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Abstract. The article investigates a discrete Sturm—Liouville problem with one
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1 Introduction

Nonlocal Boundary Value Problems (BVP) are widely used for mathematical
modelling of various processes of physics, ecology, chemistry and industry, when
it is impossible to determine the boundary values of the unknown function. New
applications are found in heat conduction [4], linear thermoelasticity [7].
Consider the following one-dimensional Sturm-Liouville equation

—u"(t) = du(t), te(0,1), (1.1)
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Figure 1. Bijective map: A = (7q)? between Cy and Cgq; o-BP, o-RP.

A € Cy := C is a complex spectral parameter. The general solution of this
equation
u(t) = Cq cos(mqt) + Co sin(mwqt)/(7q), (1.2)

and A = \(¢) = (7¢)%. A map A : C — C is not bijection, and the inverse map
is multivalued. The point A = 0 is the second order Branch Point (BP) and
¢ = 0 is Ramification Point (RP) (with index 2). In this article, ¢ = = + 1wy,
z,y € R If g € Cy := Ry + Cf + C, where R, := R; + R} +R), R :=
{¢g=2+weC:2=0y>0}, R ={¢g=2+wecC:z>0y=0}
RY:={q=0},Cl:={g=2+weC:2>0,y>0}and C, :={g=z+w €
C: z >0, y <0}, then the map A : C;, — C is bijection [28] (see, Figure 1).

If we want to find particular solution of Equation (1.1), i.e., to find constants
Cy and Cs in (1.2), then we must add two additional conditions. For example,
the Dirichlet Boundary Condition (BC)

u(0) =0 (1.34)

gives that C; = 0 and we have one-parametric family of solutions u(t) =
Cysin(mqt)/(mq). In the case of Neumann BC

u'(0) =0 (1.3,,)

gives that Cy = 0 and we have u(t) = Cjcos(mqt). BC (1.3;4) is essential
boundary condition, BC (1.3,,) is natural boundary condition. For finding the
second constant we can use two-points Nonlocal Boundary Condition (NBC)
[2,16,17]:

(Case 1) u(1l) = ~yu(f), £€0,1), (1.4)
(Case 2) w'(1) = yu'(£), £elo,1 :

or integral BC [23]

&2
u(l) =~ / w(lydl, 0<& <& <1, (1.5)

where v € R. In the (classical) case v = 0 we have two local BCs. In this
article, we investigate discrete problems which approximating SLP with two-
points NBC in Case 1 and Case 2. Green’s functions for SLP with NBCs
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and more general Sturm-Liouville operator L[u] := —(p(t)u') + q(t)u were
investigated in [18,19,25].

The Equation (1.1) with two BCs (1.3) and (1.4) defines Sturm-Liouville
Problem (SLP). If we have nontrivial solution (|C1| + |Ca| # 0) for some value
of the parameter A, then this value is an eigenvalue of SLP, and a solution
is a corresponding eigenfunction for this eigenvalue. For each eigenvalue A
there exists eigenpoint ¢ € C,. So, our main task is to describe properties of
eigenpoints in the domain C,. For investigation of SLP we can apply method
of Characteristic Function (CF) [28]. Some results of such investigation are
presented in [2] for SLP with two-point NBC (1.4) and in [1, 23] for SLP with
integral BC (1.5). In these two papers the definition of Spectrum Curve was
used for describing the dependence of spectrum on parameters v and &.

Asymptotic formulas for eigenvalues and eigenfunctions for Sturm-Liouville
operator with local BCs are investigated in the classical book [29]. Asymptotic
analysis of eigenvalues and eigenfunctions of SLPs with periodic BCs was ob-
tained in [3]. The SLP with eigenparameter in BCs was investigated in [9,12].
Discrete Sturm—Liouville problems with eigenparameter in BCs were investi-
gated in [10,11]. Some results for fractional SLP were published in [8]. We will
note paper [27] where the asymptotic properties are studied for some NBCs
together with BC (1.3) or with BC (1.4).

In the case of NBCs, properties of discrete SLP (dSLP) were investigated
in [1,2,5,6,13,15,22] and results were used for theoretical justification of
stability Finite Difference Schemes (FDS) for various elliptic, hyperbolic and
parabolic equations [20,21]. Finite difference method together with asymtotic
formulas for eigenvalues [26,27] gives very good approximation of spectrum for
differential SLP.

The article is organized as follows. The statement of the problem and a
literature review are given in Section 1. In Section 2, we present results about
discrete Sturm—Liouville equation and formulas for solution with one Dirichlet
or Neumann classical BC. In Section 3, we investigate discrete SLP with two-
points NBC (1.4). We describe properties of Characteristic Function. Then in
Section 4 we present Spectrum Curves in complex domain and results about
Spectrum of dSLP.

2 Discrete Sturm—Liouville equation and natural
approximation of a derivative

2.1 Notation

We use notation: N:={1,2,3,...},Z:={...,-2,—-1,0,1,2,3,...}, Nyqq and
Neven are sets for odd and even numbers. Let us denote ged(ng, ng) the greatest
common divisor of ny € N and ny € N. Let n € Nand n > 2 and h := 1/n.
We use the notation N* := (0,n) NN, N* := N* U {0,n}, Ny := {0} UN.
Notation ¢ = 7y, ng, ny,ne € Z, means i € Z, where Z = & for ny < nq,
Z=A{ni,n1+1,...,n9} for no > ny.

We introduce a uniform grids in [0, 1]: @" = {t; = jh, j =0,n}, w" = {t; =
jh, j = 1,n — 1} with stepsizes h; = h and wi‘/Q ={tjp12 = (t; +1j41)/2, 5 =

Math. Model. Anal., 29(2):309-330, 2024.
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0,n — 1} with stepsizes hjii/o = tj11/2 — tj—1/2 = h. Additionally, we use
a nonuniform grid w’;/Q = wil/z U{t_1/2 = 0,tp11/2 = n}, where stepsizes
h1/2 = t1/2 — t—1/2 = h/?, hn+1/2 = tn—‘rl/Q — tn—l/Q = h/2 AISO, we make an
assumption that ¢ is located on the grid @", i.e., € = m/n = M/N, m € N,
ged(n,m) = K, ged(N, M) = 1.

Let us introduce spaces H(w) := {U: w — C} of grid functions on w =
wh,wh,w’f/2,w’f/2. We will use the notation U; = U(t;), t; € w. We define grid
operators:

§: H@") = H(w})y), (6U)j41/2 = U1 — Uj)/h,

0: H(w}f/Q) — H(wh), (6U)J = (Uj+1/2 — Uj,1/2)/hj+1/2,

(OU)j41/2=(00)j-1/2 _ Uj1—2U;+Uj 1
hjt1/2 h?

6% H@")—H(w"), (6%U);:=

If function U € H(w") and we know values (6U)_1 /5 or (6U),41/2 (for exam-
ple, (6U)_1/2 := U'(0) or (6U),41/2 := U’'(1)), then the operator §* can be
extended to point ¢y and t,, by using formulas:

(6U)1y2 — (0U) 172 (Ur —Up)/h — (6U)_1/2

52U0) = = , 2.1
U)o - - (21)
(02U, 1= (6U)ng1/2 = (0U) 12 _ (0U)p4172 — (Up —Un—1)/h

e hn+1/2 h/2 ’

2.2 Discrete equation

Now, we consider one-dimensional discrete Sturm—Liouville equation
—0%U = \U, tewh (2.2)
A € C, is a complex spectral parameter. We rewrite (2.2) in the form
Ujp1 —22U; +Uj_1 =0, z=1-\n?/2. (2.3)

Equation (2.3) for j € Z and its solutions were described in [21] for z € R. For
a general solution of this equation we have expression

Uj = C1T(2) + CoTya(2), €L,

where

7y = EXVEW AV g

are the Chebyshev polynomials of the first kind of degree j in z,

7.(2) (z+ V22 — 1) — (2 — /22 — 1)7H1
(2) = ’
! 222 —1

are the Chebyshev polynomial of the second kind of degree j in z. The Cheby-

shev polynomials can be further extended into (or initially defined as) a polyno-
mials of a complex variable z [14,24]. We can find these Chebyshev polynomials

J €L,
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Figure 2. Bijective map: A = A\"(z) = 2n?(1 — 2) between Cy and C,.

as solutions of two Cauchy problems:

Tj+1 - 22T7 + Tj—l = O, To = 1, Tl =z, (24)
Tjsr— 22T +T;-1 =0, T, =0, To=1. (2.5)

Formulas (2.4)—(2.5) written in recursive form allow to find Chebyshev poly-
nomials T(z) and Tj_1(z) for all j € Z. We see that for all z € C functions

T;:Z — Cand Tj_1: Z — C are linearly independent.
We have that map \": C, — Cj:

A= \"(2) :=2n%(1 — 2) = 2h"2(1 — 2) (2.6)

is linear. So, we have bijection between two complex planes Cy and C. (see,
Figure 2). Note, if z = —1, then A\ = 4h=2 = 4n?, if 2 = 1, then A\ = 0.

Let us consider the following map z: C — C, z = z(w) := (w+w™1)/2. This
function takes the same value 2z at two different points wy 2 = zo£+/ zg — 1l and
wiwz = 1. Let us consider a domain such that w; and ws where wijws = 1 do not
both belong to it. Then function is single valued in such domain. In Figure 3
we see two such domains: C,, := {w € C: 0 < [w| < 1} U{w = e7¥:0 <
o <7}, Cpr :=={w € C: Imw > 0} U [-1,0) U (0,1]. If wy,ws & Cy, NCy»
and wiwy = 1, then these points are symmetrical (according the line Imw = 0
and the circle |w| = 1 to the same point in C,, N Cy~. The second order BPs
z = %1 correspond to RPs w = +1 and z(—1) = —1, 2(1) = 1. Note, that
2(0) = oo. We use the notation C,, = C, U {0}. From (2.6) we have (see,
Figure 4) A = A\, (w) := (A" 0 2)(w) = n*(2 — (w +w™')), and formula for
general solution of equation

Ujt1 — (W +w™ HUj + Uj1 =0, (2.7)

is U; = C1W;(w) + CQWj(w), j € Z, where W;(w) = (v +w™7)/2, Wj(w) =
(W —w™)(w—w™1)7L j € Z. We will use the domain C,, for investigation of
properties of dSLP when A is near oo and corresponding point w = 0 is isolated
point in the domain C,.

The main domain in our investigation will be (see, Figure 4) Ch := R, +
{0} +RE+{n}+RIF+Cht+Ch~, where R := {g = z+uwy: 0 <z <n,y =0},

Math. Model. Anal., 29(2):309-330, 2024.
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Figure 4. Bijective mappings: w = w”(q) = €% between C,+ and (CZ7
A = A (q) = (4/h?) sin?(wqh/2) between Cy and C}; o — BP, o — RP.

R, :={g=w: y>0}, Rit:={g=n+w: y>0},Cl:={g=a+w: 0<
x <mn,y >0} (CZ‘ ={¢g=x+4+w: 0<zx<n,y <0} The conformal map
wh:C, = Cury, w = wh(q) := €™, is bijection. Using maps A, and w" we
construct the bijection between complex plane Cy and domain C,:

2 (1 ermah 4 e‘”qh) _ 4 5 Tqh

=12 5 = —sin® —. (2.8)

A= M (g) :== (M owM)(q) h2 2

Points ¢ € R correspond to negative A, g € R" — to positive A < 4n?, g € RZ+
~ to positive A > 4n?, ¢ € (CZi — to complex (non-real) A. The second order
BPs A = 0 and A = 4n? correspond to RPs ¢ = 0 and ¢ = n. We use the
notation C!! = C} U {oo}. Now, Equation (2.7) can be rewritten in the form

Uj41 —2cos(mgh)U; +U;—1 =0, g€ (CZ, (2.9)
and the general solution of this difference equation is
U; = C1 cos(mqt;) + Casin(mgt;)/sin(wgh), where t; = jh, j € Z. (2.10)

2.3 Solutions of problems with classical BC at the point ¢t =0

Let us consider discrete equation (2.3) or equivalent equation (2.9). If we
approximate Dirichlet BC (1.34) as Uy = 0, then from (2.10) we get C; = 0
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and discrete equation (2.9) with such condition has solutions [1]:
U; = Casin(mqt;) /sin(mgh), t; =jh, j € Z. (2.11)
If we approximate Neumann BC (1.3,) as
(6U)1)2 =0, ie., Uy=TUn, (2.12)
then we have

U; = Ccos (mq(t; — h/2))/cos(mqh/2), t; = jh, j € L. (2.13)

Remark 1. The truncation error for condition (2.12) is O(h). We have a shift
—h/2 in the argument of function (2.13).

Ezample 1. Let us consider dSLP with local BCs [21]
U =\U, teuw" Uy=0,U,=0.

From (2.11) and BC U,, = 0 that nontrivial solutions exist for ¢; = k, k =

1,...,n— 1. So, eigenvalues and eigenfunctions are:

= % sin? makh
2

Since ¢ # 0 and g # n, we write more simple expression for eigenfunction
than in (2.11).

Ak . UF=sin(raqity), ax=%k k=1,....n—1

Ezxzample 2. Let us consider dSLP
U =\U, teuw, Uy=U, U,=U,_1.

Formally, we have two NBCs. From (2.13) and BC U,, = U,,_; it follows that
nontrivial solutions exists if cos (wq(1 — h/2)) = cos (mq(1 — 3h/2)). Roots of
this equation are g, = (kK —1)/(1 —2h), k = 1,...,n — 1, and roots ¢; = 0
and g,—1 = n are double. Since these two points are RP, the corresponding
eigenvalues are simple. So, eigenvalues and eigenfunctions are:

A = 4 sin? quh’ k_ €08 (qu(tj—h/Q))’ " — k- 17
h? 2 J cos(mqh/2) 1—2h

k=1,....,n—1.
In both examples the number of eigenvalues are n — 1.

2.4 Natural approximation of a derivative
Let us approximate natural condition «'(0) = 0 as [21]
(6U) 172 = —h1/2AUo. (2.14)

Remark 2. If the Sturm-Liouville equation is valid for tg = 0 and operator
6% is defined by formula (2.1) where hy /o = h/2, then the condition (2.14) is
equivalent to 0U_; /o = 0, and —0%2Uy = AUp. So, we can say, that condition
(2.14) is natural condition for Equation (2.2).

Math. Model. Anal., 29(2):309-330, 2024.
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If function U € H(@") is solution of discrete Sturm—Liouville equation
(2.3), then we define grid operators:

5t H(wh) N H(wh u{o}) (5+U)j — Ujy1 — 2U; _ Ujt1 — cos(mqh)U;

h h
U, —-U;_ hU; —U,_
5 H@) » H@h Un)), (570), = 20 i ottt = Uiy
From Equation (2.3) we have equality U; 1 — 2U; = 2U; — U;_1. On the grid
w" we have
Ujr1 —Uj

(670); = (67U); = ((0T0); +(67U);) /2= =: (6U);.

2h
If (6U)o == (6TU)o, (8U), = (6~U),, then we have natural approximation
(6U); of derivative u/(t;) on the grid @w".

Remark 3. If u € C3[0, 1] satisfies Sturm-Liouville equation (1.1) for ¢ € [0, 1],
then truncation error for natural approximation is O(h?). For t € w" this
statement is well known. For j = 0 we have

u(h) — zu(0)

h

For j = n the proof is similar.

~ If we have natural BC v/(0) = 0 for differential equation (1.1), then BC
0Uy = 0 for discrete equation (2.2) is equivalent to (2.14):
- U, — U, U — (1= Ah2%/2)U
0= su, = Ut hz o Ui—( X /2) O = (8U)1 /5 + My j2Us.
We can rewrite condition BC 6Uy = 0 (or BC (2.14)) in the form U; =
cos(mgh)Uy. Then the equality C; cos(mgh) + Co = cos(mwgh)Cy is valid. So,
Cy =0 and

—/(0) = (u(0) + )\u(O))g +O(h?) = O(h?).

v =

U; = Cycos(mgt;), j € Np. (2.15)
Ezample 3. Let us consider dSLP with two local BCs
—0°U =\U, tew", (0U)y=0, U, =0.
From (2.15) and BC U,, = 0 it follows that nontrivial solutions exist for ¢ =
k—1/2,k=1,...,n. So, eigenvalues and eigenfunctions are:

4 . 5 7mqh
)‘k: ﬁSIHQ q2k ’ UJ]'C:COS(/]qutj)’ qk:k—]_/2’ k=1,...,n.
Ezample 4. Let us consider dSLP with two local natural BCs
—8*U =AU, tew", (6U)y=0, (8U), =0.

BC (0U),, = 0 is equivalent to U,,_1 = cos(mwhq)U,,. From (2.15) it follows that
nontrivial solutions exist if sin(rq)sin(wgh) = 0. The first multiplier sin(mrq)
gives ¢ = 0,1,...,n— 1,n, the second multiplier sin(mwgh) gives ¢ = 0,n. Since
the points ¢ = 0,n are RPs of the second order, we get that the eigenvalues
A =0 and \ = 4n? are simple. So, eigenvalues and eigenfunctions are:

4 h
in? 0 UF = cos(maty), qx =k, k=0,....n.

/\kzﬁsm 5 j
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3 Discrete Sturm—Liouville problem
Let us consider discrete Sturm-Liouville equation (2.2)
—0%U = \U, tewh, (3.1)

with Dirichlet BC or the natural BC:

(Case d) Uy =0, (3.24)
(Case n) (U)o =0, (3.2,,)
and two-point NBC:
(Case 1) U, = vUpn, (3.31)
(Case 2) (0U)n = Y(6U)m, (3.32)

where 0 < m < n, v € R. If v = oo, then we replace BC (3.31) with U,,, =
(0 <m < n), BC (3.32) with 6U,,, =0 (0 < m < n). Our task is to investigate
cigenvalues and eigenfunctions of dSLP (3.1)~(3.3). The number ¢ € C} is
A (see, bijection (2.8)).
(3.3) we get the character-

called Eigenvalue Point for eigenvalue X if \*(q) =
Substituting expression (2.11) or (2.15) into BC
istic equation

where
Zh(q) = :izl(:;q}zy Pgh(q) = m, 0<m<n, (3.441)
Zh(q) := cos(mq), Pfh(q) := cos(mq§), 0<m<n, (3.442,n1)
Z"(q) := sin(wqh) sin(7q), Pfh(q) := sin(mgh) sin(mg€), 0 <m < n. (3.4n2)

Remark 4. In the differential case we have Z°(q) = fyPg (¢), qe€C,, where

Z°%(q) = sin(mq)/(7q),  Pg(q) =sin(mg)/(mq), 0<E<1,  (3.5a1)
Zo(q) = cos(mq), Pgo(q) = cos(mq¢), 0<eE<, (3.542,n1)
Z°(q) = mgqsin(mq), Pfo(q) = mgsin(mgf), 0< &< 1. (3.5,2)

3.1 Constant Eigenvalue points

We define a Constant Eigenvalue as the eigenvalue that does not depend on
parameter 7 for fixed £ [28]. For any Constant Eigenvalue there exists the
Constant Eigenvalue Point (CEP). The notation C¢ is used for the set of all
CEPs and n.. = |C¢| is the number of CEPs in C;. We can find CEPs as
solutions of the following system

Math. Model. Anal., 29(2):309-330, 2024.
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Remark 5. 1f m = 0 in Case d2 and Case nl, then PJ(¢q) = 1. So, Cy = @. So,
in this subsection we assume that 0 < m < n.

Zeroes of the functions Z"(q), ¢ € (CZ, coincide with Eigenvalue Points in
the classical case v = 0. On the other hand, function Z" = Elh, and zeroes of
the function Z” coincide with zeroes of the function Py. If Z" = Z! and Z’g

are sets of zeroes for functions Z" and P, then

2h={a=1 1=Tn—T1}, n:=n-1, (3.6a1)
ZAh = {2[ =1- 1/2, l= 17’)’L}, ng =mn, (3-6d2,n1)
Zh={z=1, 1=0,n}, n: =n+1; (3.6,,2)

and
Zp={z=k/¢=kz, k=Tm—1}, ns=m—1, (3.74)
Zé={a=(k—1/2)/¢ =2k -1z, k=Tm}, n:=m, (3.7a2.n1)
Z? ={Z =k/{=kz, kE=0,m}, ns=m+1; (3.7,2)

where n; = |2h|, ny = |2£L| For all cases nzy —ns =n —m.

Remark 6. We can use formula (3.6) with n = co and formula (3.7) with m =
0o. Then we get the sets for zeroes in the differential case.

All zeroes are simple, except 2o = 29 = 0, 2, = Z,, = n in Case n2 when
they are of the second order and real. We note, that Zf/n = @ in Case d1.

We have C¢ = zZhn Z? We use notation s: if N - M € Ngyen, then 2 =0
in Case d2,nl, else » = 1.

Lemma 1. For dSLP (3.1)~(3.3) Constant Eigenvalues are equal to \;=\"(c;),
where

Cj:/élj :ékj = Ny, jEjg = {j:j:].,Kf].}, (38(11)
Cj:?:“lj :ij :N(j71/2), jEjg = {j:j:L%K}, (3.8,127”1)
Cj:'%lj = Zk, = Nj, je Je = {j:jZO,K}, (3.82)
and
Nee = K — 1, lj = Nj, k‘j = Mj, (3~9d1)
’I’Lce:%K, lj:Nj—(N—l)/27 kj:Mj—(M—l)/2, (3-9d2,n1)
nee =K +1, ;= Nj, kj = Mj. (3.9,2)

All Constant FEigenvalues are simple.

Proof. From Remark 6 it follows that CEP for this problem are the CEPs for
corresponding differential SLP [28] with K = oo (if > = 0, then J; = @). In
addition, we must look for j = 0, K in Case n2 (points ¢ = 0,n). O
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Remark 7. In Case n2 Constant Eigenvalues A\g = 0, Ax = 4n? are simple, but
corresponding CEPs ¢y = 0, cx = n are of the second order, because points
A =0,4n? are BPs (¢ = 0,n are RPs).

Additionaly, we use notation Ce == C¢ U{co,cx}, co = 0, cxk = n, in
Case dl and C¢ := C¢ in Cases d2,n1,n2. An union of CEPs for all Cases
dl,n1,d2,n2 we denote C¢. Thus for z € C¢ we have sin(rz) = sin(rz€) = 0

in Case d1,n2 and cos(mq) = cos(mg€) = 0 in Case d2,nl. If x € C, we have
sin(mx) = sin(wxf) = 0 or cos(nz) = cos(mz) = 0.

3.2 Complex Characteristic Function

Let us consider Complex Characteristic Function (Complex CF) [28]:

. Ch el o h( e Zh(Q) =h .
7e:Cq = C, vela) =70 (@:6) = 555, a€Cq, E=m/n.
Pg (9)
For dSLP (3.1)—(3.3) we have meromorphic functions
ZMg) _ cos(ra)
c\q) == = , 0<m<n, 3.10,
Vel = BRg) ~ cos(mae) (3.10.)
zh i
Yelq) = h(q> = sin(mg) 0<m<mn, (3.10p)

P£ (q) sin(mg€)’

where Case a is for Cases d2,n1, Case b is for Case d1,n2. We see, that Complex
CF's v, in the discrete case are the same as Complex CFs in the differential
case and 7. for dSLP is equal to 7¢|cn for £ € Q, where 72(q) = Z°(q)/ P (q)-

3.2.1 Auxilary equations and functions
Let us consider equations
cosz = ycos(£z), (3.11,)
sin z = ysin(£z), (3.11p)
where z € C, £ € [0,1), v € R.

Lemma 2. All complex (not real) roots of Equations (3.11,) and (3.11) are
simple. If |y| € [1,£71], then real roots are simple as well.

Proof. The lemma is valid for £ = 0 and for v = 0. If |y| < 1, then all roots
of equations (3.11) are real and simple [27,28]. So, we assume that |y| > 1 and
€€ (0,1).

Now we claim that not simple complex roots may exist only for z = x + 2y,
where cosx = 0 for Equation (3.11,) and sinz = 0 for Equation (3.11).

Let us consider the case of Equation (3.11,). For not simple root z we have
a system of two equations

cosz = ycos(€z), sinz = &ysin(£z). (3.12)

Math. Model. Anal., 29(2):309-330, 2024.
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If we eliminate cos(£z) and sin(£z), then we get

177262
1—&

2 (3.13)

cos? z = cos? x cosh? y—sin® x sinh? y—u sin z cos x sinh(2y) =
Since the right-hand side of (3.13) is real for real v, we have sinz = 0 or
cosxz = 0. In the case sinaz = 0 we use (3.13) and for |y| > 1 to get estimate
cosh? y = (1 —42€2)(1 — €2)~! < 1. From this inequality it follows that y = 0
and v = £1.

In the case of Equation (3.11;) we have sin z = ysin(£z), cos z = &7 cos(£z).
Then, we derive

1_7262
1—¢2

sin? z = sin® x cosh® y—cos? 2 sinh? y+ sin « cos x sinh(2y) = . (3.14)
We have that sinz = 0 or cosx = 0. In the case cosx = 0 it follows that y = 0,
v = £1. So, we prove that sinz = 0. Thus, we have proven our claim.

If |y| < £71, then for complex not simple roots we have (see, (3.13) with
condition cosz = 0 and (3.14) with condition sinz = 0) that —sinh®y > 0.
So, the complex roots are simple.

Now we investigate the case |y| > ¢!, For real roots cos? x < 0 (see, (3.13))
and sin® z < 0 (see, (3.14)). So, real roots in this case are simple.

We rewrite Equation (3.11,) as
cos x coshy — 2sinx sinh y = v cos(€x) cosh(£y) — yesin(£z) sinh(Ey).

If cosz = 0, then cos(z€) = 0. From Equation (3.11;) and sinz = 0 we get
sin(z€) = 0. It follows (see, Lemma 1, [28]) that system cosz = 0, cos({z) =0
and system sinz = 0, sin(£x) = 0 have solution only for rational £ = M/N:

:szﬂN(j—l/Q), j€Z, N,M € Nyq, (3.15a)
x:szﬁNj, JEZ. (315b)
We have
cos(TN(j — 1/2) 4 1y) = o(—1)ZI—DN/2H1/2ginp (3.16,)
sin(mNj + 2y) = 1(—1) sinh y. (3.16)

So, Equations (3.11) have not simple complex roots if and only if an equation
sinhy = 4 sinh(&y) (3.17)
has not simple real root y > 0, where £ € Q,

= y(—1)N G (3.18,)
=y (=N, (3.18})

2 N

and |¥| = |y|. The conditions for existence of such root are

sinhy = 4sinh(£y), coshy = &7 cosh(&y).
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Then, y satisfies equation

¢(y) := ycoshy/sinhy = {y cosh(§y)/ sinh(8y) = (Ey), (3.19)
where ¢ is increasing positive function [17]. So, Equation (3.19) does not have
positive roots. Consequently, Equation (3.17) has only simple roots. O

From (3.13) and (3.14) the property follows.

Corollary 1. If |y| = €71, then for not simple root z both sides of (3.11) are
equal to zero and z € R.

Complex CFs (3.10) are the partial case of meromorphic function

h(z) = f(2)/9(2), (3.20)

where f,g: D — C, domain D C C, are holomorphic functions and g # 0.
Now, we prove few statements for such function h.

Lemma 3. If b € D and g(b) # 0, then, at the point b the function h has a
zero of the same order as function f.

Proof. For proof we use the general Leibniz rule for the nth derivative of
function f =hg. O

If b € D and g(b) # 0, then, derivatives of the first and the second order of
the function (3.20) at the point b are equal to

! / !/ / 1 2/ 1
h/:fg 2fg:L—h2, h//:L—hli—hi
g g g g g g

Lemma 4. Suppose, that conditions

f"=af, ¢"=pBg, ze€D, (3.21)
are valid. If b€ D, g(b) #0 and h'(b) =0, then, h'(b) = (a — B)h(D).

Proof. Tt follows from (3.21) that h” = (o — f)h — 2k’ ¢'/g. We finish the
proof by using condition h'(b) =0. O

If ce D, f(c) =g(c) =0 and ¢'(c) # 0, then,

i (s = T LB i L) (O
h(c) = lim h(z) = lim ) lim I EiCh (3.22)

If additionally, functions f and g satisfy conditions (3.21), then,

! / " 1

i e F9—fg o fT9—fg

lim (7’9’ /g) =¢'(c) lim 7 = g'(¢) lim 37y

_woafg=PBfg _a=-pF. [ a=p
T B i e
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Corollary 2. If ¢ € D, f(c) = g(c) =0 and ¢'(c) # 0, then, h'/(c) = 0.

Lemma 5. Suppose, that conditions (3.21) are valid. Letc € D, f(c) = g(c) =
0, ¢'(c) # 0, then, h''(c) = @h(c),

Proof. We find

: . fla—fgY _ . flg—Ffg" . 2¢'
"n__ _ _ g — fa') =2
tim 1 = i (2550 ) = i SELEE (' = 1)
i @S98 . Wy
= 1m72 — 2 lim —
z—cC qg z—ec g
2 o —
(0= A)he) 2@ Hhe) = D). o

3.2.2 Properties of Complex Characteristic Functions

Lemma 6. Complex CF ~.(q) for dSLP (3.1)—(3.3) has the properties: v.(q) =
Ye(q); if Req € [0,N], then, (N —q) = (=1)N"Mr.(q); Req € [0,n],
then, ve(n — q) = (=1)"""7.(q); if Req € [0,n — N, then, v.(¢ + N) =
(=1)N"Mnre(g).

Proof. Elementary proof of this statement is obtained by using the properties
of trigonometric functions. O

A set of these Pole Points (PP) of Complex CF at C! is Pe := Zg < Zh =
Zgh . C¢. In our case all these poles are of the first order, real and deg™ (p) = 1
for p € P C R = (0,n). So,

sz{ék62?:k;ékj,jejg}:{pi,izl,np:O<p1<...<pnp<n},

where k; is defined by (3.9), n, = |Pe| = nz—nce. The point po = 0o & Cl. We
denote fg = Pe U{pso}. In the domain C,,, this point corresponds to w = 0.
We can investigate Complex CF in the neighborhood w = 0 (w = ™) in the
domain C,,:

Ye(w) = - (1+0w*™)).

A lemma follows from this formula.

Lemma 7. Complex CF ~.(w) at the point po, = 0o for dSLP (3.1)—(3.3) has
PP of the n — m-order, i.e., Noo = deg™ (poo) = Nz — Nz = n — m.

A set of zeroes of Complex CF is Z¢ := Zh 2? = Zh Ce¢. In our case
Z¢ C R? and all zeroes are simple, real and deg™ () = 1 for z € Z¢ C R2. So,

Ze={% 622: l1#l,j € Te={z,i=1,n.:0< 2z < ... <z, <n}, (3.23)

where [; is defined by (3.9), n, = |Z¢| = nz — nee.
If v/(b) = 0, b € C}, then, point b is Critical Point (CP) of the function
Ve, and value v.(b) is a critical value of the function . [28]. We denote a set
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of CPs B¢ := {b;,i = 1,m}, where n, = |Be| is the number of CPs at C}!. If
b € B then, deg™ (b) is one unit larger than the order of CP b.

If the point ¢ € Cg, then it is Removable Singularity Point of Complex CF.
We can calculate values of Complex CF and its derivatives at ¢; € Ce:

Vi =elej; €) = (=12 (3.24,)
75 =eles;€) = (~1)UT9TeT (3.24,)
Vj =7e(cs3€) = 0; (3:2410p)
V= (eg3€) = —%W2(1 —&E)(6). (3:24014p)

Formula (3.24) follows from (3.22). We have (3.24, ;) from Corollary 2 and we
get (3.2414,p) from Lemma 5. From formula(3.24/, ;) we get that every CEP is
CP. The contrary statement is not valid (see, Figure 5(e)).

[ v

|

L /

I

! :

!

|

I

|

|

|

\ \
y\7«u| T zbJA‘/b!‘,‘l fﬂ.

C1 2 CL C2 C3

(d)¢=1/3 (e) £=2/6 () ¢=3/9

Figure 5. Real CF for various £ in Case a.

o -

Taylor series for v.(q) at RP ¢ =0 are

2
velg) = 1= 5572 + 0(¢") =1 - 252526 + O(q?), (3.254)
_g2 n n2_m?2
7C(Q) = % - %ﬂjqz + (9((]4) = E - Wﬂ'2q2 + (’)(q4), (3251,)

and they follow from Taylor series formulas for cos g and sin ¢g. Formula (3.25)
is valid for the differential case, too.
Using Lemma 6 we derive formulas for v.(¢) at RP ¢ = n:

Yelg) = (1) — (~1)" R 2 )2 £ O((g—n)?),  (3.264)
Yelg) = (=1 R _ (—pyrmmeemia2 )2 L O((g—n)t). (3.26,)

Math. Model. Anal., 29(2):309-330, 2024.



324 K. Bingelé and A. Stikonas

Remark 8. Formulas (3.25) and (3.26) show that at RPs ¢ = 0 and ¢ = n we
have CPs of the first order (v/(q) # 0). We note, that for such CPs, the
derivative of CF 7. o (\")~! at the corresponding point A = 0 or A = 4n? is
not equal to zero, and we do not have a CP.

3.3 Complex-Real Characteristic Function

All nonconstant eigenvalues (which depend on the parameter v € R) are ~-

points of Complex-Real Characteristic Function (CF) [28]. CF ~v(q) is the

restriction of Complex CF 7.(g) on a set Dg := {g € Cl: Im~.(¢q) = 0} [1]. If

q € D¢, then, A = 4/h? sin?(mgh/2) is nonconstant eigenvalue of dSLP for some

real 7. We can extend CF to domain (CZ: v(00) = co. We call set D¢ Spectrum

Domain. We use notation 55 =D¢ U fg for extended Spectrum Domain.
The condition Im~.(¢) = 0 (¢ & Pe) is equivalent to

. inh (7 . inh(m
sin(mx) cos(mxf) soshéﬂz?% = cos(mx) sin(mxf) zOShEWZ%, (3.27)
cos(mz) sin(mxf) ELZE(:Z) = sin(nzx) cos(rz€) igﬁ(:ﬁ)

If ¢ € D¢, then, v(q) = Reve(q) = 7c(q), and

sin(mwz) sinh(wy) cos(mz) cosh(my)

fY(q) - sin(wz§) Sinh(ﬂ'yf)’x = 657 ’Y(q) = cos(wz€) cosh(myf)? T ¢ 6&’ (328(1)

cos(mwz) sinh(wy)

W(q) = cos(mxz) sinh(ﬂ’yf)’x € 65’ '7((]) = % %’ z g ég (328b)

Complex-Real CF 7(q) for dSLP (3.1)—(3.3) and for SLP in the differential
case have the property of symmetry v(g) = v(q) (see, Lemma 6). If ¢ € D¢,
Reg+ N € [0,n], then ¢+ N € D¢.

A restriction of a Complex CF or a Complex-Real CF on the ]RZ is called
Real Characteristic Function (Real CF) v,.(q). Real CF describes real noncon-
stant eigenvalues. We can plot the graph of Real CF for Eigenvalue Points:
0 < ¢ = x < n in the middle graph; ¢ = 0 41y, y > 0 in the left half plane
and ¢ = n 4wy, y > 0 in the right half plane. Two y-axes correspond to RPs
q = 0,n. The graphs of Real CF in Case a are presented in Figure 5. We
add vertical lines x = ¢;, j € J¢, to represent CEPs for each . Thus, each
horizontal line crossing the CF graph and these vertical lines give all eigenvalue
points (including their multiplicity). The graphs of Real CF in Case b can be
found in [2,16,17,28].

Lemma 8. There exist only real CPs for Complez-Real CF' (or for correspond-
ing CF in the case of differential problem) v(q), and they can exist only for ~
values: |y| € [1,£71]. Every CP b such that |y(b)| = ¢! is CEP.

Proof. Case a. If cos(w&q) # 0, then, cos(mq) = 7 cos(r€q) and a condition

(o) = Si(mg) cos(n€q) — Ecos(mq) sin(nq) _ sin(mq) — Eysin(nlq)
0=—(q)/ cos2 (n€q) cos(mEq)

is equivalent to the system (3.12), where z = 7q, ¢ € CZ or q € (Cg. So, CP ¢
for CF corresponds to not simple root z = 7q of the Equation (3.11,). Then,
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GMMMbuM bs.uMMbv,sNg

b,
2261030 L, ‘”& NiNo Reg
cf [bss' |0 [Bor SBfbre

No YNs AN YNeMoA CP!

VO S
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Figure 6. Specrum Curves for various £ in Case d2,n1. ® — CP, ® — CEP and CP,
o — eigenvalue point at RP, o — PP.

we use Lemma 2 and Corollary 1. If cos(w€q) = 0, then, ¢ = x is real. In this
case = € C¢. In Case b the proof is the same. 0O

So, all CPs of CF are CPs of Real CP. For our problems all CPs are of the
first order and n, = n —m — 1.

4 Spectrum curves

The definition of Spectrum Curve was introduced in articles [1,2,23], but as a
mathematical object it was already used before [28].

The Spectrum Domain Dg := {¢ € C!': Im~.(¢q) = 0} is a contour line
(isoline) of function Im~y,: (CZ — R for fixed £&. The contour line is a smooth
curve outside the critical points b € Be. For CF v(q) = Re~e(q)|p, at point
a € D¢ \ Be we have v(q) = 7v(a) + Re(vL(a)(q — a)) + o(q — a), v.(a) #
0. Thus, we can parametrize each such curve using the parameter v. We
add arrow on this curve N'(y) (arrows show the direction in which v € R is
increasing). At a CP b € B¢ we have Im(’yy)(b)(q —b)"/r!) +o((g—1b)") =0,

'yg")(b) # 0, r > 1. So, for CP the structure of contour line is as for function

w = (¢ — b)". For our problems CPs are of the first order and real. In this
case Im((q — b)?/2) = (z — b)y and we have intersection of lines z = b and
y = 0 at point b (see, [28]). At CP b € Be, these curves change direction and
the angle between the old and the new direction is 7/ deg® (b). We use the
“right-hand rule”. So, the curve turns to the right. For the v — fo0, curve
N (v) approaches PP p € P¢. If ¢ € P¢ + B, then deg™ (q) corresponds to the

Math. Model. Anal., 29(2):309-330, 2024.
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Figure 7. Spectrum Curves in Cy, for n = 3 and n = 4 in Case d2,nl.

number of outgoing curves at that point. Note that incoming curves alternate
with outgoing, so deg(q) = deg™ (q) = deg™(q).

We can enumerate curves N'(7): Ry = (—00,+00) — D¢ C C! for our
problem by classical case (y = 0): N;(0) = % € Z¢ (see, (3.23)). These curves
are regular Spectrum Curves. The regular Spectrum Curves form Spectrum
Domain D¢ = Uz, ez N; (see, Figure 6 in Case d2,n1 and article [28] in Case
dl,n2). The index of b € By is formed of the indices of the regular Spectrum
Curves which intersect at this CP. If CP of the first order is real, then the
left index coincides with the index of Spectral Curve which is defined by the
smaller real A values, and the right index is defined by greater A values.

Note that the part of the Spectrum Domain D¢ in domain (Cg"r is symmetric
to the part in domain (CZ_. More properties about symmetricity of D¢ we can
get using Lemma 6.

For every CEP ¢; € C¢, j € T, (see, (3.8)), we define nonregular Spectrum
Curve Ny, = {c;} and such Spectrum Curve is one point the same for all . We
note that nonregular Spectrum Curves can overlap with a point of a regular
Spectrum Curve. So, we have ns; = n, + ne Spectrum Curves: n, regular and
nee nonregular and we have a collection A, e ={N: 2% € 2h} of all Spectrum
Curves. In our cases C¢ C D¢ and Spectrum Domain D¢ = D¢. Function 7,
has real values on D¢ except pole points. If C¢ # @, then we will always add
points ¢;, j € J¢, in the domain (CZ.

The domain C,, is useful for investigation of Spectrum Curves near the point
¢ = oo (w = 0). Lemma 7 states that this point is PP of the (n — m)-order.
We see Spectrum Curves in C,, in Figure 7 (Case d2,nl).

Spectrum Curves describe a qualitative view of the spectrum for a fixed &.
Each of Spectrum Curves N; describes eigenvalue points for eigenvalue );, and
we know how eigenvalue point is moving in the domain C” when ~ is changing
from —oo to +o00. If y = 0, then, equalities (3.27) are valid, and [0, n]\P¢ C D¢.
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Figure 8. Surfacecontours and contour lines for the function Re~.(g) in Case b.

If z € C~5 (i.e., sin(mz) = sin(mz€) = 0 or cos(mx) = cos(mz€) = 0), then,
equalities (3.27) are valid, too. So, vertical lines x + 1y, = € 55, belong to
the Spectrum Domain D¢ (see, Figure 6) and all = € C~§ ~ {0,n} are CPs.
Particulary, R, RZ+ C D¢. Another Spectrum Curves parts in complex domain
(Cfl”r + (CZ* are not vertical lines. From Lemma 8 it folows that in this domain
Spectrum Curves do not intersect (there is no CPs). PPs are eigenvalue points
for v = oc.

For m = n — 1 CPs do not exist (n, = 0) and there exist real eigenvalues
only (see, Figure 6(a) and Figure 7(a),(d)).

4.1 Spectrum of dSLP

If we want to get information about dSLP spectrum, then we must know the
values of CF on Spectrum Curve. First of all, we must calculate values of CF
for special points: RP (see, (3.25)), CEP (see, (3.24)) and CPs. If CP is not
RP or CEP, then, in general there is no formula for CP (we can find CP only
numerically). If CP b = ¢; belongs to 55 N Ce, then |y(b)| = 1:

& =Nj, 3 =)= ()19, j=0K, (4.1,)
& =N(G=1/2), 5 =9() = ()N M2 TR (A1)

Ifx e (,75, then Spectrum Curves parts belongs to vertical lines z+1uy, y € R,
x = ¢j (see, (3.8)) or x = ¢; (see, (4.1)) and we have simple formulas between
~v and y:

sinh (7 ~ ~ cosh(m

Y(ej +w) = SmTUL (& +ay) = 7y (4.2,)
sinh(m ~ ~ cosh(m

v(ej +1y) =1 Sinh(iy%, v(&j +1y) =79, 7005}1(;;3)- (4.2;)

Because {0,n} C 55 we have function y(1y) = cosh(my)/ cosh(ny) in Case a
and function y(xy) = sinh(7wy)/sinh(7my€) in Case b for description negative
eigenvalues. For positive eigenvalues A > 4n? we can use function ~y(n +
w) = (—1)0=97 cosh(my)/ cosh(nyé) in Case a and function y(n + 1y) =
(—1)™=™) sinh(7y)/ sinh(ry¢) in Case b. For positive eigenvalues \, 0 <

Math. Model. Anal., 29(2):309-330, 2024.
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Figure 9. Spectrum of dSLP in Case n2, m = 4,n = 6. © — CEP at RP, ® — CEP.

A < 4n?, we can investigate real CF: (a) y(x) = cos(mz)/cos(rx€) or (b)
y(x) = sin(nz)/ sin(rzg), x € [0,n] \ Pe.

Let us return to general case. We can look for contour lines for the function
Re~v.(q) (see, Figure 8). Every 7-contour line has intersections with Spec-
trum Domain Dg. On every regular Spectrum Curve we have one intersection
point. If we add CEPs, then we get full Spectrum of dSLP (see, Figure 9).
If y-contour line intersects CP, then we have not simple eigenvalue (the geo-
metrical multiplicity is 1, algebraic multiplicity is 2, and if additionally CP is
CEP, then algebraic multiplicity is 3). In Figure 9(c) we see eigenvalue points
for v = —2,0,2. We have 4 eigenvalues points on regular Spectrum Curves
(N1,N2,N4,N5), and 3 CEPs (N() = {Co},Ng = {C1},N6 = {03}). CEPs Co
and co are double and they are in RPs. So, corresponding eigenvalues A = 0
and A\ = 4n? = 146 are simple. These eigenvalues will be not simple (dou-
ble) for v = 1.5, when coresponding 1.5-contour line intersects both RPs (see,
Figure 8(c)) and give additional eigenvalue point on regular Spectrum Curves

N1, Ns.

5 Conclusions

In this paper, we investigated dSLP with four cases (d1,d2,n1,n2) of BCs where
one of the BCs is nonlocal. We introduced a natural approximation of the
derivative and obtained a second-order SLP approximation using dSLP. The
approximation with a natural discrete derivative in BCs, which we considered
in this article, gives the same CF's as in the differential case.
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