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Abstract. We consider approximation of a nonlinear Hammerstein equation with
a kernel of the type of Green’s function using the Nystrom method based on the
composite midpoint and the composite modified Simpson rules associated with a
uniform partition. We obtain asymptotic expansions for the approximate solution wu,
at the node points as well as at the partition points and use Richardson extrapolation
to obtain approximate solutions with higher orders of convergence. Numerical results
are presented which confirm the theoretical orders of convergence.
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1 Introduction

Asymptotic error analysis of approximate solutions of operator equations is
a classical numerical analysis topic. Well known methods for approximate
solutions of operator equations are the Nystréom methods and the projection
related methods such as the classical Galerkin methods and its variants. These
methods are extensively studied in the research literature. On establishing the
convergence of the approximate solution to the actual solution, one is often
interested in improving the orders of convergence of the approximate solution.
If asymptotic expansion for an approximate solution is established, then the
Richardson extrapolation can be used to improve the orders of convergence.
Asymptotic expansions for approximate solutions of linear integral equa-
tions with smooth kernels, in the case of Nystrom methods, has been studied
in Baker [3]. The case of asymptotic expansions in the case of the iterated
collocation and the iterated Galerkin method has been studied by McLean [7].
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There are physical problems which give rise to integral equations with nons-
mooth kernels, namely the Green’s type kernel. Such a kernel lacks differen-
tiability properties along the diagonal. For an integral operator with a Green’s
kernel, the only case of asymptotic expansion of the approximate solution of a
second kind Fredholm integral equation was that considered by Baker [3]. He
studied it in the context of a Nystrom method with the composite trapezoidal
rule. The proof in this case is similar to the case of smooth kernels and uses the
classical Euler-MacLaurin summation formula. These results were extended to
the case of the Nystrom method with the composite midpoint and the compos-
ite modified Simpson rule, proposed by Cubillos [4], in Kulkarni and Rane [6].
In the case of the Nystrom approximation with the composite midpoint rule,
some node points are in the interior of the subintervals of integration involved
in the integral operator. As a consequence, the integrand fails to be differen-
tiable at an interior point of the subinterval of integration. Hence an extended
version of the Euler—-MacLaurin summation formula, for functions which fail to
be differentiable at an interior point, is proved in Kulkarni and Rane [6].

The problem of asymptotic expansion for an approximate solution of a
nonlinear Hammerstein equation with the kernel of the Green’s type, was con-
sidered by Ford [5]. He considered it in the case of the Nystrom method with
the composite trapezoidal rule. The main purpose of this paper is to extend the
results of Ford [5] in the case of Nystrom method with the composite midpoint
rule and the modified Simpson’s rule. In developing the asymptotic expan-
sion for nonlinear equations, two things are to be taken in to account namely
the nature of the Green’s kernel and the nonlinearity of the integral equation.
The main points involved in obtaining the asymptotic expansions for the ap-
proximate solution at the nodes are the extended Euler-MacLaurin summation
formula and the results of Ford [5]. But in the case of the composite midpoint
rule, in addition to the node points, we also require the asymptotic expansion of
the approximate solution at the partition points, so as to apply the extrapola-
tion technique. Using asymptotic expansion at the node points and the Taylor
series expansion, asymptotic expansions at the partition points is obtained.

2 Preliminaries

Let X = C°[0,1] denote the space of all continuous functions defined on [0, 1]
equipped with the supremum norm. We consider the following Hammerstein
equation:

u(s) — /o k(s, )¢ (t,u(t)) dt = f(s), 0<s<1, (2.1)

where the kernel k(-,-) € C°([0,1] x [0,1]). In addition, we assume that

_ kl(s,t) ifSSt,
k(s’t)_{kg(s,t) ift<s

with k1 € C"™P2({0 < s <t <1}), ks € C™T2({0 <t < s < 1}). Here m is an
even positive integer. Thus, for each s € [0,1], the function k(s,t) is m + 2
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times differentiable with respect to ¢ in [0, s) U (s, 1]. We shall denote the class
of such kernels by C(m + 2,0).

We assume that f € C™*+2[0,1] and that ¢» € C™*2([0,1] x R) satisfies
the Lipschitz condition with respect to the second variable, that is, there is a
constant L such that

(¢, t1) — ¥(t, t2)| < Llt1 — ta]

forallt;,t; € R, t € [0,1]. We assume that equation (2.1) has a unique solution.
With the assumptions on k, ¢ and f, the unique solution u € C™+2[0,1]. (See
Theorem 2.1 of Sidi [8].) We write (2.1) as

u—TVu = f, (2.2)

where
(Tx)(s) = /1 k(s,t)x(t)dt, se€]0,1], z € C[0,1],

(Wz)(t) = ¥(t,z(t)).

The operator T : C°[0,1] — C°[0,1] is compact. Let T}, be a sequence of
continuous finite rank operators converging pointwise to T and let {T,} be
collectively compact, that is, the set {T,2: n > 1, |||l < 1} has a compact
closure in X. The integral equation (2.2) is approximated by

Uy — TpWu, = f.

Let By(t)=1 and for p > 1, let B,(t) denote the Bernoulli polynomial of
degree p. For p > 0, we define B,, as a periodic function on R with period 1:

B,(t) = B,(t), 0<t<1, B,(t+1) = B,(t), teR.

We quote below an extension of the Euler—-MacLaurin series expansion for func-
tions which are m times differentiable on [0, 1] except at one point.

Euler—-MacLaurin Series Expansion: (Kulkarni and Rane [6].)

Let m > 2. Fix s€(0,1). Let f : [0,1] — R be a continuous function such that
(i) the derivatives of f, f1), £ .. (™) exist on [0,s) U (s, 1],
(ii) the m-th derivative f(™ is integrable on [0, 1],
(iii) for p=1,2,...,m, f®(s4) — fP)(s—) is nonzero and finite.

Then for 0 < 7 <1,

10 = [ swar+ Y D [0 ) - o)
0 = P

B By(r —5) P Do) = fOD ()] + Ry (23)

p=2 p!

where

- 1 Em(’r — t) (m)
Ry, = —/0 =T FOm(e) d.

Math. Model. Anal., 19(1):127-143, 2014.
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2.1 Nystrom approximation

Let n € N, h = 1/n and

N 1
;wjx(rj)z/o x(t) dt

be a convergent composite quadrature rule with respect to the uniform partition

1 2 n—1
0<-—<=<---<
n n

<1 (2.4)

of [0,1]. Here N, the weights w; and the nodes r; depend on n. The Nystrém
approximation of T' is defined as

N
(Thx)(s) = ijk(s’ Tj)x(rj)v s € [07 1]'

Then {T,,} is a collectively compact family of continuous finite rank operators
converging to T pointwise. (See Atkinson [1].) Now onwards we assume that
x belongs to C™*2[0,1]. Let

ti=(@—1)/n=(>G—-1h i=12...,n+1

be the partition points and for ¢ =1,...,n

t; + ti+1 . 1
S B) (Z 2)

be the midpoints of [t;, t;11].

In the case of approximation of an integral operator T' with the kernel of
the type of Green’s function by Nystrom operator T;,, asymptotic expansions
for (T,, — T)x at the node points are obtained in Kulkarni and Rane [6]. The
proofs of these expansions are based on the Euler-MacLaurin series expan-
sion (2.3). As the derivation of the asymptotic expansions for the approximate
solutions of the nonlinear equations at the nodes/partition points is based on
these expansions, we describe them below.

Composite Midpoint Rule. Let

n

(Tox)(s) =h Y _k(s,s;)x(s;), s€[0,1]. (2.5)

j=1
Then for : =2,3,...,n

m/2 m/2

(Tn) (t:)=(T) (t:)+ Y (Azy) ()% + 3 (Copa) (1) W% + O (K™+2), (2.6)

p=1 p=1
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whereas i =1lori=n-+1

m/2
(Tox)(t:) = (Tx)(t:) + Y (Agp)(t:i) B + O (R™+?), (2.7)
p=1

where for s € [0,1]

(2p $=0
_sz(%) P 2p—1 o t=s+
(Copa)ls) =~ 222 [( ) (ke <t>)] B
Also, for1=1,2,...,n
m/2 m/2
(Ta)s) = (Ta)(s0) + D (Any) (500 + 3 (Copa) (s + O(W™42),

where for s € [0,1]

(Crr)(4) = _B(Z?()?) th)Qp_l(k(svt)x(t))]ij_

See, Kulkarni and Rane [6]. Note that, Agpx, Copz, C’sz € om+2=2[0, 1].

Modified Simpson Rule. From Theorem 5.2 of Kulkarni and Rane [6], we
observe that if T;, is the Nystrom approximation associated with the composite
Simpson rule then the asymptotic expansion for (7,, — T)z at the partition
points starts from h* onwards whereas at the midpoints it starts from h? on-
wards. In order to restore the order of convergence of h*, we consider the
following modified Simpson method. (See Atkinson and Shampine [2], Cubil-
los [4].) We introduce the following notation:

S{z,a,b} = ° - <x(a) +4x(” ;r b) —|—x(b)>.

Fori=1,2,...,n,let Z ||

t:,t;21) be the quadratic polynomial such that

(t) =a(ts),  @(s)) =a(si),  T(tiv1) = x(titr)-

Then Z : [0,1] — R is a continuous piecewise quadratic polynomial with respect
to the uniform partition (2.4).
For s € [0,1], we define

n

(Tnw)(s) = D (S{k(s, )E(), tisi} + S{k(s,)F(), sis tirn })-

i=1

Math. Model. Anal., 19(1):127-143, 2014.
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Let

roj—1=1t;, J=12,...,n+1, ro; =85, J=1,2,...,n.
Note that the formula for (T,,z) can be written as

2n+1

(Toz)(s) = > wy(s)a(r;), s€0,1], (2.8)

j=1

h 3 t1 + s 1 s1+t
wl(s):m[k(s,t1)+2k<s, 1 5 1)_2]€(3’ 12 2):|7

forj=1,...,n
wy;(5) = 1% {31% (s, 4 ;SJ) + 2k(s, 5;) + 3k (s 51+2t1+1>]
for j =2,3,...,n
wa;1(s) = 1% :2k(5,tj)+ %k (s, tj;rsj) ~ %k <Ssj+2tj+1>}

h 3 Sj—1 + tj 1 tj—l + Sj—1
12 {2’{(5 2 ) 2k<s’ 2 ’

_h [ 1 tn + Sn 3 Sn + tny1
Want1(8) = 13 __Qk (s, 5 ) + 2k: (s, 5 ) + k‘(s,th’,])} )

Note that T;, is a collectively compact family of operators converging to T
pointwise (see Cubillos [4].)

The following asymptotic expansion at the node points is proved in Kulkarni
and Rane [6]:

() r)=(T2)(r) +§<Asz>m> (2)" {i_/j:(czpz)(m (2) " o0,
where for s € [0, 1]
(i) o) = gy (P20 B0+ Bl [(;)2pl(i~c(s7t>w(t>)}:
(Cop)(s) = ~ (32,,(0) 4B (3) sz<1>>

& o]

3 Main Results

In this section we shall briefly describe two new methods and derive asymptotic
expansions for the approximate solution u,,, in the following two cases.
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a) Nystrom Method, Composite Midpoint Rule:
Using the Nystrom approximation associated with the composite midpoint
rule (2.5), the nonlinear integral equation (2.1) is approximated by

un(s) 7hzk(s75j)w(5j7un(5j)) :f(5)7 ERS [07 H (31)
j=1
Evaluating the above equation at s = s;, ¢ = 1,2,...,n, we obtain a system of

n nonlinear equations.

b) Nystrom Method, Modified Simpson Rule:
Using the Modified Simpson rule (2.8), the nonlinear integral equation (2.1) is
approximated by

2n+1
Un(8) — Z w;i(s)(rj,un(r;)) = f(s), se€[0,1]. (3.2)
j=1
Evaluating the above equation at s =r;, 1 = 1,2,...,2n+1, we obtain a system

of 2n 4 1 nonlinear equations. As in the proof of Theorem 2.4 of Ford [5], it
can be proved that equations (3.1) and (3.2) have a unique solution for n
large enough. The proof of the following Theorem on asymptotic expansions
of u,, — u at the node points in the case of the composite midpoint and the
modified Simpson rule is similar to that of Theorem 4.2 of Ford et al [5], we
only state the result.

Theorem 1. Let T' be an integral operator with the kernel k(-,-) € C(m+2,0).
Let u be a solution of the operator equation u—TWu = f, where f € C™+2[0,1],
1 € C™T2(]0,1] x R) satisfies the Lipschitz condition with respect to the second
variable. Assume that 1 is not an eigenvalue of (T) (u), where the prime
notation denotes the Fréchet derivative.

a) If T,, is the Nystrom approximation associated with the composite mid-
point rule, then for sufficiently large n, w, has an asymptotic expansion

m/2
Un(s;) = u(s;) + Z ngp(si)hh’ + O(hm+2), 1=1,...,n, (3.3)

p=1

where 19, € C™T272P[0,1], p=1,...,m/2 are independent of h.
b) If T,, is the Nystrém approximation associated with the composite modi-
fied Simpson rule then for sufficiently large n, u, has an asymptotic expansion

m/2

2p
un(8;) = u(s;) + Z N2p(Si) (Z) +O0(h™?), i=1,...,n

and
m/2 h 2p
un(t;) = u(t;) + Z nop(t:) () +O(hK™?), i=1,...,n+1,
p=2 2
where functions 1z, € C™T272P[0,1], p=2,...,m/2 are independent of h.

Math. Model. Anal., 19(1):127-143, 2014.
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The purpose of asymptotic expansions is to obtain higher order approxima-
tions using the Richardson extrapolation. Consider the case of the composite
midpoint rule. Let S(™ = {sgn): i =1,...,n} denote the set of node points
with respect to the partition with n intervals and S™) = {sg%) ci=1,...,2n}
denote the set of node points obtained by subdividing each subintervals in two
equal parts. Then S N S = ), and hence we cannot use the extrapola-
tion technique. However, we obtain below asymptotic expansions for u, at the
partition points ¢; so that Richardson extrapolation is applicable.

Forl=1,...,m+1,let (%D (t,.) denote the I-th partial derivative of 9(t, -)
with respect to the second variable. We now prove a Proposition before proving
the main result.

Proposition 1. Let T, be the Nystrom approzximation associated with the com-
posite midpoint rule. For 1 <[ <m + 1, define

(@) () = D (tu(t)), teo,1].

For1<p<m/2, let

Sop1 = Z May « - M2ey, | <p<m/2. (3.4)

ar+--tog=p

Then for s € [0,1]

m/2 D [l]u ) s
(ToBun)(s) = (anu)(s)+Z<ZT"((g’ 135 p)( )>h2”+0(hm+2). (3.5)

=1

Proof. By Taylor’s Theorem,

0D (¢ y U —u(t))!
() = vl () + 55 LU0 ()

=1

+O((un(t) —u()™?), telo,1].

As in Theorem 2.4 of Ford [5], it can be proved that |[u, —u|/s = O(h?). Then
lun = ul| 272 = O(R*™*).

Hence for j =1,...,n,

m+1 OB (55, u(s;)) (un(s;5) — uls;) l
g )z(! |

+O(R* ). (3.6)

¢(8j7un(3j)) = w Sj, U

From (3.3), we have

m/2
wn(s;) = uls;) = D mar(s;)h™ + O(h™F2).

r=1
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Hence for 1 <1 <m+1,

r=1
m/2
=37 Eopals)h? + O (W),

p=l

m/2 1
(un(sy) = uls)' = ( > (s + O(hm+2)>

where &3, is given by (3.4). Substituting the above expression in (3.6) and
rearranging terms, we get

m/2

(Ol) (s5,u(5;))Ep.(s; ) o
w(sj,un(s])) s], s] +Z(Zw js (Z'J))g ;u,l( ]))h p+0(h + )

Multiplying the above equation by hk(s,s;) and taking the sum from j =
1,...,n, we obtain

n n m/2
hz k(s, sj)z/)(sj,un(sj)) = hz k(s, sj)w(sj, u(sj)) + Z

P n
(Z ll'th (s,55)0 l) SJ,U(SJ‘»EQPJ(SJ‘)) h*P + O(h™?), s€[0,1].

=1 j=1

Thus, for s € [0,1],

m/2
(ToWun)(s) = (TpWu)( Z (Z Tn((!P[”llL!)&zp,l)(s)>h2p o),

=1

which completes the proof. 0O

Now we prove the main result concerning asymptotic expansions for u,, at
the partition points.

Theorem 2. Let T,, be the Nystrom approrimation associated with the com-

posite midpoint rule. Fori=2,...,n, we have
m/2
)+ Z Sap(t:)h%” + O (K™ 2), (3.7)

where functions da, € C™2722(0,1] are independent of h.
Fori=1andi=n+ 1, we have

m/2
Un (t;) )+ Z dop(ti)h? + O(h™*2), (3.8)

where functions ggp € C™m*+2=20(0, 1] are independent of h.

Math. Model. Anal., 19(1):127-143, 2014.
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Proof. Since

we have

R.P. Kulkarni and A.S. Rane

Uy — TP, = f,

(T Lpun)( z)‘i’f(tz), i:1,...,ﬂ+1.

Substituting for (Tann)(ti), from (3.5) in the above equation, we get

m/2 D
o) — (T +Z<Z wh;)sgpo( >>th

=1

+O0(K™?), i=1,...,n+1 (3.9)
Note that for 1 <p <m/2 and 1 <1 <p,

()&, € C™ 2220, 1).

For z € C™*2(0,1] from (2.6), (2.7) we have

(Toz)(t:) =

m/2

+Zﬁzp (t)h> + O(h™+2), i=2,....n,

whereas i =1lori=n-+1

(Th)(t:) =

where for p=1,2,...,

m/2
)+ Z Yop() (1)1 + O (h™ ),

m/2

Bop(x) = Agpx + Copzr and  op(z) = Agp.
Then Bap(x), y2p(z) €

Cm+2-2[0, 1]. Thus

m/2

(ToWu)(t;) = (Tu)(t;) + Y Bap(Pu)(t:)h*P

and for 1 <p < (m/2),1<1<p

p=1
+O0(h™?), i=2,....n (3.10)
(m/2)—p
T (PM0) &ap1) (1) = T((PVu)Eopa) (8:) + Y Bag(#M0) &ap ) (£:) 1
q=1
+O(R™H272P) =2, n. (3.11)

Substituting (3.10) and (3.11) in (3.9), for ¢ = 2,...,n, we obtain
un(ti) = (Tu)(t:) + f(t:)

m/2

m/2 p

+Z,82p(lpu h2”+zz ((wu)ap,0) (1) R

(m/2)
>
p=1

1

p111'

p (m/2)— Py
2 Z 18 (P100)0,.) (4127720 1 O (h+2).
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Using u = TWu + f and rearranging terms, we obtain

m/2 m/2 p
OEROES SRS 3) SN IO
p=l1 p=11=1
m/2 /p—1p—1
+Z<Zzl|ﬁ2q g/[] E?p 2ql)( )>h2p+0<hm+2)
=1 g=1

Thus for i =2,...,n

un(ti) = u(ti) + (B2(Pu)(ts) + T (P u)é2,) () h?

m/2
+Z<52p@“ +Z T () &) (¢ )>h2p
m/2 1 p—1
+Z<ZZ ﬂQq 47[ 52p qu)( )>h2p+0(hm+2)
=1 qg=1
m/2

Z Sap(t:)h?P + O (K™ ),

where dy = Bo(Pu) + T((Q/[l]U)ﬁgJ) and for p=2,3,...,m/2

p—1p—I

= Bop (W) +Z FT () oy +ZZZ,6zq ((@1u)€ap24,1)-

=1 g=1

This proves (3.7). The proof of (3.8) is similar. O

4 Extrapolation

In this section, we apply Richardson extrapolation to obtain better orders of
convergence for u,, at the partition points in the case of the composite midpoint
rule and at the node points in the case of composite modified Simpson rule.
We first tabulate the results obtained in Theorems 1 and 2 for the asymptotic
expansion of u,.

1. Nystrom Method: Composite Midpoint Rule

m/2
)+ Z dop () h? + O(h™F2), (4.1)
m/2
Un(8:) = u(s;) + Z N2p(si)h°P + O (K™12). (4.2)

Math. Model. Anal., 19(1):127-143, 2014.
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2. Nystrom Method: Composite Modified Simpson Rule

m/2

wlt) =ut) + Y m(e)(3 ) +O™. @
p=2

m/2

2p
Un(s;) = u(s;) + Z N2p(Si) (;L) + O(h"*?). (4.4)

Note that the functions 7z, € C™*272P[0,1] and d2, € C™+272P[0,1] and
are independent of h.

For each t; = %7 i =1,....,n+ 1, and for u,(t;) satisfying (4.1), define
Un,0(t;) = up(t;) and

22l n,i—1(t:i) — Un,1—1(¢;
Un,i(t) = Y2nl 12(21)_ lu 11 )7 [=1,2,...,m/2—1.

Then we have the following result.
Corollary 1. Suppose that the conditions of Theorem 1 hold. Then

m/2
Una(ti) = u(t) + Y erp(ta)h® +O(h™2), i=1,2,... n+1,
p=Il+1

where the functions e, are independent of h.

In a similar fashion, for each t; = % i=1,....,n+ 1, and for u,(¢;)

)

satisfying (4.3) define u, o(t;) = un(t;) and

22l+2

_1(t;) — _1(t;
Un,l(ti) _ U2n,1 1( z) Un,l 1( z)

22l+2 -1 ’

1=1,2,....m/2—1. (4.5

For each s; = (i — 3)h, i = 1,...,n, and for u,(s;) satisfying (4.4) define
Un,0(8i) = un(s;) and

22l+2

i1 (5:) = Un,i—1(8i) — Un,i—1(8i)

221+2 _ 1 ’

1=1,2,...,m/2—1.

Then we have the following result.

Corollary 2. Suppose that the conditions of Theorem 1 hold. Then

m/2 h 2p

Un () = u(t;) + Z el,p(ti)(2> +O0(K™?), i=1,2,...,n+1,
p=Il+2
m/2 h 2p

tna(55) = u(s:) + Zligel,p@i)(g) Lo, =12, m,
p:

where the functions e, are independent of h.
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5 Numerical Results

Consider the following equation

1
u(s) —/ k(s,t)w(t,u(t)) dt = f(s), 0<s<1, (5.1)
0
where
k(s,1) = 1 sinhyssinhy(1—1¢) if s <t,
54 = ~sinh~y |sinhy(1—s)sinhyt ift<s

with v = V12,

(Pu)(t) = (t,u(t) = 72u(t) - 2(u(®))’, t€0,1]

and

1 2
fls) = Sinh’y{Q sinhy(1 —s) + 3 sinh’ys}.

The exact solution is u(s) = 1/(s + 1/2).

5.1 Composite midpoint rule
Equation (5.1) is approximated by

n

Un(8) — th(s,sj)[72un(Sj) — 2(un(sj))3] =f(s), 0<s<l.

j=1
The solution of the above equation is obtained by solving the nonlinear system

of equations

n

un(si) = h > K(siy57) [ Pun(s;) = 2(un(s)’] = f(s1), i=1,2,...,n (5.2)

j=1

and then for s € [0,1]

un(s) = f(s) + hzk(s’sj)['YQUn(sj) - 2(un(5j))3]'

j=1
The Picard iteration is applied to obtain the solution of (5.2):
UO(Si):f(Si), i=1,2,...,n,

uffl(si) = f(si) + (Tntpufb)(si), 1=1,2,....,n, p=0,1,....
We choose n = 20, n = 40 and n = 80. In the above method, 21 Picard
iterations were needed for the difference in the successive iterates to be less
than 10712,

Let t; = (¢ —1)/20, i = 1,2,...,21 be the partition points in a uniform
partition with step size h = 1/20.
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We have
ET(t;) = |u(t;) —un(t;)] = O(R?), i=1,2,...,2L

Define
4 n ti — Un ti .
Un,1(t;) = tan )3 tn ), i=1,2,...,21.

Then
E3(t;) = |u(t;) —una(t:)| = O(RY), i=1,2,...,21

We compute the orders of convergence by the following formula:

_ log(EY(t:)/EY"(t:)  , _ log(E3 (t:)/EF" (t:))

ithn =2
1 og® " g T
_ log(BR()/EE" (1) o
2 log(2) 7 .

We expect a; = ap = 2 and = 4. (See (4.1) and Corollary 1.)
In Tables 1, 2 we give some numerical results which validate the above
orders of convergence.

Table 1. Errors and convergence orders for the composite midpoint rule.

t; ET(t;) : n=20 ET(t;) : n=40 ET(t;) : n=80 ol az
0.1 4.52 x 104 1.14 x 104 2.84 x 1075 1.99 2.00
0.2 4.61 x 10~4 1.16 x 10—4 2.89 x 10~° 2.00 2.00
0.3 2.91 x 104 7.29 x 10~° 1.82 x 10~° 2.00 2.00
0.4 6.90 x 10~° 1.70 x 10—° 4.24 x 10~6 2.02 2.00
0.5 1.40 x 104 3.53 x 10~° 8.85 x 106 1.98 2.00
0.6 2.96 x 104 7.45 x 1075 1.86 x 105 1.99 2.00
0.7 3.76 x 104 9.43 x 10~° 2.36 x 1075 1.99 2.00
0.8 3.61 x 10~4 9.06 x 10~5 2.27 x 10~5 2.00 2.00
0.9 2.40 x 104 6.00 x 10~° 1.50 x 10—° 2.00 2.00

Table 2. Errors and convergence orders for the composite midpoint rule: extrapolation

t; E3(t;)) :n=20 E3(t;) :m =40 B8

0.1 6.19 x 107 4.06 x 10—8 3.93
0.2 3.31 x 10~7 2.25 x 10~8 3.88
0.3 4.86 x 108 1.54 x 10—9 4.98
0.4 3.36 x 10~7 1.98 x 108 4.09
0.5 4.98 x 1077 3.01 x 108 4.05
0.6 5.45 x 107 3.33 x 10~8 4.03
0.7 4.96 x 107 3.04 x 10~8 4.03
0.8 3.75 x 107 2.30 x 10~8 4.03

0.9 2.04 x 10~7 1.25 x 108 4.02




Asymptotic Expansions for Hammerstein Equations 141

5.2 Modified Simpson rule
Equation (5.1) is approximated by

2n+1

un(s) — Z wj(s) [72un(rj) - 2(un(rj))3] =f(s), 0<s<1,

=1

where w;(s) is defined in (2.8). The solution of the above equation is obtained
by solving the nonlinear system of equations

2n+1

Up (1) — Z wj(n-)[A/Qun(rj)—2(un(rj))3} = f(r;), i=1,2,...2n+1 (5.3)
j=1

and then for s € [0, 1]
3
un(s) = £(s) + D w;(s) [y’ un(ry) = 2(un(r;))”].
j=1
The Picard iteration is applied to obtain the solution of (5.3):

u(ry) = f(ri), i=1,2,...,2n+1,

n

uP (ry) = f(r) + (T0ul)(ry), i=1,2,....2n+1, p=0,1,....

As in the case of the composite midpoint rule, choose n = 20, n = 40 and
n = 80. In the above method, 21 Picard iterations were needed for the difference
in the successive iterates to be less than 10712.

Table 3. Errors and convergence orders for the composite modified Simpson Rule rule.

t; ET(t;) : n=20 ET(t;) : n=40 ET(t;) : n=80 a1 as
0.1 2.21 x 10~° 1.46 x 106 9.30 x 108 3.92 3.98
0.2 2.45 x 105 1.62 x 106 1.03 x 107 3.92 3.98
0.3 2.24 x 10~° 1.47 x 106 9.34 x 108 3.93 3.98
0.4 1.94 x 105 1.27 x 106 8.05 x 108 3.93 3.98
0.5 1.63 x 10—5 1.07 x 10—6 6.75 x 10—8 3.93 3.98
0.6 1.32 x 1075 8.65 x 10~7 5.48 x 10~8 3.93 3.98
0.7 1.02 x 102 6.65 x 107 4.22 x 10~8 3.93 3.98
0.8 7.02 x 10~ 4.59 x 10~7 2.91 x 10~8 3.94 3.98
0.9 3.66 x 10~6 2.39 x 107 1.52 x 108 3.94 3.98

Let t; = (i —1)/20, i = 1,2,...,21 be the partition points in a uniform
partition with step size h = 1/20. We have

EP(t;) = |u(t;) —un(t;)] = O(hY), i=1,2,...,2L

Define
_ 16ugn (t;) — un(ts)

un,l(ti) 15 ) ) gLy ey
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Then
E3(t;) = |u(t;) — una(t:)] = O(R®), i=1,2,...,21.

The orders of convergence «ay, as and 8 are computed as in the case of the
composite midpoint rule and presented in Table 3, 4. In the present case, we
expect a1 = ag =4 and 8 = 6. (See (4.3) and Corollary 2.)

Table 4. Errors and convergence orders for the modified Simpson rule: extrapolation

t; E3(t;) : n=20 EZ(t;) : n=40 B8

0.1 8.91 x 10—8 1.57 x 1079 5.83
0.2 9.10 x 10~8 1.60 x 109 5.83
0.3 7.80 x 10~8 1.38 x 109 5.82
0.4 6.44 x 10~8 1.16 x 10~° 5.79
0.5 5.24 x 10~8 9.74 x 10~10 5.75
0.6 4.17 x 10~8 8.00 x 10~10 5.70
0.7 3.16 x 10~8 6.26 x 1010 5.66
0.8 2.15 x 108 4.39 x 10~10 5.62
0.9 1.11 x 108 2.31 x 10~10 5.58

6 Conclusions

Thus it was possible to obtain asymptotic expansions for approximate solutions
of a nonlinear Hammerstein equations with Green’s kernel, in the context of
Nystrom methods with the composite midpoint and the composite modified
Simpson’s rule. We feel that these results can be extended to the iterated
collocation method with piecewise constant and piecewise linear polynomials.
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