the
operator into formula (4.1), and obtain

- M Eo1(=Antd)
5 ntva,1 nlQ 1)
2 (IE) = o kln 9n
z ; (Em(—)\nto) = Bar(—AT9)
AnEa,l(_AnTa)

— ko £2) X, (2),
BEo1(—Antd) — Eoq (—AnT9) 2f") (@)

MEo1(=Antd) #t
ki, = |1 J ,
' [ * N<Ea,1(_)\nt8) - Ea,l(_)\nTa)

MnEa1 (A T%) -t
kop = |1 :
? [ +N<Ea,1(_>\nt8) _Ea,l(_/\nTa)>

In this paper, we use the modified kernel 1/(1 + u)2) instead of the kernels k1,
ko, so the modified Tikhonov regularized solution of the source term is

01 MEBai(—Mtd) g — MEa i (=M T) fS

o nta,l nto )9n nta, n n

= X, (x). 4.2

#i(@) Z 14+ pA2 Eo1(=Antg) — Eq1(—AT9) (). (42)

n=1

In the same way, the modified Tikhonov regularized solution of the initial value
is

1 An a,a ()\nT )f6 Ants Eo a+1( )‘nta)gé

s > T*FEa,at1 n 0L, 0/9n T
X .

,I;ZJB( ) nzl 1+6)\% Ea,l(_)\ntoa) — Ea,l(_Anz a) ( )

(4.3)
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4.2 The priori convergence error estimates

The convergence error estimate for the modified Tikhonov regularized solution
can be obtained under the priori regularization parameter choice rule, respec-
tively.

Theorem 2. Let p(x) be given by (3.1) and goi(x) be given by (4.2). Suppose
that p(x) satisfies the priori bound condition (3.4), then we can obtain

|

(6/E)757,0 < p<2, . s (C34+Cy)572 Ev2 0 < p < 2,
p= | [y (z)—p(2)]| < 1 \sd gl
(6/E)z, p=>2, (C3+ 5=2)02E3, p>2,

’ )\f

where Cs = 2D5 ", Cy = (Q%P)%Tp/(l 4 2=2),

p

Proof. By the triangle inequality, we have

lop (@) = (@) < (@) = (@)l + lpulz) — (@), (4.4)

where ¢, (x) is the regularized solution for noise-free data. Firstly, we give an
estimate for the first term. From Lemmas 5-7, we can obtain

lop, (@) = ()]

N1 MEai(—Mat)gd — MEaa (=T 2
:HZ 71( O)Qn 71< ) an(SC)
2 TT 12 Bar(Aatd) — Bax(—AaT®)

o0

N Z 1 )\nEa,l(_)\ntS)gn - )\nEa,l(_)\nTa)fn
1+ ,U)\% Ea,l(_/\ntg) - Ea,l(_)\nTa)

X ()|l

n=1

= Hi 1 )‘“Eaxl(_)‘ntg)(gz_gn)'i‘)‘nEa,l(_)‘nTa)(fn_fri)
n=1 1+:“>‘$L Ea,l(*Ant(c)y) - Ea,l(*/\nTa)

X (@)

=1 MEai (=Mnt)(gn — gn)
< nta, n n n Xn
T R Bas ot Bt (A )]

> 1 MBo1 (AT (fn — f2
HIY 5o LT = J) ()|
n=1

A2 Eq1(=Aptd) — Eq1(—=2T)

_ (i( L MaBan(=At§)(95 — gn) )2)%
LT+ A2 Ba i (< Ant§) — B (—AaT9)

= 1 AnEa,l(_)\nTa)(fn - f'g) %
+(Z(1+ T ) B o))
n—=1 HAR a,l( n 0) a,l( n )
1 nFo 1 (=AM t8
n>1 1+ ,u)\% Ea,l(_)\ntg) — Eaﬁl(—AnTo‘)
+ sup| L An B (FAnT?)
o T 102 Bt (—Antg) — Bar(—AT9)

|0

|
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< oupl A2 L s+ supl A1
Ssu - su -
S D T e D

A2 1 A2 1
< I 15+ s §=2D1u716.
—ig'wgps +sup )\2D| 5 K

Then,
lep (@) = pu(@)l| < Cap™'4, (4.5)

where Cs3 = 2D;'. Next, we estimate the second term of (4.4).

a)ann(x)

1 )\nEa,l(_)‘ntg)gn _ )\”Eavl(_AnT
lpn () = Z T4 A2 Bur(—Ant) = Bar(—MT)

_ Z A Ea 1 -\ to )gn - )\nEa,l(_)\nT

Vs
o (Anld) — Ban(rgrey @

IS o s (M) = M Eaa G
L+ pA? Eo1(=Mnt§) — Ea1(=A\T%) n

_ (i( /1)\% )\nEa,l(*)\nTa)fn - /\nEa,l(*/\ntg)gn)Q)%
CL+pAl Eaa(=Antf) — Ean(=AT9)

1

- M)\% 2y—2p\2p 2\ 2 N)\q% 2
(;gwAi) supl (%

1 (1+pA2)AR n—1

[N

< sup|A(n)|E,

n>1

2
here A(n):%. Let s=\,, s > 0, we can obtain the function a(s) =

’f_i:; When 0 < p < 2, because of lim,_,¢ a(s) = 0 and lims_, o a(s) = 0, so,

a(s) < sup a(s) < a(sop),
s€(0,00)

where sy € (0,00), and so satisfies a (s9) = 0. If sy satisfies the function
’ 1
a (sp) = 0, we can obtain so = ((2 — p)/up)*. Then,
—py2op
u(ER)E ()
2-p 2— p
14+ u p 1+

[N

a(s) < ag, =

(NS

pz = Cyp

When p > 2,

2—p 1
_ps p
CL(S) - 1 + ,LLS2 S Sp_2 S )\117_2 ,LL

According to the above calculation, we can obtain

Cup?, 0<p<2,
Ay < 37 b
FIM p>2
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Thus,
Cip*E, 0<p<2,

w=hE, p>2. (4.6)
1

lu(@) = p(a)]| < {

Combining (4.5) with (4.6), we choose the regularized parameter p by

(
u:
{(
Cs+Cy)670 Erz, 0<p<?2
5o (Cs 4 ) ,
[l () <P(~T)||<{(C3+ L )G3ES, p>2.

p—2
AT

)7z,

0
P2

tlon o
—
T

<p<2,
2,

)

then, we have

O

Theorem 3. Let 1(x) be given by (3.1) and wg(a:) be given by (4.3). Suppose
that 1 (x) satisfies the priori bound condition (3.4), then, we can obtain

- (2)7=, 0<p<2,
2)%. p=2

where Cs =2/(MDs), Cs = (H)%/(l + 2%)'

p

The proof of Theorem 3 is similar to Theorem 2, so it is omitted.

4.3 The posteriori convergence error estimates

The priori parameter choice is based on the priori bound F of the exact solution.
However, in practice the priori bound F generally can not be known easily. In
this condition, we choose the regularization parameters y, 8, by adopting the
posteriori rule. We consider the posteriori regularization choice rule which is
called Morozov’s discrepancy principal.

4.3.1 The posteriori convergence error estimates of unknown source
term

Morozov’s discrepancy principle for our case is to find p such that
-2 (Kagf + K%)= 6 (@7
T+ 102 2 1 10, .

where 7 > i + D%j is a constant, and || K2g° + K1 f°|| > 716.

Math. Model. Anal., 29(2):193-214, 2024.
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(K29° + K1£9)||, the following results hold

Lemma 9. Let p(p) = ||— HMQ
(a) p(p) is a continuous function;

b) lim, o p(p) =0;
¢) limy,yo0 p(pt) = [|=(K29° + K1 f°)];
d) p(p) is a strictly increasing function over (0,00).

(
(
(
Proof. The Lemma can be easily proven with the expression
> Eo1(=Mtd) — Eq1 (AT
_ || Z 2 1( 0 ) ,1 (a ) gfl
1 + u)\ AnEa1(—AT9)

Ea 1(=2nt§) — Eq 1 (= A1) s
> 5 Xn .
Bt () fa)Xn(@)]|

O

Remark 1. Lemma 9 indicates that there exists a unique solution for (4.7)

Lemma 10. If 0 < p < 1, we can get

< (Tﬁa)fﬁﬁ)ﬁ, 0<p<2,
7—1_907 5(?)55 D= 27
_py\2=p s — 2
where 017 = D%j 7 Cs = (De(372) 7 /(DFDE (1 + 572)))", and Co
1 1 p=2 9
(Ds/(Df D3A 7))
Proof.  According to (4.7) and (3.4), we have
= :u)‘2 2 Ea 1(_>\nt8) _Ea 1(_)\nTa) Fy
0= : :
T1 an::(l—&—,u)@) ( )\7LEa,1(_>\nTa) gn
Eo1(=Mnt§) — Eq1(=AT%) ,s
’ X
+ )\nEa,l(_)\ntg) n) TL(‘r)H

)\2

Ear1(=Mt8) = Ea1(—AaT%)
2 1 0 )1 g
n)Xn

(s
A2 G Ea 1 (—Ant§) — Ean(=AT°
+ g(l + H)\Q )2 1( /\nE(‘)a,l(/\nlt(E)y) )<fn - fé)Xn(x)
2
E

Ea,l (_/\ntg) - Ea,l (_)\nTa)

U2,
A AnEa1(—AT9)

14+ pA2
a 1(/\nt0) - Ea 1(_)‘nTa)
3 il . Xn
3 Ea ) )X ()]
a 1(_/\nt0a) - Ea 1(_>\nTa) F)
) k) _ n Xn
< ||§ (5 5 W BT 9~ ) Xa(@)]

n
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S 2 Eaa (M) = Baa (0T?)
D N e eTes wrose R AR A

n=1

bl Ea,l(—Antg) — Eqa (A T9)
+ Z 1 + u>\2

Z A Bt (— A1) In
Ea 1(*>\nt0) - a.l(*AnTa)
_ Zo, : X,
Moo (—Mid) Jn) Xn(2)||
e A2 2Eal( Mit§) = Eaa1(=AT%) | o\ 2
= (X0 3 A Bt (AT (52~ 90))%)
el H n a,l( n )
- pAL )2 Ea1(=Ant) — Eaa(=AnT) _£6\)2 H
+(n1 1+m2 Bt (—Antd) (fn = £0)
- ,U 4 a,l(_/\nt(o)é) - Ea,l(_)‘nTa)
+ (nz_:l T+ 2 MEar (AT In
 Bai(Antg) = Eaa(=AT® 3
( — — )fn)Q)
AnEa,l( nto)
. /“LA% 2Ea71(_>‘nt8‘) - Ea,l(_)‘nTa)
< sl AnEot(—AnT) d
:U')‘EL 2Ea,1(_>\nt8‘) - Ea,l(_)\nTa)
+i1§1’|(1+uxg) A B 1 (—Ant3) [0
—, 1224 (Baa(=Ant§) = Baa(=AnT%))?
*(Zl(uw)( N B (A8 Bs (oT) )
% ( )\nEa,l( /\nto) )\nEOL’l(*)\nTa) f )2>%
Eo1(=Autg) — Eaa(—X LTy m BEo1(—Atg) — Baa (A, T)""

<(1/Ds+ 1/171)

+ (i( N)\?L )4((Ea,1(*)‘nt8) - Ea,l(*)‘nTQ))z
— 14+ pA2 A2 Eo1(—=Antd)Ea1(—XT9)

2N PN
AnEa,l( >\nt0) _ ATLEO&J(_/\?LT&) f )2>%
Eo1(=Antd) — Eq1(—A TO‘) Eo1(—Antd) — Eq 1 (A1) "

ﬂ/\% 2 ( « 1(*>‘nt8) - Ea-l(*/\nTO&))2 -
< C76+ 2 ' AP
= O N N Bt (At B (AT

x(

= )\nEa (_)\nta)gn - )\nEoc 1(_>\nTa)fn %
2p ,1 0 5 2
L OE Far(—At?) = Ba (AT ) )"

n=1
Thus,
(11 — C7)d < sup|B(n)|*E, (4.8)
n>1
where
2 _ a) _ a))2 1 LTP
B(n) PG ((Ea,l( Ant§) = Eai(=AnT?)) i< PAn Ds

= ) ~ .
1+ A2 X2 Eq 1 (= Ant§) a1 (= AT\, L+pX, D2 p;
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Let s = A, s > 0, we can obtain function b(s) = ,us2_Tp/(1 + ps?). Similar to
the calculation of a(s), we get

(325"
by < | rEE M 0<p<Z
i, p>2,
A2
then,
2
- C9/~L27 p > 27
where
2-p 11 2 — D
Cs = (Ds(2—p2+p) T /DI DS (1+ 5—L)), Co = (——55)"
2+p DDA

According to (4.8), we can derive that

0

Theorem 4. Let p(x) be given by (3.1) and goi(ac) be given by (4.2). Suppose
that o(x) satisfies the priori bound condition (3.4), and the assumptions (1.2)
and (1.3) hold. The regularization parameter u > 0 is chosen by the Morozov’s
discrepancy principle (4.7).

(1) If 0 < p < 2, we can obtain the following error estimation

D _2_
lop (@) = (@) < Cud7= Eve,

where C1 = Cg( CSC )ﬁ + Cho;

T —

(2) If p > 2, we can obtain the following error estimation

93 (x) — p(z)]| < Cr282E2,p > 2,

1 -1 1
where C1a = C3(71€907)2 + Dy 2 (%‘ + %2 + LB[;“T)L

Proof. When 0 < p < 2, by using the triangle inequality, we have

lop (@) = (@) < (@) = eu(@)ll + leul@) — (@),

where ¢, () is the regularized solution with no error. Firstly, we give an
estimate for the first term. According to (4.5), we can obtain

95 (x) — @u(@)]| < Cap™'s,

where C3 = 2D§1. From Lemma 10, we have

Ca(=Ce)itz sz Btz 0 <p<2
S (x) — < Cau o< B n=c) 0 ’ T(4.9
I64(0) = onl < 0= oy Za g, o )
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Next, we estimate the second term. Denote A,, = 1+ /\2 .For0<p<2,

o (@) — o(@)]?
*H /14)\% )\nEa,l(_Antg)gn - )\nEoz,l(_)\nT
N IS Eai1(=Autd) — Eq 1 (=X, T9)
/1')‘2 )\nEa,l(_)\nTa>fn - )\nEa,l(_)\ntg)gn
T+ 102 For(—Mtd) — Ea1(—AT9)

/”'AQ ) (AnEa,l(_AnTa)fn - )\nEaJ(_)\ntS)gn
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Vn x ()P
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1

( )?

HM8 HF%S |\M8ﬁ
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/J“A2 p o a 2 /.L)\?L 9_ _p_
= E -\, — — _ M \2-p)p+2
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- o o PAR ap) 72
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< D;%Ep% ((:1((1 i)f)\%)zEa,l()\nTa)(fn _ fg))z)%
+(7§((1fi’>\%)2Ea,1( Mt (g2 — ga))?)
+(§((1ﬁf’A%)2( Eat (“Ant)g® — Ear(—AaT®) %) )%)%

n=1

1
> MEa1(=Mtd)Eo 1 (=X T)

2 )1 0 )1
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% (Ea 1( A to) a,l(_)‘nTa) 5 _ Ea,l( A tO) Ea,l( Ta)fé))Q)%)P
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—2n 4 AnEa1(=Ant8) Ean (—AnT9)
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Thus,
» 2
on(x) — ()| < Crod72 B2, (4.10)
where Cig = Dy 77 (82 + 22 4 Bplary )iz,
When p > 2, according to the literature [13], it can be seen that D((—A)P) is

embedded in D(—A), we can get the conclusion.
According to (4.9) and (4.10), we can obtain

D 2
C110vZEviz, 0<p<?2
5 11 ) p )
x)—olx)| <
o @) w(M_{CmﬁEapzz

where 011 = Cg(

)p+2 + ClO7
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O = Cao(%)h + D57 (Re + B2+ Bar)h. O

T — C?

4.3.2 The posteriori convergence rates of initial value

Morozov’s discrepancy principle for our case is to find S such that

B

W(Kzlgé + K3f§)|| = 7_25, (411)

where 75 > D + D is a constant, and ||[K4g° + K3f°| > 720.

Lemma 11. Let p(8) = ||W(K4g + K3 f%)||, the following results hold
(a) p(B) is a continuous function;

(b) limg0 p(B) = 0;

(c) limp oo p(B) = || Kag® + Ksf°||;

(d) p(B) is a strictly increasing function over (0,00).

Proof. The Lemma can be easily proven with the expression
_H Z 5)‘2 2 (x,l(_>\nt8) - Ea,l(_)\nTa) S5
1+ ﬂ/\2 “Ant§ B 1(—Ant§) n
Ea,l(_)\nto) - Ea,l(_)\nTa) k)

Xn .
)\nTaE(x,Ot"rl(_)\nTO‘) gn) (1’)”

O

Remark. Lemma 11 indicates that there exists a unique solution for (4.11).

Lemma 12. If 0 < g < 1, we can get

_2_ _2_
5 < (Tzclé’m) 2(%)1) % 0<p<2’
2

where 013 = 1/D7 + I/Ds, 014 = (DG(
Cis = (Dﬁ/(D72 Dsz) :

2+p)

The proof of Lemma 12 is similar to Lemma 10, so it is omitted.

Theorem 5. Let ¢(x) be given by (3.2) and 1/)2(17) be given by (4.3). Suppose
that ¢¥(z) satisfies the priori bound condition (3.4), and the assumptions (1.2)
and (1.3) hold. The regularization parameter 8 > 0 is chosen by the Morozov’s
discrepancy principle (4.11). Then,

_p_ _2
5 [ pi2
(@) — (e < 10072 ET DSps
017(5§E7,p2 2,
2 __p_ b 1
where Cig = %Ds(mgléw)"” + Dy o (,\ll+ D157> pi2’ Cir = )\12D5 (7_2?1513); +

_1 B
D, 2(,\%"'13%7')2-

The proof of Theorem 5 is similar to Theorem 4, so it is omitted.
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5 Numerical experiments

In this section, we present two numerical examples to illustrate the proposed

method.

Step 1: We give some basic data. Let d = 1, 2 = (0,7), to = 20, and

T = 200. By direct calculation, we have the eigenvalues \,, = n? and X,,(z) =
2

Additionally, we use the code Matlab mlf(a,b, z, p), which was written by Igor

Podlubny, to calculate the Mittag-Lefller function.

Step 2: We define

sin(nz) for n = 1,2,.... Simulation is performed using software Matlab.

x; =th(i1=0,1,2,..., M), t, =m(n=0,1,2,...,N),

where h = 5; is the step size of spatial direction, ¢ = + is the step size of
temporal direction.

Step 3: Example:

FEzample 1. Consider function
@(ﬁ) = x(ﬂ - $)7 S [077‘—]1 7/’(55) = xsin(m), S [077(]‘

Step 4: Direct problem to find f(z), g(x). For Example 1 we cannot obtain an
analytical solution. At this time, we obtain the iterative format by discretizing
the equation, and then obtain g, f from the iterative format. Using the dis-
crete format of the Caputo derivative in [24], the following iterative scheme is
obtained

AU™ = _T(Z;,ozl(bj — bjfl)Unij + bnflrl;[}i) + Pis
AU1 = P,

2 1
Tta TRz
1 2 1
m TR TRz
A: '.'
1 1 1
—Rr TTRr TRz
_ 1 r4 2
h? h?

Similar to [24], take g = UY, f = U5 . Then we get g, f.
Step 5: By adding random perturbation to noise data f(z) and g(x), the
data with errors are obtained:

f° = f+e-randn(size(f)), ¢° = g+ ¢ - randn(size(g)),

where the function randn(-) produces a list of random numbers with a mean
of 0 and a variance of 1, and ¢ represents the relative error level. Its absolute
error level § is expressed as

S L Uy N (R W SR 42
1= M+1 7 i y V2 — M+1 gi 9;)" - 9 .

i=1 i=1
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To verify the accuracy of the numerical results, the following relative root mean

square error is defined
V(e —ep)?

o'~

Step 6: The regularization results. Applying the modified Tikhonov regular-
ization method, we have the following solutions with measurement data f°(x),

9°(x):

e’Fl = ) 67‘2 =

m

é §
o (z) = Z 1 AnEa1(=Antd)gs — /\nEa,l(—/\nTo‘)an (2)
- n i
H 1 1+ ,U)\% Ea,l(_)\ntg) — Ea’l(—)\nTa)
ql}é (l‘) _ i 1 AnTaEa,a+1(>\nTa)f£ — /\ntha,a—s-l(*)\ntg)giX (I)
S TER Ban(=3atg) = Baa(-AT°) e
here m is the truncation parameter and m takes 10.
3 3
i e
£ ¥ o ——c=0.0001 £
é 15 é
£, g
% 05 %
) -05 : -0.5
0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35
(a) a=0.2 (b) =0.8
Figure 1. The comparison of the exact solution and the regularization solution of the

source term for Example 1.

The exact solution 1(x) and s approximations
c o o O
kS 3 @ = N S o o ~

o
N

Exact
—+—¢=0.005
€=0.001
=0.0001

+

35

The exact solution v(x) and its approximations
o o o PR R op
2 e ® e N s B Do~

o

Exact
—+—¢=0.005
€=0.001
€=0.0001

o

05

Figure 2. The comparison of the exact solution and the regularization solution of the
initial value for Example 1.

Math. Model. Anal., 29(2):193-214, 2024.



212 F. Yang, J. Xu and X. Li

Table 1. The relative error between the exact and the regular solutions for different o.

€ 0.005  0.001 0.0001

p(x) a=02 e 00801 0.0574 0.0220
a=08 ery 0.0710 0.0457 0.0136

YP(z) a=02 e, 00924 0.0542 0.0186
a=08 e 0.0802 0.0339 0.0160

Figure 1 shows the comparison between the exact solution ¢(z)(source
term) and the regularization solution in Example 1. Figure 2 shows the com-
parison between the exact solution 9 (x)(initial value) and the regularization so-
lution in Example 1. The numerical results of relative error at « = 0.2, 0.8, ¢ =
0.005, 0.001, 0.0001 are given in Table 1. Regularization parameters are chosen
aspu="T7.8x107% 3.7x107%, 1.1x107%, B3 =9.4x107%, 5.7x107%, 2.1x1074.

From Figure 1, we can see the comparison of the source term. When a = 0.2,
the fitting effect of the graph is slightly worse than that of & = 0.8. However,
according to the data in Table 1, the relative error of a = 0.2, 0.8 is not much
different. And from Figure 2 and Table 1, we can also observe that in the com-
parison chart of the initial value, the fitting effect of a = 0.2 is slightly worse
than that of & = 0.8, but the relative error of @ = 0.2, 0.8 in the Table 1 does
not change much. These show that no matter how a changes in the interval
[0, 1], the fitting effect is relatively stable, which also mean that the modified
Tikhonov regularization method we adopted is effective.
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