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1 Introduction

In this paper, we consider a class of second-order singular p-Laplacian systems
with impulsive effects described by

D (P2 ) + fu(t) = e(t). t#1,. <R

¢ (1.1)
— AW (85) P72 () = g;(u(ty)), JEZ,
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where p > 2, u = (up,uz,...,uy)" € RN, f € C(RY,RN) and f may be sin-

gular at u = 0, g;(u) = grad,G;(u) for some G; € C}(RV,R), e € C(R,RY),

Au(t)) = u(t;r) —ult;), u(tj[) = lim u(t). Tt is assumed that there exist an
t—t;

m € Nand aT > 0suchthat 0 = tg < t1 <ty < - <ty <ty =T,
tivm =t + T, Gjym = g5, J € L

During the past years, different types of impulsive differential equations
have been studied by many authors. Some classical tools have been widely
used to get the solutions of impulsive differential equations, such as fixed point
theorems in cones, topological degree theory (including continuation method
and coincidence degree theory), the method of lower and upper solutions, and
the critical point theory. For the theory and classical results, we refer the
readers to the references, [4], [17], [19], [26], [32] and books [2], [22], [31].

Recently, the study on the existence of homoclinic solutions for the impul-
sive differential equations has attracted many researchers’ attention. See, to
name a few, [8], [29], [32]. For example, in [32], by applying the variational
methods, Zhang and Li established the existence result of homoclinic solutions
of the following second order impulsive differential equations

{q" +Vy(t,q) = f(t), forte (sk—1,5%),
Aq'(sk) = gr(q(sk)),

where k € Z, ¢ € RN, A¢'(sy,) = q'(sﬁ) — ¢'(s;, ) with q'(ski) = lim q(t),

li

t—rsy;
VQ(tvq) = graqu(t, Q)’ Ie C(RvRN)v gk(q) = graquk(Q)a Gy € ct (RNvRN)
for each k£ € N, and there exist an m € N and a T' € RT such that 0 = sy <
81 < oo < 8 =T, Sk = Sk + T and grim = gi for all k € Z (that is, gy is
m-periodic in k).

Singular equations appear in a lot of physical models, see [9], [15], [18], [21],
[30] and the references therein. The existence periodic solutions and homoclinic
solutions of different kinds of singular equations has been proposed by many
authors, see [3], [5], [6], [7], [11], [13], [20], [27], [28], [33] and the references
therein. Singular problems with impulsive effects have been scarcely studied,
see [1], [12], [23], [24]. For example, in [12], the author and Luo considered the
following first-order singular problems:

2 (t) + 270 = ¢(t)
under impulsive conditions
Ax(ty)) = =(ty) — 2(ty) = L(z(te)), k=1,2,...,¢ -1,

where @ > 0, e : R — R is continuous and T-periodic, I}, : R — R(k =
1,2,...,q—1) are continuous and I44, = Iy. ty, k = 1,2, ...q—1, are the instants
where the impulses occur and 0 =ty < t; <ty <tz3 < - - <tg_1 <ty =T,
ti+q = tr + 1. By applying the continuation theorem due to Mawhin and
Gaines, the authors proved that the positive periodic solution was generated
by impulses.
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However, to the best of our knowledge, few researchers have studied the
existence of periodic wave solutions and the nonexistence of solitary wave so-
lutions for the singular p-Laplacian problems with impulsive effects. Inspired
by the works mentioned above, in this paper, by means of the mountain pass
theorem and an approximation technique, we establish the existence results of
periodic wave solutions and nonexistence results of solitary wave solutions for
system (1.1).

Definition 1. Suppose that u(s) is a solution of the system (1.1) for s € R,
u(s) s called a solitary wave solution if lim wu(s) = lim wu(s). Usually, a
§——00 s§— 400

solitary wave solution of system (1.1) corresponds to a homoclinic solution of
system (1.1). Similarly, a periodic wave solution of system (1.1) corresponds
to a periodic solution of system (1.1).

Thus, in order to investigate the existence of periodic wave solutions and nonex-
istence of solitary wave solutions of system (1.1), we only need to prove the
existence of periodic solutions and nonexistence of homoclinic solutions of sys-
tem (1.1).

A function u € C(R,RY) is a solution of system (1.1) if function u satisfies
(1.1). A solution u of system (1.1) is homoclinic to 0 if u(t) — 0 and u'(t¥) — 0
as t — F00, and the corresponding orbit is called a homoclinic orbit.

In general, it is very difficult (if not impossible) to construct a suitable func-
tional such that the existence of its critical point implies to that of a homoclinic
orbit of system (1.1). First of all, we assume that there exists homoclinic orbits
of system (1.1). Then, by applying an approximation technique, we show that
the existence of homoclinic orbit is obtained as a limit of 2kT-periodic solutions
of the following sequence of impulsive differential equations

%(IU’(t)Ip*QU’(t)) + fu®) = ex(t), t#t;, teR,

o (1.2)
—A(Ju'(t;) P2 () = g;(ulty)), JeZ,

where e, : R — RY is a 2kT periodic extension of the restriction of e to the
interval [—kT, kT].

Remark 1. Note that the domain under consideration is unbounded, and thus,
there is a lack of compactness for the Sobolev embedding. To overcome this
difficulty, we show the existence of a homoclinic orbit of system (1.1) by proving
that (1.2) has 2kT periodic solutions whose limit gives a homoclinic orbit of
system (1.1). Another difficulty is that we have to deal with the impulsive
perturbations in system (1.2).

For the sake of convenience, we list the following assumptions:
e [H1] There exist constants a > 0 and ~ € (1,p] such that for all u € RV,
—F(u) = alu”,

where F' € CY(RY | R) and f(u) = grad, F(u).

Math. Model. Anal., 23(1):17-32, 2018.
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e [H2] There exists a constant § > p such that

—F(u) < —f(u)u < —0F(u), for all u € RV,

e [H3] G;(0) =0, g;(u) = o(|u|P™!) as Ju| = 0, j =1,2,...,;m.

[H4] There are two constants p, 8 with 4 > 6 and 0 < § < p — 6 such
that

0 < uGj(u) < gj(wWu+ Balu]?, weRV\{0}, j=1,2,..,m.

[H5] e € C(R,RY) N LP(R,RY) N L4(R,RY) with

(/+O°|e(t)|th)1/q < %min{%, [a(l — %)5771 _ M(gﬂfl] }7

where M = sup {Gj(u) cj=12,..,m,ul = 1}, 1/p+1/qg=1,06 €(0,1]
such that

B
="

a(l — %)5771 — M+t = mrg[%ﬁ] [a(l —

)x'V*l — Mx’“l]
and C' > 0 is a constant.
e [H6] My > Ba/(p— ), where My = inf {G;(u) : j = 1,2,...,m,|u| = 1}.

The remainder part of this paper is organized as follows. Section 2 is de-
voted to state some necessary definitions, lemmas and the variational structure.
Section 3 is devoted to state the main results and an example is given to support
the established results. Section 4 is devoted to prove the main results.

2 Preliminary

Throughout this paper, we adopt the convention that |u| = \/Zévzl u? and
uv = Z;\Ll ujv; for u = (uy,...,un)’ € RY and v = (vy,...,un)" € RV,
Define the space

Hopr={u:R— RN |u,u' € LP([-kT,kT],R"), u(t) = u(t + 2kT), t € R}.

Then Hyyr is a separable and reflexive Banach space with the norm defined by

kT kT 1/p
lull . = ( [ wpas [ |u<t>|Pdt) |
—kT —kT

Denote L35, (R,R)by the space of 2kT" periodic essentially bounded mea-
surable functions from R into R with norm given by

lul ;o =ess sup |u(t)]
Lakr te[—kT,kT)
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Let 2, = {—km+1, —km+2,...,0,1,2,.... km—1, km} and define a functional
Yk as

1 v kT
oule) = Safw) + | = 2 Gilult), wEHur @)
where o o U
e (10) ::( /_ e /_ kTpF(u(t))dt) . (2.2)

Then ¢y, is Fréchet differentiable at any u € Happ. For any v € Hopp, by a
simple calculation, we have

kT kT
l (u)v =/ [/ ()72’ (#)' (t)dt — . fu(®))o(t)dt

kT
[ ealne— 3 glult))ott;)

—kT jco
Thus, by [H2], we get

kT kT
o (u)u S/ [u/ () |Pdt — / OF (u(t))dt

—kT —kT
(2.3)

kT
+ / ex(Dut)dt — 3 gy (ulty))ulty).

—kT FEQ

It is evident that critical points of the functional ¢y are classical 2kT peri-
odic solutions of system (1.2).

Lemma 1. [10] There is a positive constant C such that for each k € N and
u € Hopr the following inequality holds:

lullyse. < €l -

Lemma 2. [1}] There exists r, > 0, for any z,y € RY such that
(|zP~22 — [yP2y) (@ —y) 2 rplz —yP, p=2.
Lemma 3. Suppose u: R — RY is a continuous mapping such that
uelLl.

= {u : R — Rfor any finite interval [a, b], u|[, 5 € LP([a, b},RN)}.

(R,RY)

Then for a,b > 0 with a + b > 0, the following inequality holds:

t+b

—1 1 1/P
fu(t)] < 2°7" (a +b) > max{1,<a+b>}( JIRCCIE |u<s>|p>ds) |

—a

Math. Model. Anal., 23(1):17-32, 2018.
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In particular,

t+a

lu(t)] < 2" 4 r max{1,2a}</
t

—a

1/p
(I ()P + u<s>|p>ds) ,
Ju(t)] < 25

([ e s mers)

Proof. Fix t € R, for any given § € R, we can have

o) < @) +| [ sy

Integrating (2.4) on the interval [t — a,t 4 b] with respect to 4, then it follows
from the Jensen and Holder inequalities that

(a+b)|ut)] < /t:b <u(6)| +|/t u/(s)ds|>d6
s<a+b>’%1(/tt:b (juts |+!/ $)ds) dﬁ)
§(2a+2b)”£1([a (|u(5)|f’+\/5 u’(s)ds‘p)d(S);

< (2a+2b)F ( /t t+b\u(§)|pd6 + (a + b / t+b|u’(s)|pds> '

(2.4)

—a t—a

< (2a +2b) 7 max{l (a +b)}(/tt:b|u(5)|pd5+/tt:b|u’(s)|pds);,

then, we obtain

1

lu(t)| <2"7 (a+b) "7 - max{l, (a +b)}

t+b t+b :
X </ |u(5)\pd§+/ |u’(s)pd5)
t—a t—a

In particular, if a = b and a = b = 1, respectively, we have

t+a 1/p
P uPds)

ol <25 ([ T+ ) v

-1

()| < 25 a b max{1,2a}</
t

Therefore, the proof is completed. 0O

3 Main results

Theorem 1. Assume that [H1]-[H6] hold, then the system (1.1) possesses at
least one 2kT -periodic wave solution.
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Theorem 2. Assume that [H1]-[H6] hold, then the system (1.1) possesses no
solitary wave solution.
We conclude this section considering the following example.

Ezample 1. Consider system (1.1) with p =4, t; = %, jEL,T=2r,m=25,
F(u) = —tu7 + toul ™, e(t) = sint/4, G;(u(ty)) = (1 + |sin(t;/2) ) u(t;)°.
Then, it is easy to verify that F', f, G, g;, e satisfy the assumptions of Theorem
1-2 with a =1/4, vy =4, u =6, § =5 and 8 = 1/2. Therefore, system (1.1)
possesses at least one periodic wave solution and no solitary wave solution,
which are induced by impulses.

4 Proofs of main results

Now, we give the proof of Theorem 1 by using the mountain-pass theorem [16].

4.1 Proof of Theorem 1

Proof. For any given sequence {u,} € Haogr such that {og(u,)} is bounded
and lim ¢} (u,) = 0, there exists a constant C; > 0 such that
n—oo

lor(un)| < Ch, ”(‘O;(U”)HHJ;@T < (i, Vn €N,

where HJ, . is the dual space of Hair. The rest of the proof is divided into
three steps.
Step 1. We show that {u,} is bounded. In fact, by (2.1) and [H4]

kT

nf;(un):psok(umpj;k G (tn(t;))—p / en(tun (0t < ppe(un)
kT
237 oy a0+ B (1)) - / en(tu . (4)

]GQk
By (2.3) and x> 6 > p, we have
kT
[p ()P — gap(un(t)) + zek(t)un(t)} dt

p
% ununé/
Mk() .

—kT

p , , ' kT Q / pig
~5 2 ottt < [ [P -Gt

+ en(t)un(n) [ dt = 53 g5 ())un(ty)

JEQk

kT
= %nﬁi(un) +§/ en(t)un (t)dt — = Z i (un (E))un(ty).  (4.2)

—kT ]er

From (4.1) and (4.2), we can obtain

(1 7)) < poue) = Bipuntun — (5= 2) [  euttua o

Math. Model. Anal., 23(1):17-32, 2018.
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4 poa 3 Jun(ty)[ < pCy + 222 pﬁ |un(t)|wt

JES2K —kT

B ) Pt

where ¢ > 1 satisfying 1/p+1/¢g = 1.
On the other hand, from [H1], (2.2) and Lemma 1, we have

ogﬁﬂw—QZ)fiowwppnwmﬁt

pBa - pPa v
+LL/WI(Nﬁ lt/whﬁﬂﬁ

> (1- g) /_k;|u’(t)|pdt +pa(1- % _ g) /_k;mn(t)wdt

kT
0
N @/ fun(®)7dt = min { (1~ ;) 1,

14 kT
_ 0 B pﬂa/
aC'P(1——=—5) ||luy + === A(B)[7dt. 4.4
paC? (1= ) el f o+ P [ Jun ) (4.4)

It follows from (4.3) and (4.4) that
i 0 p =P
win { (1= 2) ualfpy 1€ (1 2= )
O, P kT 1/q
<pC'—|—{ +(p—— (/ er(t)|dt Uy, .
R R i | L ety

Since p >y > 1and 0 < 8 < 1 — 0, then we can see that |[u, ||y, . is bounded.

Because Hair is a reflexive Banach space, we can pick {u,} be a weakly
convergent sequence to u in Hogr, and {u,} converges uniformly to u in
C[—kT,kT]. So, we have

un(t) —u(t) = 0 as n — oo, t € [—kT, kT, Z (95 (un(t;)) — g;(u(t;))]
JE
kT

X un(t;)—u(t;)] = 0, / [f (un (£)) = f (u()))[un () —u(t)]dt — 0. (4.5)

—kT

Then

kT
/_kT[|u;L(t)|p‘2u;(t)—|u’(t)|p‘2u’(t)] [ (8)—u' (1)) dt=[p} (un (£)) — 3 (u(t))]
kT
X [un(t) = u(t)] +/ Lf(un () = f(u(®)] [un(t) — u(t)]dt
kT
+ Z g] Up (t gj( (t ))] [un<tj) _u(tj)]' (4.6)

JE2
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Thus, it follows from (4.5), (4.6) and Lemma 2 that |[u, — ul|p,, . — 0. There-
fore, the functional ¢y, satisfies the Palais-Smale condition.

Step 2. Define
U

p—y
o(s) =s"G; (=) — pas lu|”, j=1,2,....,m, s>0.
Ns) p—n

From [H4], we can have

o - (2) - 2w
et (55 (2) o) ] 20

which implies that ¢(s) is non-increasing for s > 0. Thus,

Gylulty)) - -2 ult)" < G, (m) (i) — L0 ey

="
(4.7)
Pa N2 w(t )P
< (3= 2 Y utel < Mlatey)l
for 0 < |u(t;)| <1, j € 2, and
.u._ﬁau.v .u(tj)u.u_ﬁau.u
Gytuty)) = 2 lutty)" = 65 ([ ) ) = 2ty "
> (M= 2 Yt

for |u(t;)| > 1, j € £2. Note that [H1] implies that p > v > 0, thus, we have

kT kT
[ wtoea < iz, [ juopr,
—kT —kT

If HUHLSZT <6 <1, then from (2.1), [H1], [H2], (4.6) and (4.7), we have

kT kT

ex(tyu(t)dt — 3 Gy(ulty) = 1[ [ wwpa

e PLJ-kT

i) = %nZ(U) n /

kT

- /_ ZPF (u(t))dt} + /_ iTT er(u(tydt — > Gj(u(ty))

JE
1 kT ) ) kT ﬁ
> / WO+ a / JuPde = 37 (Mlu(e) + fu))

- JE

(fora)(feors)”

=0 Y wwpdta / ol / (e« e

—kT —kT —kT
kT 1/q kT 1/p
_ ( / ek(t)|th) ( / |u(t)pdt> .
—kT —kT

Math. Model. Anal., 23(1):17-32, 2018.
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Further, we have

kT kT
or(u) > 1/ ol (8)|Pdt + [a(l - %) — M |l fg;ﬂ /_kT\u(t)Wdt

PJ_kr Y

-(/ ek<t>|th)l/q< / Zwm)w L[ o

+ a(l—i) faliz? —a e | [ e
B= Lair Lo | o pr

1/q kT 1/p 1 5
- (forar) ([ i) i {G (s 220 i
R —kT P n—" 2kT
_ 1/q
-M Hullzg{; } HuHZ;Isz - (/]R|€k(t)th> ||uHH2kT :

Set p=4/C, and

R S g ¥ n q Vs
a= Cpmln{p,a(l—w)(s — Mo }— (/R|ek(t)| dt ol >0,

where C' is defined in Lemma 1. Let |ully, = = p, then HUHL;’%T <§f <L
Therefore, pr(u) > o > 0.

Step 3. We choose ( € R, w = 7, Q(t) = (sin(wt),0,...,0) € Har\{0}.
Then, we can see that Q(£7) = 0. Let

mi=min{F(u) : Ju(t)| < 1,t € [0,T]}, mo=min{F(u) : |u(t)| = 1,t € [0,T]},

then 0 > mg > my > —00.
Let h(s) = s~ ?F(su), s > 0. Tt follows from [H2] that

W (s) = (f(su)su— 0F(su))/50+1 > 0.
Then, we can get
Flu) > [ul’F (u/lul), |ul > 1, (4.9)

which implies that
F(u) > molul’ +m1, ueR.

Set |[Cu(t;)| > 1, j € £2;. From (4.8), we can have

Gycutty) = a2 (b = Y Cult)I 4 €

Define

(4.10)

A Q(t>7 te [_T’T]a
0,  te|-kT,kT\[-T,T].
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It follows from (2.1), (2.2) and (4.9)—(4.10) that

1

_ T T
orlcQ) = / K@t - / FEQU)I- Y Gy(CQ)

JjE

T T
+ / e (HCQ()dE < “2'0“ ~ malg)? / Q)

-T

-1 Y LlQer -l Y (- e

JENR JE m="
1/q T 1/p
+ |C|</R|el(t)|th> </T|Q(t)|P) —2m;T.

er(CQ) = —oo as [¢| = +oo.

Clearly,

Consequently, ¢ possesses a critical value ¢, > o > 0. Let up denote the
corresponding critical point of ¢y on Hogr, that is,

pr(ur) = e, @i(ur) = 0. (4.11)

Hence, system (1.2) possesses a 2kT-periodic solution uy. Therefore, the system
(1.1) possesses at least one 2kT-periodic wave solution. 0O

Theorem 3. Let {uy} be the sequence defined in (4.11). Then there exist a
subsequence {uy 1.} of {ux} and a function ug € WP N L2 (R,RN) such that

loc loc
{ug,rx} converges to ug weakly in Wli’f and strongly in L (R, RY).
Proof. We claim that there is a constant M3 > 0 independent of k such that
lukll gy, < Ms. Let e; € Hor \ {0} such that eq(£7") = 0, e1(tx) # 0 for some
tr € (=T,T) and p1(e1) < 0. Define

oy = {0 <.
Mo, T<|t|<kT,k=23,....

We then extend e (k = 1,2, ...) to be 2kT periodic, which, for convenience, we
denote also by eg. It is clear that e € Hopr and wi(ex) = ¢1(e1) < 0.
Define gy, : [0,1] — Hapr by gi(s) = sey, for s € [0,1]. Then, we can have

ck < mmax r(gx(s) = max ¢1(g1(s)) = co
independently of k, where ¢, is a constant of (4.11).

As in Step 1 in the proof of Theorem 1, we can prove that {uy} is a
bounded sequence in W1?((—=T,T),R"). Hence, we can choose a subsequence
{us 1} such that {us 4} converges weakly in WP ((—=T,T),R™) and strongly in
L>((=T,T),RY). Note that {uy s} is a bounded sequence in WP ((—2T,2T),
RY), we can choose a subsequence {usx} such that {us;} converges weakly
in WHP((=2T,2T), RN) and strongly in L°°((—2T,2T), RY). Repeating this

Math. Model. Anal., 23(1):17-32, 2018.
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process, we obtain, for any positive integer n, a sequence {u, i} that converges
weakly in WP ((—nT,nT),RY) and strongly in L ((—nT, nT),RY) satisfying

{uk} D {ul_,k} D) {UQJC} D ...{unyk} D ...

Therefore, for any positive integer n, the sequence {u; ;} converges weakly in
WLP((—nT,nT),RY) and the sequence {u; ;} converges strongly in L>((—nT,

nT),RN). Therefore, there exists a function ug € WP (R, RY) N L2 (R, RY)
such that the sequence {u; ;} converges weakly vy in Wl{)’cp (R, RY) and strongly
in Lo (R,RN). O

4.2 Proof of Theorem 2

Proof. We divide the proof into three steps.

Step 1. We show that ug is a solution to system (1.1). Here, for simplicity,
we denote {ug} by {ux}. For any given interval (a,b) C (—kT,kT) and any
v e Wy ((a,b),RY), define

(), te(ab),
700, te (KT RT)\(a)b).

For any v € Wy*((a,b),RY), we get
b b
0 = ¢} (ug)(v1) :/ \u;|p72u%v’dt—/ f(ug)vdt

b
+ / evvdt — 3 g;(u(t)o(ty),

tj€(a,b)

then, it follows that

b b b
/|u6|p72u’0v’dt—/ f(uo)vdt—i-/ evdt — Z gj(uo(t;))v(t;)

tj€(a,b)

b b b
= lim (/ |u§c|p72u;§v’dtf/ f(uk)vdtJr/ epvdt
k—+o00 a a a

-3 gj<uk<tj>>v<tj>) _o.

tj€(a,b)

By using a similar argument as the proof of Lemma 2.5 in [25], we can show
that ug is a solution to system (1.1).

Step 2. We prove that ug(t) — 0 as t — +oo. Since {uy} is weakly
convergent in WP it follows from Step 1 of the proof of Theorem 1 that there

loc?
exists a constant M3 > 0 such that

400 kT
/ (pl? + [uo|?)dt = lim / (Jabl? + uo|?)dt
k—)-’rOC —kT

kT
< lim lim (Juf [P 4 |uy |P)dt < MY

k—+o00 j—+oo J_pp
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So, we can have
/ (|ug|? + |uo|?)dt — 0,as r — +o0, (4.12)
[t|>r

which together with Lemma 3 yields that ug(t) — 0 as t — £oo.

Step 3. We prove that u{(t*) /4 0 as t — +oo.

Note that 0 = tp < t1 < to < ... < tp, =T, tj+m :tj-i-T,j € 7,
= I]nei%{tj —tj_1} > 0,500 = r;leazx{tj —tj—1} > 0 > 0. By means of the

Holder inequality, we have

17 d
P < [ |l 2uptr) + [ 2 ()P ui(s)ds|ar
. J—1 - 2 1 . d s
1 J P _2p— J P
<5 ([ wtoras) T3 ([ (P res)
tj71 tj—l 8
(4.13)
From (4.12), we can see that
t; t
/ lug[Pdt < / (Jug P + |uol?)dt — 0,as j — Foo. (4.14)
tj71 tj71
It follows from e € LP(R,RY) that
tj
/ le(s)|Pds — 0,as j — to0. (4.15)
tj—1
In Step 1, we have prove that ug is a solution to system (1.1). Then,
t; d P t; »
| g G| ds = [ 1= tua(s) + et
tj—1 S tj—1
tj
<2t [T (1)l + Je(s)P)ds. (1.16)
ti—1

However, f(0) # 0. So that, from . liin luo(t*)| = 0, (4.15) and (4.16), we can
—+oco

see that
tj
.

J

d

£(|u6(s)|p_2u6(s)) pds 40 as j — +oo. (4.17)

Substituting (4.17) and (4.14) into (4.13), we can obtain
lug(t5)| 4 0 as j — +oc.
Hence, by the definition of homoclinic solutions, we can see that there are no

existence of homoclinic solutions for system (1.1). Therefore, the system (1.1)
possesses no solitary wave solution. 0O

Math. Model. Anal., 23(1):17-32, 2018.
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