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Abstract. We show that the finite volume method rigorously converges to the so-
lution of a conductive-radiative heat transfer problem with nonlocal and nonlinear
boundary conditions. To get this result, we start by proving existence of solutions
for a finite volume discretization of the original problem. Then, by obtaining uniform
boundedness of discrete solutions and their discrete gradients with respect to mesh
size, we finally get L2 type convergence of discrete solutions.
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1 Introduction

The main interest of the paper is the applicability of the finite volume method to
problems with nonlocal and nonlinear boundary conditions for a linear elliptic
equation of the divergence type. As a rule, given class of boundary value
problems arise in mathematical modeling of conductive-radiative heat transfer,
see, for instance, [1,2,3,4,8,9].

The mathematical model, considered in this paper, involves a rectangular
parallelepiped (2 as a problem domain, a simple convection-diffusion equation
and nonlocal nonlinear boundary conditions of the type

28 @)+ wdJu) Pute) — H[|uO) a0} = o), wel, (1)

on some part of the boundary I" C 942 (precise formulation of the problem is
given in Section 2). Here H € L(Ls/4(I") — Ls;4(I")) is a nonlocal contraction
operator of the following type:

[H()](2)= [ (1 — )T+ eK (I — (1 - )K) ¢ (8)] (x), v € Lsya(l), z €T,
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where ¢(z) € (0, 1] is a function defined on I"U I}, (I}, is some regular surface),
I is the identity operator and K € L(Ls/4(I" U I') — Ls/u(I"U I})) is an
integral operator of type

(G- (o st i)
vy € Ls/y(I"), va € L5/4(Fh)7 x,t el y,z € Iy,

where for arbitrary points r,s € I'U I},

K(r, ) = cos(n(r), (s — r)) cos(n(s), (r — s)) o(

w|r — s|? r>8).

Here 0(r, s) € {0;1} denotes visibility factor, n(r), n(s) are normal unit vectors
to I'U I},

A question about convergence of finite volume schemes is widely discussed in
literature. In [6,7] authors give complete framework for convergence analysis of
finite volume schemes applied for discretization of linear conductive-convective
problems with general boundary conditions. Even convergence analysis for pure
radiative, or conductive-convective problems with local Stefan-Boltzmann type
boundary conditions can be found (see [5]).

As it turns out, the framework provided by [6,7] can not be directly applied
to the boundary value problems having boundary conditions of type (1.1), since
convergence analysis for the problems having Neumann or Robin type bound-
ary conditions is heavily based on assumption about at least W3 regularity
of solutions of the problem. In our case it is still not clear, if solutions of
the boundary value problem involving boundary conditions of type (1.1) have
W3(£2) regularity.

Nevertheless, to perform convergence analysis, we took the framework pro-
vided by [6,7] and adapted it for our case, when we expect only W3 (£2)N Lo (£2)
type regularity for weak solutions of the boundary value problem.

Whereas standard finite volume schemes give weak convergence of dis-
cretized gradients and, as a consequence, strong convergence in spaces L, ({2),
the nonlinearity in (1.1) demands strong convergence of an equivalent of traces
on 02 of solutions of discretized equations. Besides that, the non-locality of
the operator H demands specific methods to obtain uniform (with respect to
meshes) a priori estimates for solutions of discretized equations.

For continuous case these difficulties are tackled via embedding theorems in
Sobolev spaces, see, for instance [9], or specific trial functions, see, for instance
[1,2,3], which unlikely have discrete analogues.

Both problems for cases with rectangular geometry can be bypassed within
the framework of the finite volume method, especially to establish invertibility
of linearized operators for the discrete case.

The paper is organized as follows. In Section 2 we give the accurate descrip-
tion of the problem and main assumptions on data. After that we show how
to reduce the original problem to a more convenient one with linear growth
at infinity of the nonlinearity in Stefan-Boltzmann law. In Section 3 we show
that the linearized operators are uniformly invertible (for a fixed mesh), what
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276 K. Birgelis and U. Raitums

together with their Lipschitz continuity give unique solvability of discrete equa-
tions. Sections 4-6 are devoted to uniform estimates (independent from the
mesh) for discrete gradients and the proof that solutions of discrete equations
converge strongly in Lo(£2) and Lo (942) (as the size of meshes goes to zero) to
the solution of the initial continuous problem.

2 Preliminaries

Let the problem domain 2 C R? be rectangular parallelepiped §2 := (0, a;) x
(0, az) x (0, ag) with boundary 02 = Iy U I'1 UT, Iy being the intersection
of 2 with the plane {x3 = 0}, I'} being the intersection of {2 with the plane
{x3 = a3} and I being the lateral boundary of 2.

Let us consider the following conductive-radiative heat transfer problem

—Au+yuy, =0, x €2,

P 1
Uy =ue Gl =0 (2.1)
du

o+ rdlulfu— H[|u()[uO)]} = g

and suppose that the following assumptions hold on data:

Hi.v>0,5>0,9€ Loo(I'), ux € C*(R3?) and u, does not depend on x3.
Moreover, we suppose that 0 < g(z) < dp a.e. onz € I' and 0 < u,(x) < do
a.e. on x € Iy for some constant dy;

It turns out, that under appropriate restrictions on geometry of I}, the
nonlocal operator H will have the following properties (see, for instance [2,8]):

Hy. He L(L,(I") = Ly(I"), |H|| £ ¢ <1 foralll <p< oo and H maps
the nonnegative cone of L,(I") into itself, 1 < p < oco.

Furthermore, if Hy, Hs hold then for the problem (2.1) there exists one and
only one weak solution u in a Sobolev type space {v € W3 (£2): v|r € Ls(I")}
and 0 < u(z) < dy ae x € 2, where dy = max{(ﬂ(fﬂq))l/‘*,do} (see, for
instance [2,8]). Therefore, by taking this into account, we can replace the
original problem with the equivalent one:

ou
ulp, = e, - o 0, (2.2)
ou H _
an + m{d)(u) — W(“())]}‘F =9

where original Stefan-Boltzmann type nonlinearity |¢|3¢ is replaced with a new
one ¥(t), which coincide with Stefan—Boltzmann type nonlinearity only on
interval [—dy, d;], but at infinity has linear growth rate:

|t|3tv |t‘ < dla
P(t) := < 4d3t —3df, t>dy,
4d3t + 3d}, t < —d;.
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It is easy to verify, that:

Hsz. ¢ € CHY(R) and there exist some constants >0, L >0, v > 0 such
that

0<e/'(t)<p, teR;
|0/ (t1) — ¥ (t2)| < LIty — ta|, t1 €R, t2 €R;
V() > vt |t > dy.

Let M denote a regular structured mesh on 2 (see, for instance, [6,7])
with rectangular cells of type K = (a1x, b1x) X (a2, bare) x (asx, b3r) C R3.
Let us assume, that M satisfies the following regularity condition: there exists
there exists a positive constant cg such that

¢y H(diam K)3 < |K| < ¢o(diam K)? VK € M.
Here by |K| we denote the Lebesgue measure of K and

diam K := sup |z —y|.
z,ye K

Let us also define the following functional space:
L(M) := {v € Ly(£2) | v is constant in every K € M}.

In what follows we will use the following notations (for v € L(M)): daq — the
size of the mesh M (da := maxgenr diam K); o — one of six faces (fagades) of
a cell K; £k - the collection of all six faces of a cell K; £ — the union of all faces
o €k, K € M; K|L — the face ¢ that is common to K and L; Tix, — the unit
normal to 0 € £ outward to K; m — unit normal to 02 outward to §2; €; —
unit vector aligned in direction of the axis of co-ordinates Ox;, i =1, 2, 3; i
— the barycenter of K; hg, - size of K in the direction orthogonal to o € Ek;
|o| — two-dimensional measure of o € &; vk — value of v in the cell K. For
o = K|L let us define:

I hrovi + hrovr

7 hKo’ + hLD’

For those o € £k that belong to 92 we introduce ”artificial” cells K as mirror
reflections of K over the hyperplane, to which belongs the corresponding . The
corresponding values vy = vy, for L = K are defined specifically in accordance
to boundary conditions on the corresponding part of {2 and then

Vg ' = 7(1}1( —5 vK) .

In what follows we will also use the following notations: trv — for an element
v the trace trv as an element of L,(012), 1 < p < oo is defined as

tro(-) = Z Z Xo (*)Vos

KeM occlx & oCON
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278 K. Birgelis and U. Raitums

where X, is the characteristic function of o C 942; Vo — for an element v the
discrete gradient Vv € (L(M))3 is defined as

Yo := |K\ Z\UMKU ve —vk) in K, K € M;
cefk

ox+ and o — faces of K € M that are orthogonal to the axis Oxs of co-
ordinates, where o corresponds to that face, points of which have greater
values of 3 than points of o _; K4 and K_ — cells that have with K common
face o4 and o _ respectively; v, and vig_ — values of v on the cells K
and K_ respectively; [, — for a function ! € Li(0) and 0 € £, 0 C 012

lo :== i/l(a:) ds
ol Jo

Here, if necessary to accent to which K the face o corresponds, we write [k, .
In accordance to boundary conditions in (2.2) for a cell K € M with a face
o € &k and o C 912, we set (for v € L(M))

Uk :=vg, ifo €&k and o C I7;
Uk = 2Uyy — Vi, Iifo €&k and o C Iy;
Uk = vk — hxkoG(V) Ky, ifo €&k and o C T

Gv)ky = {| |/¢UK )ds — |/H[1/)(v)](x)d5}—;|/gd5. (2.3)

Here the argument of the operator H is understood as 1(v) := ¢¥(vk), if x €
I'nk.

Now, by integrating the elliptic equation of (2.2) over each cell K € M
and approximating resulting diffusive and convective fluxes with standard cen-
tral and upwind schemes, respectively (see [6,7]), we will obtain the family of
equations

o
Fr(w) = — Z 2|h—|(w(7 —wg) +V(lok|wk — log—|wxk_) =0, K e M,
c€EEK 7

(2.4)

where w € L(M) is approximate solution of u and for each cell that have a
face on boundary 02 the formulas (2.3) are used to calculate w,-.
The family of equations (2.4) we will denote shortly as

Fw)—F =0,

where F' : L(M) — L(M) and f incorporate the corresponding values of .,
and g¢,, which come from (2.3) for w, with o € £k and o C 912.

Along with the equation F(w) — f = 0 we will consider the linearized
equation

F'(a)w = f,
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with o € Lo (I'), 0 < a(z) < ppace. « € I', where

Fi(a)w = F'(a)d|k (2.5)
= — Z 2|U| K)+’Y(|(TK|’U~}K+—|UK,|U~)K,)7 KEM,
oefk

and for 0 € Ex and o C AN the corresponding values of w for o are defined by
analogy to formulas (2.3):

wg = wg, ifocCly, wg:=-wg, ifoc C Iy,

’u:}[{ = Wi — hKUG/(a’LZ))KU, if o C T,

& (a) o = ,«u{;'/g (2) i dS — |/H ds}

a()w = a(z)wg, fzelN K.

3 Solvability of the Discretized Equation
We start with the following lemma.

Lemma 1. Let the hypotheses Hy, Ho, Hs hold and let « € Loo(I") be nonneg-
ative. Then the homogeneous linearized equation

F'(a)w =0
with respect to w € L(M) has only trivial solution.

Proof. Let us multiply expressions (2.5) for the cell K by signwg and sum
up. We have

-y Zz|a| » — D) sign W

KeM ocelk

+y Z ‘O'K+|U~}K — |O’K7"u~}K,) sign Wg

KeMm
2|o] N ~ - L
= Z ﬁ|wL—wK\-|SlgnwL—s1gnwK|
ceekogan Ko Thio

+ > > ‘};i'wK sign Wy

KeM oe€k &oCly

+ > Y [olG(ab)k sign ik

KeM oe&&oCl’

+7 Z |oKr+] - |WK]| - |signWx — sign Wi 1 |
KeMm

+7 > lok—| - igl. (3.1)

KeM&okx_Clyp
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From here it follows
KZ/ G'(aw) signw dS = H/ altrw|dS — n/ Hlaw]signtrwdS < 0.
r r r

Since a(-) > 0 then from hypothesis Hy it follows
lod| .. < qllad]L,,

i.e. aw =0on I'. After that, from (3.1) it follows immediately that w =0. O

Corollary 1. For any nonnegative & € Lo (I") the operator F'(«) is invertible
and there exists a constant ¢; = ¢ (M, ) such that for all & € Loo(I"), 0 <
a(x) < p, x € T, there is
-1
I[F ()] || < e

Proof. The proof immediately follows from the fact that the whole family
{F'(a)} forms a compact set in L(L(M) — L(M)). O

Remark 1. Here and in what follows it is supposed that constants in hypotheses
Hy, Hy and Hjz, and also the constant ¢y are fixed once and for all.

Theorem 1. For every fived regular mesh M and every fized fie L(M) (f
is defined by u, € C*(R2), g € Loo(I")) the equation F(w) = f is uniquely
solvable in L(M).

Proof. By virtue of hypotheses Hy, Hy and Hj the operator F' is Fréchet dif-
ferentiable and its Fréchet derivative on an element w € L(M) has the repre-
sentation

Flw)=F(a), a@):=/(wg), zelnk,

with 0 < a(z) < p. Further, again by virtue of Hy and Hj the mapping
LM) 3w — F'(w) € £L(L(M) = L(M))

is uniformly Lipschitz continuous and one can apply various damped Newton
methods (see, for instance, [3] for the continuous case) to obtain unique solv-
ability of the equation F(w) = f. O

4 Boundedness of Solutions

To proceed further, we will need uniform (with respect to regular meshes M)
a priori estimates for solutions of (2.4).

Theorem 2. Let the hypotheses Hi—H3s hold. Then there exists a constant co
such that for all regular meshes M solutions w of (2.4) satisfy

lwllr(2) < co, trwllz . (ry < co
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Proof. From the maximum principle it follows immediately that a solution w
of (2.4) can not achieve its strong local maximum on a cell K, which has no
common faces with df2. Therefore, it remains to investigate cases where w
attains its positive maximum ay on a cell K, which has a face o C 0{2.

If ay < |lusl|z (1), then we have our estimate.

If ay > ||usllr.(ry) and K has only one face o C I, then from (2.3) and
(2.4) it follows that w attains the same value a on neighborhoods of K. Hence,
it remains to investigate the case where K has a face o C I'.

If a4 < dj, then we have our estimate.

If ay > dy, then from (2.3) and (2.4) it follows

GW”“:“h;L¢WK o e dﬂ i Loas <o

(4.1)

For this case from Hj it it follows that for all cells L, which have a common
face with I,

Y(wr) < Y(wk).
From here, (4.1) and hypotheses Hy and H3 now it follows

o
[ otwras < Dol < dijol.
Therefore, since 1(ay) = 4djay —3d] for ay > dy, then the last inequality will
yield a4 < dj, what contradicts with the starting assumption.

Therefore, finally we will have ay < di. The case of negative minimum
a_ of w is treated analogously. Moreover. it is possible to show that a_ > 0.
Obviously, these estimates for w imply the statement of the theorem. 0O

We point out here that the assertion of Theorem 2 holds true uniformly
with respect to all regular meshes M.

5 Discrete Gradients and Their Convergence as d,; — 0

To proceed further, we want to avoid nonzero boundary terms on I. To this
end, we define w € L(M) as

al.
U = —— uydr, KeM
|K| Jx

(for mirror reflections L of cells K with common face o C 912 we use the values
of u, outside {2). By virtue of H; the function 7 as an element of Lo({2) does
not depend on x3.

Then the function v € L(M), v := u — @, will satisfy

” .
_ Z AUl | vy —vi) +(lok vk = lox—|vk-) + fx =0,
c€EK
o w| B
Z 2 k), KeM, (5.1)
c€lK

Math. Model. Anal., 18(2):274-288, 2013.
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and for mirror reflections L of cells K with some o C 91?2

vy =0k = —vg, Iif o C Iy,

v =0k (= vg, ifoCIy,

VL ‘= VK = vahK,TG(U%*ﬂ)Ka#*ﬂK*iK, ifoCI. (52)
Since u, w are bounded uniformly with respect to a regular mesh M, then
also values of v € L(M) and values of trv, G(v + u) are bounded by some
constant ¢z, which does not depend on the choice of a regular mesh M.

According to our notations, the discrete gradient Vv € L(M)? of v is
defined as

Vu(z) := Vog = Z lofks (Ve —vK), x€ K, K€ M.

c€EK

IKI

By construction,

[
/|vv|2dx< ) Dy (S VAR 1 YR

KeM oe€k & o=K|L
2
1€l g < 20€HEn - l0lIF ae + 201 + dan)*e36192] - [IC]1 2 (5.3)

for ¢ € CY(R3), where values of vy, := Ok for mirror reflections L of K over o
are defined according to (5.2) and (x are defined as mean values of ¢ over K.

Lemma 2. If v € L(M) satisfies equations (5.1)—(5.2), then there exists a
constant ¢y = c4(§2,d1, q, co, k, pt, V) such that for all reqular meshes M

[vll1,01 < ca-

Proof. The proof is standard: we multiply equations in (5.1) by corresponding
values vg and sum up. That gives

-3 Y 2%, vk

KeMoelk hKU
YD (\omivKﬂaK_wK_)vH/ of di
KeMoelk 2

g RPN
= [[vllim + Z Z 2' | (vg — 0K)UK

h
KeMocEx &ocr = Ko

+7 Z Z lor 4 |(vie — vk - )’UK+/ vf dz. (5.4)

KeMoelgk
Since 7, = —vk, if 0 € I'y and for an arbitrary vector (ag, ..., Gm)
2
|(a1u .. wam)’ - <(a17‘ .. 7a’m)7 (_a'laah cee 7am71)> Z 07

then in the right-hand side of (5.4) the term with the coefficient « is nonnega-
tive.
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Since values of vi, K € M (also values 0k ), are bounded by cs3, then

/ fvdx— Z Z %(EK_EL)(UK_UL)

KeM oce€k & o=K|L

-y Z 2|U| uK—uK)K

ocCoN UGEK

‘/vadx

Finally, due to (5.2),

what gives

< 10|Q|1/2d1”’0||17/\/l + |F|d103.

o
2}! | vk — x| < 1/2|0] - (|G(v + W) ko| + di) < 1/2|0|(c3 + d1),
[0kc| < (e +d1)(1+ dm).
Therefore
g ~ ~
‘ 2}‘1 | (’UK — 'UK)UK S 1/2|F|(1 +dM)(C3 +d1)2.
KeM UEEK&UCF Ko

From these estimates immediately follows the statement of the lemma. 0O

Now, let {d}/;} be sequence that converges to zero as N — oo. To ev-
ery N we appoint vy as the solution of (5.1)-(5.2) for the mesh MY which
corresponds to dj\v,t.

By virtue of Theorem 2 and Lemma 2, without loss of generality, we can
assume that the sequences

{vV} C Lo (92), {Vo} C Ly(£2; R?), {tro"} C Loo(02)
are uniformly bounded and weak-* converge to
vo € Loo(92), p € Ly(2;R?), w € Lo (092)

respectively.
We will say that a vector-function 77 € L1 (§2; R?) is eligible, if the values

Mg = /ndx M, = / ,Mko)dS o € &k, /divﬁ(:c)d:v
K] o] K

are defined and finite (div7(+) is understood in the sense of distributions) and

the relationship
/divﬁ(x)dx: E (o, ko)
K

c€€K

holds for every K € M.

Math. Model. Anal., 18(2):274-288, 2013.
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Let 7 be an eligible vector-function. We multiply vectors Vo by |K |7
and sum up. That give

[ @ )= 303 (o) ol ko)

KeMoelk

+ > > w¥loM, k) + R(eN.7),  (5.5)

KeMo€elk & oCIN

where

=Y > olfixe, Tk — 7, ) (05 —vR), (5.6)

KeMoelk

B B2 o - 1/2
IR(va)ISHvNHI,M(Z > ;m<”Kav’7K”a>2> !

KeMoelk & o=K|L

and for every eligible 7 = Vo

|R(vN, Ve |<QC4Z(/ dg;)m,

Sip(x) == sup{|pa, (x + t&;) — @u, (@)|:  + te; € 2, |t| < daq},
zen, i=1,23

By virtue of (5.6), for every 7 € C1(§2; R®) R(v™, 7) — 0 as N — oo and,
after passing to the limit N — oo in (5.5),

/Q(p,ﬁ)dx:/Q(—vo)divﬁdwr/mwmﬁ)ds,

vy € W3 (£2), ? = Vg, w = trug.

what gives

In turn, uniform boundedness of [|[v™ |1, a1, |07 (), estimate (5.3) with
appropriate cut-off functions ¢ and Lemma 5.5 of [6] give that the sequence
{vN} C Ly(£2) is precompact. Therefore, without loosing generality, we can
assume that the whole sequence {vV} converges strongly to vy in Ly(£2) and
the whole sequence {Vv™} converges weakly to Vvg in La(£2; R?) as N — oo
(we will see later that vy + u. gives the solution of (2.2) and as such is unique).

The space Lo(f2; R3) is the orthogonal sum

Ly(2;R*) = {Vo | p e W3 (2)} B N,
N = {f € LQ(Q;RS) |divE =0, (¢,7) =0on BQ}.

Hence, Vo has the representation

VoV = Vol + ¢V,
N eWi2), N eN, oV — v weakly in Wj(£2) as N — oo,
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and for every ¢, for which 77 = Vo is eligible,

/(—QN)divVgodJH—/ trQNa—@dS
o

00N an
= / <VQN, Vo) dr = / (Vol, Vo) de = / (—UN) divVepdz
Q Q Q
N Op N
+ [ troV = dS + R(vY, Vo). (5.7)
a0 on

Let 6 C 012 be a subset, which belongs to one face of {2, and the distance
between & and other faces of {2 is positive. Define pV as

1
[ xawuwo¥)——ds,. ek
o0

1
N

o (z) :
(=) |z — y

Due to Theorem 2 and properties of the Poisson’s integrals, see, for instance,
L.M. Stein [10, Chapter III], all " are harmonic in {2, belong to a bounded
set in C?(D) for every fixed D C R?® with dist{D; 6} > 0, and near the
hyperplane E, to which belongs &,

O™ e
o (z)| <cs, 1iflis orthogonal to E,
0™ . -
o ()| < cales, 2)[1 + [In(dist{x; E})|], if [ is parallel to E.

These properties are sufficient for that 77 := V! are eligible and that
R(UN,V(pN) —+0 as N — oc.

Hence, inserting Vo™ in (5.7) we have
/(trQN —trvN) troVdS -0 as N — oo,

and from embedding theorems for o” it follows that the sequence {trv™} also
converges strongly in Ls(5) to trug.

Arbitrariness of & and the uniform boundedness of trv" now imply that
the whole sequence {trv™V} converges to trvg strongly in Lo (012).

6 Convergence to the Solution of the Boundary Value
Problem

Obtained in the previous sections properties of convergence for the sequence
{vN} are sufficient for that v° gives the solution from W3 (£2) of the initial
boundary value problem (2.2).

To begin with, we point out that the family of functions {@"}, where @
is defined for the corresponding mesh MY, converges strongly in L(f2) and
L2(082) to uy.

N

Math. Model. Anal., 18(2):274-288, 2013.
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Let ¢ be sufficiently smooth function, say, ¢ € C?(R?), which is equal to
zero near the boundary Iy. Let, for a chosen mesh M,
_ hrepx +hropr

vr = p(rK), Yo = It I , ifo=K|L, KeM, o€k,

where x g is the barycenter of K and, if necessary, the mirror reflections over
o C OS2 are used.
We multiply equations (5.1) by corresponding ¢k and sum up. We get

0=— Z Z 2|]j—|(va—vK)<pK

KeM oce€k i

+7 Z (loxtlvi = lox— vk ) + Z oK fx
KeM KeM

== 3 Y 27— e

KeMoelk

—v Y. (loxtlex — lox—lex—)vx
KeM

T DD DI AT ARt

KeM o€k &ocon2 2

- > > ‘hﬂ(vo —UK)PK

KeMoelx &ocon2 ¢

—’Y[ > > olokex — Y > |0|¢KUK]

KeM o€k &oCly KeM ek &oClh
+ Z oxfx
KeM
=—-J1—Jo+J3—Js—J5+ Jg, (61)

where ¢k is the value (2 k) for the mirror image of K.

Since we have regular meshes and established in previous sections conver-
gence properties for the sequence {v"}, then (6.1) with oV, fN (defined by
(5.1) for the mesh MYN) instead v, f gives

Jlﬁ/voAgpda: as N — oo, JQ*}’Y/ PzsVodr as N — oo,
Q Q

0
J3 — trvo—gpdS as N — oo,
0N (?n

J4%/<G(vo+u*)au*>gﬁd5 as N — oo,
r on

J5—>7/ trogpdS as N — oo,
I

Jﬁ%f/u*Agader/ u*a—wdS—/ M L 4S  as N — oo,
0N a0 871 r 871
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This way

s,
—/(vo—l—u*)Aapdac—v/(Uo—i—u*)gogc3 dx—i—/ (vo—&—u*)—(pds
Q 2 a0 on

—/G(vo+u*)g0d5+7/ vopdS =0
r I

for all ¢ € C?(R3), which are zero in a neighborhood of IG.
Since vg € W3 (£2), u. € C?(R?), u, does not depend on z3 and vy = 0
on Ig, then

/Q [(V(vo + ux), Vo) +7(vo + U)oy 0] dae

fn/{1/J(v0+u*)fH[w(vo+u*)]}gpdS+/g(pdS:O
r r

for all p € W3 (2) with ¢ =0 on I}.

Therefore, vg + u. is the solution of our initial problem (2.2).

By construction, for mesh M” the function w? := v™ + @~ (@ corre-
sponds to u, for the mesh M®) is the solution for the family of equations (2.4).
This way, we have the following result.

Theorem 3. Let the hypotheses Hy~Hz hold and let { M~} be a sequence of
reqular rectangular meshes, for which the size dpx — 0 as N — oo.

Then the discretized equations (2.4) of the finite volume method have unique
solutions w for every N and the sequence {w™} converges strongly in Lo(2)
and Ly (0£2) to the solution u of the continuous boundary value problem (2.2).

References

[1] K. Birgelis. Optimal control in models with conductive-radiative heat transfer.
Math. Model. Anal., 8(1):1-12, 2003.

[2] K. Birgelis. Sensitivity analysis for an optimal control problem of heat transfer.
University of Latvia, Riga, 2007. (PhD Thesis)

[3] K. Birgelis and U. Raitums. Strictly convergent algorithm for an elliptic equa-
tion with nonlocal and nonlinear boundary conditions. Math. Model. Anal.,
17(1):128-139, 2012. http://dx.doi.org/10.3846,/13926292.2012.647100.

[4] A. Buikis and A.D. Fitt. A mathematical model for the heat treatment of glass
fabric sheets. IMA J. Math. Appl. Bus. Ind., 10(1):55-86, 1999.
http://dx.doi.org/10.1093 /imaman/10.1.55.

[5] R. Ciegis, G. Jankeviciiité and O. Suboé. Numerical simulation of the heat
conduction in composite materials. Math. Model. Anal., 15(1):9-22, 2010.
http://dx.doi.org/10.3846,/1392-6292.2010.15.9-22.

[6] R. Eymard, T. Gallouet and R. Herbin. Finite Volume Methods. University of
Wroclaw, 2010.

[7] T. Gallouet, R. Herbin and M.H. Vignal. Error estimates on the ap-
proximate finite volume solution of convection diffusion equation with gen-
eral boundary conditions. SIAM J. Numer. Anal., 37(6):1935-1972, 2000.
http://dx.doi.org/10.1137/S0036142999351388.

Math. Model. Anal., 18(2):274-288, 2013.


http://dx.doi.org/10.3846/13926292.2012.647100
http://dx.doi.org/10.1093/imaman/10.1.55
http://dx.doi.org/10.3846/1392-6292.2010.15.9-22
http://dx.doi.org/10.1137/S0036142999351388

288 K. Birgelis and U. Raitums

[8] M. Laitinen and T. Tiihonen. Conductive-radiative heat transfer in grey mate-
rials. Q. Appl. Math., 59(4):737-768, 2001.

[9] C. Mayer, P. Philip and F. Troltzsch. Optimal control of a semilinear PDE with
nonlocal radiation interface conditions. SIAM J. Control Optim., 45:699-721,
2006. http://dx.doi.org/10.1137/040617753.

[10] I.M. Stein. Singular Integrals and Differentiability Properties of Functions.
Princeton University Press, Princeton, 1970.


http://dx.doi.org/10.1137/040617753

	Introduction
	Preliminaries
	Solvability of the Discretized Equation
	Boundedness of Solutions
	Discrete Gradients and Their Convergence as dM 0
	Convergence to the Solution of the Boundary Value Problem
	References



