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Abstract. We prove several propositions on A-summable series by Cesaro method
(C,1) or by weighted mean methods N, which are also often called Riesz methods
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1 Introduction

A sequence z = {¢,} is called bounded with the rapidity A = {\,} (0 < A, 1) if
An (&n — &) = O(1) with lim &,, = €. A sequence 2 = {&, } is called A-bounded by
a matrix method A if Az is A-bounded. G. Kangro [2] proved Tauberian remain-
der theorem for the Riesz summability method A preserving A-boundedness (by
the supposition Am* C m*), where

m* ={z| r={&}AImE, = EAN(E — &) =0(1) )

I. Tammeraid [5] studied Tauberian remainder theorems for Cesaro and

Holder methods of summability. For example: if the sequences z and \ satisfy
the conditions n\, A&, = O(1), x € ((C,a),m*) (a > 0) and

A oo 1
— —0(1 1.1
ATy, — o (L.1)

then z € m?.

If we inquire the condition (1.1) in the case A\, = (n + 1)*, we get that
0 < a < 1. That means that the condition (1.1) of preserving A-boundedness
does not enable us to study these problems in the case A\, = (n + 1)* with
a > 1. Therefore we are interested in the ideas which gave us G. H. Hardy [1],
F. Moéricz and B. E. Rhoades [3, 4].
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2 Cesaro Means of Order One

We use two lemmas (see [1]).

Lemma 1. If the series

> ak (2.1)

o] ay
2.2
2551 22)
18 convergent.

Lemma 2. The necessary and sufficient condition that the series (2.1) should
be summable (C,1) to sum A is that

lim (&, + (n+ 1)byy1) = A, (2.3)
while . -
a
€n = ak, by= k—:l' (2.4)
k=0 k=n

It is easy to control (see [1]) that the convergence of the series > b, to A
is equivalent to the condition (2.3).

Proposition 1. If 0 < p,, / o0,

ta = O(pn—1) (2.5)
and the series (2.1) is p—bounded by the method (C,1) and

oo

1

fin k:zn:ﬂ k+2)(k+3)un

o(1), (2.6)

then the series (2.2) is p—bounded.

Proof.  Let the series (2.1) be (C,1)-summable to A. That means limo,, = 4,
while

1 n
op = i kgo&g, én=(Mm+1)o, —nop_1. (2.7)

It is obvious (see [1]) that we may suppose without loss of generality that A = 0.
As the series (2.1) is p-bounded by (C,1) and A = 0, then

Using Lemma 1 we get that the series (2.2) is convergent. As

k:Ok+1 k:0k+1 k:n+1k+1
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then using (2.4), (2.7) we get

— G- & - &k
2. 2. K+l n+2 D (k+1)(k+2)

k=n+1 + k=n-+1 k=n+1

nop—1  (n+1)(n+4)o, = Ok
= 2
T2 G

T n+2  (n+2)(n+3) o (ke 2)(k+3)°

Therefore using (2.5), (2.6) and (2.8) we have

o ICERCED)

k=n+1
> 1
+ 24 k;ﬂ mﬂkak =0(1)+0(1) +0(1) = O(1).

So the assertion of Proposition 1 is valid. O
Proposition 2. If 0 < \,, 7 o0,

An = O(An—1) (2.9)
and the series (2.1) is A-bounded with A = {\,} by the method (C,1) and

1

(n+ 1)\, ZH s =0(1), (2.10)
then the sequence
{&n + (n 4+ 1)bny1}, (2.11)

where the quantities &, and b, are defined by (2.4), is A-bounded.

Proof.  Let the series (2.1) be (C, 1)-summable to A. Let A = 0. Using Lemma
2 we get that the sequence (2.11) is convergent to 0. So we have \,0,, = O(1).
Using (2.4) and (2.7) we get

&k — Sk—1
gn (7’L+1) n+1 — gn 7’L+1 Z k—l—l )
k=n+1
nop_1 2(n+1)oy, > o
w4 (4 Dbpy1=— +2(n+1 S —
Su b (0 b= e Dy 3y 2" >k;1(k+2)(k+3)
So we get
no A 2(n+1)
n \Sn lbn = 3 \n—10n— o o \nOn
A (En (0 Dba) = = S A1 T G )
1
+2(n+ 1)\, —/\
(n ZH (b +2)(k+ 3\ 7"
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Therefore using properties of oy, (2.9) and (2.10) we get
An (§n + (4 Dbpyr) = O(1) - O(1) - O(1) + O(1) - O(1) + O(1) - O(1) = O(1).

Thus the sequence (2.11) is A-bounded and the assertion of the Proposition 2
is valid. O

Proposition 3. If 0 < \,, oo,
tn = (n+ 1)\, (2.12)

and the series (2.1) is p—bounded by the method (C, 1) and the conditions (2.9)
and (2.10) are satisfied, then the series (2.1) is A-bounded.

Proof. Let A= 0. Using (2.9) and (2.12) we get the condition (2.5) is satisfied.
Using the Proposition 1 we get that the series (2.2) is y—bounded. Using the
Proposition 2 we get that the sequence (2.11) is A-bounded. So we get

A + An(n % o),
én + (+1)k§+1(k+1) (1)

As the series (2.2) is p-bounded, we have

o] ag
An(n+1) > k+1:0(1).
k=n+1

So we get A&, = O(1) and the assertion of the Proposition 3 is valid. O

3 Weighted Means

F. Moricz, B. E. Rhoades [3] and [4] used Hardy’s idea for an equivalent re-
formulation of summability by weighted mean methods. Let {p;} be a fixed
sequence of positive numbers and P, = Y, pr. A series (2.1) is said to
be summable by the weighted mean method N (often called as Riesz method
P = (R, p,)) if the sequence {n,} defined by

1 n
=5 > prés, (3.1)
k=0
where £ is defined by (2.4), converges to a finite limit as n — co. We use a

(see [3] and [4])

Lemma 3. Let N be the weighted mean method determined by {p,} satisfying
the conditions

pn>a>0 (n=0,1,2,...), pnt1/pn=0(), (3.2)

n Pn
Prtlin » p Ao (3.3)

n
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If the series (2.1) is N -summable to a finite number A, then the series

> bn (3.4)
n=0
converges to A, while
A (3.5)
Py
k=n
Let P
Cn = gn + - bn+1; (36)
Pn+1

while the quantity &,, is defined by (2.4).

Remark 1. The convergence of the series (3.4) to A is equivalent (see [4]) to the
limit relation

lim ¢, = A.
Proposition 4. If 0 < A\, /' oo and the conditions (2.9), (3.2), (3.3),
piJran-i-? - pnpn+2pn >0, (37)
o 9
Dyoy1 Prr2 — PEDr+2 Pk
AP =0(1 3.8
k:zn;rl AeDePkA+1 Prg1 Prgo (1) (3.8)

are satisfied and the series (2.1) is A-bounded by the method N, then the se-
quence {(,} is A-bounded.

Proof. Let the series (2.1) be N-summable to A. That means limn, = A.
Using Lemma 3 and Remark 1 we get lim(, = A. It is easy to prove (see

[4]) that we may suppose without loss of generality that A = 0. So we have
At = O (1). As by (3.1) we have

&n = (Pnnn _Pn—lnn—l)/pm (3.9)
then using (3.6), (3.5) and (3.9) we get

_ Prnt1Pn 1 n T ng_anPnJrQ - pnanrQPg

Cn N pnPn-i-l "

n

PnPn+1 Pn+1 Pn+2

2
Diy1 P2 — PrePri2DPr
ip, 3 tn ”

Py P
[ e R

As Apnr = O(1), then using (2.9), (3.2), (3.3), (3.7) and (3.8) we get

P21 PuPrio — pppnyaP?

__anranfl )\n n/\ n
nlin

/\n n — s )\n— n—
C pnPn-l-l )\n—l -1+

PnPn+1 Pn-‘rl Pn+2

AP i D1 Prge — prprsaPr
n n
AePrPk+1Preg1 Pryo

kMK
k=n+1

= 0(1)O(1)O(1) + O(1)O(1) + O(1) = O(1).
O
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Proposition 5. If0 < A\, /00, fn = Ppdn, Y = Pobyy1/pns1 and the series
(2.1) is u—bounded by the method N and the conditions (2.9), (3.2), (3.3), (3.7)
and (3.8) are satisfied, then the sequence {v,} is A-bounded.

Proof. Let A = 0. Then we have p,n, = O(1). As the series (2.1) is pu-
bounded then this series is also A-bounded. So we get

oo 2
Diir1Pry2 — PePr2Pr A Pa_
)\n'}/n - )\nPn Z ];\+1 P P )\knk + /\ ° %Anflnnfl
beng1  EPEPEA1 k41 k42 n—1 Pnlnt1
pn+2Pn Pn )
_ =0 (1).
(pn+lpn+lpn+2 PPt Hnlin )

O

Proposition 6. If the conditions of Propositions 4 and 5 are satisfied, then the
series (2.1) is A-bounded.

Proof. Let A =0. Using (3.6) we get

As \yG, = O(1) and Ay, = O(1) then A&, = O(1). O
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