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Abstract. In this paper sufficient conditions for a matrix M = (mux) (M, are
Cesaro numbers A, _,, s € Cif k <n and mur =0 if k > n) to be a transform from
the summability domain of the Cesaro method C* into the summability domain of
another Cesaro method C?, where a, 8 € C\{—1,=2,...}, are found.
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1 Introduction

Let C“ = (cpi), @ € C\{—1,—-2,...}, be a series-to-sequence Cesaro method,
i.e. (see [4] or [5])

n
k<
N B (!

0 (k> n),

where A% = ("F*) are Cesaro numbers. Throughout this paper we assume that
summation indices run from 0 to oo unless otherwise specified. A series = :=
>y is said to be C*-summable if the sequence C*z = (C%x) is convergent,

where
n

Crx = g CnkTk-

k=0

We denote the domain of all C'*-summable series by cce, i.e.

lim Cyx exists } .
n—r00

Coo = {:v = (x,)

In [1, 3, 10] necessary and sufficient conditions for a matrix M with real or
complex entries to be a transform from cce into cos for o, f € R or o, 5 €
C\{-1,-2,...} are described. The summability domains (and the subsets of
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summability domains) of different Cesaro methods are compared in several
papers (see, for example, |2, 7, 8]). For double Cesaro methods this problem
has in recent years been considered, for example, in [6, 9].
In the present paper the particular subcase of the above-described problem
is studied: sufficient conditions for a matrix M = (my; ), defined by the relation
S
Mk = {A""“ (k<n, s€C), (1.1)
0 (k> n),

to be a transform from cca into cgs, o, 8 € C\{—1,-2,...} are found. It is
easy to see that this problem is equivalent to the problem of finding sufficient
conditions for cca C ¢, where G := CP M.

2 Auxiliary Results

For the proof of main results we need the following properties of Cesaro numbers
(see [4], p. 77-81):

DAY LAY = AT for every a, 8 € C, (2.1)
k=0

|AY| < Ki(n + e for every a € C, K; > 0, (2.2)
|AY| > Ky(n + 1) for a €C\{-1,-2,...}, K2 >0. (2.3)

Further we also use the following lemma.

Lemma 1. Let o € C, 8 € C. The following assertions hold:
(A) If Rea# —1 and Ref # —1, or a = 8 = —1, then

Dui= Y [45_.A| =0 [(1+1) 2] +0 [(n+1) 7] 0 [(n + 1) 451
w (2.4)
(B) If Re 8 = —1, then

b Of(n+1)f“In(n+1)] (Rea>-1),
"o [(n+1)71] (Rea < —1).

(C) If Reaw = —1, then

O[(n+1)PIn(n+1)] (ReB=>-1),
O[(n+1)71] (Re B < —1).

D,, =

Proof. First we note that for all o, 5 € R relation (2.4) is proved, for example,
in [4], p. 79-81. Let now Rea # —1, Re 8 # —1. Then by (2.2) and (2.3) there
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exist K{, Ki, K3, K3 > 0 so that
D <KIE} Y (n—k41)Ree( k+1)R8ﬁ<K1K1K2K§Z ’AReO‘AR85’
k=0

Hence relation (2.4) holds, since Rea, Ref € R. Thus assertion (A) is satisfied.
Let now Ref3 = —1. Then with the help of relation (2.2) we have

D, <MV,, M>0,

where
n

Vo = Z”nk, vnk = (n—k+ 1) (k 4+ 1)
k=0
Further we can write

n_j
2 Rea—1 n

Z Uk + (2 +1) + > wvu (niseven),
Vo k=T 41
Z Unk + E Unk (n is odd),
k*n+1
ie.,
Re -1
Vn:(n+1)Reo‘1_l+nR€"2_l+-~-+(g+3) (g_l)

n Rea ,m\ —1 n Re a—1 n\ Rea /n —1
+(z+2) (3) ~G3+) ) G+
NI 2Rean71 4 1Rea(n+ 1)71

for an even number n, and

Re « —1
-1
V= (n+1)fear=l ppleag=l 4o 4 (n;5) <nT)

N 7’L+3 Re« 7’L+1 71+ TL+1 Re a 7’L+3 —1
2 2 2 2

Re o -1
-1 1
n (n ) (i) 4o oReap—l | qRea(y 4 1)1

2 2
for an odd number n. Let us suppose first that Rea > —1. Then

(TL+ 1)R6a1—1 2 1Reo¢(n+ 1)—1
nRea271 > 2Rean71,

Math. Model. Anal., 15(2):153-160, 2010.
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if n is an even number, and
(n+ 1)Reo¢1—1 Z 1Rea(n+ 1)—17
nReoc271 Z 2Rean717

n+3 Rea n+1 71> n+1 Rea n+3\"*!
2 2 - 2 2 ’

if n is an odd number. Consequently

1

2 QE (n—k+ 1Rk +1)"1+ (2 + 1)Rea_1 (n is even),
Vaq o
2 i(n—k—i—l)Reo‘(k—i—l)*l (n is odd).
k=0
Therefore
21
2(2+ 2T k4 1)1+ (2+1)™7 (nis even),
v, < ot
g
2(nkd)Rea S (k+ 1)t (n is odd)
k=0
if =1 < Rea <0, and
37! Rea—1
2(n + 1)Ree (k+1)~'+(2+1) (n is even),
V, < fff?
g
2(n+ 1)Fee S (k4 1)1 (n is odd)
k=0
if Rea > 0. Hence
D, =0 [(n+1)f*In(n+1)]; Rea > —1.

We assume now that Rea < —1. Then
(n+ 1)Reo¢1—1 S 1Rea(n+ 1)—17
nReoc271 S 2Rean717

n 5 Rea ,m\ —1 n\ Rea /n 5 —1
_ _ < (= _
G+2) (3 =G G+
if n is an even number, and
(TL+1)R806171 S 1R8a(n+1)71,

nRea2—l S 2Re o¢n—17

(2.5)
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if n is an odd number. Consequently

Re a—1

2 > (n—k+DRe(k+1)"t 4 (2+1) (n is even),
V. < k=541
2 > (n—k+1)fe(k+1)"! (n is odd).
3
Therefore
dn+4)71 Y (n—k+ 14 (24 1)Rea71 (n is even),
v, < =g
4n+3)"t Y (n—k+1)Ree (n is odd).
b
Hence
D, =0[(n+1)""]; Rea < -1). (2.6)

Consequently assertion (B) holds by (2.5) and (2.6). The proof of assertion (C)
is similar to the proof of assertion (B). So we omit it. O

3 Main Results

Now we are able to prove the main result of this paper.

Theorem 1. Let o, f € C\{—1,-2,...} and s € C. If Res < —1 and Res <
Rea < Re f3, then the matric M = (myy) , defined by relation (1.1), transforms
coe into cos.

Proof. It is sufficient to show that cca C cg, where G = CPM = (gn1).
Using equality (2.1), we get

n—I AﬁJrerl

1 1
Gnl = BZA i—z——ﬁan Y.

"kl

As the inverse matrix () of C* = (c,1) is defined by the equalities (see [4],

p. 86)
APAST? (R <),
mE =
0 (k>1),

for every x = (x) € coca we get

n n
Z gnkTk = Z TnkYk,
k=0 k=0

where yi 1= Cz and 7, = AifzfaAg/Ag by equality (2.1). Consequently,
for cca C cg it is sufficient to show by the well-known theorem of Kojima-Schur
that

there exists the finite limits lim ,, v, lim, ank, (3.1)
k=0

Math. Model. Anal., 15(2):153-160, 2010.
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and

>kl = 0(1), (3:2)
k

since the sequence (yj) is convergent for every x € cca. Thus, with the help of
relations (2.1)—(2.3) we have

n
’ Z Tnk
k=0

(since Res+ 1 < 0), and

n

AP

_ ’AMH ’ = O(1)(n + 1)Fes+1 = (1)

(n — k4 1)Re (B+s—a)
(n+41)keB

k
n+1

Re 3
=00) (1 - ) (n—k+ 1)t = o(1)
(since Re (s — a) < 0). Thus condition (3.1) is fulfilled.
The proof of validity of condition (3.2) we divide into three parts.
1) Let Re(B+s—«)# —1, Rea# —1,0or B+ s—a =« = —1. Then we
get

=3 |[A7r e ag| = O+ DFeEH0] 1 o] (n1) e ]
k=0
+0(n+1) e 1]
by Lemma 1. If

L:= maX{Re(ﬂ—l—s—oz),Reoz,Re(ﬁ—l—s)—i—l} :Re(ﬂ—l—s—a),

then S, = O [(n+ 1)R(5+5=)] "and consequently with the help of (2.3) we

have .
T, = Z

k=0
If L =Re(f+s)+ 1, then using (2.3) we can conclude that

Sh
AR

Tnk

-0 [(n +1)Re <H>} = 0(1).

Sp=0 [(n +1)8e (5+s)+1} ,

and therefore
Tn = O [(TL + 1)Res+l} = 0(1)

If L = Rea, then S, = O [(n+ 1)%¢“] | and hence
T, =0 [(n 4 1)Re Wﬂ)} —O(1),

i.e. condition (3.2) holds.
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2) Let Reaw = —1. Then

o _ { O[(n+1)ReB+rs=nn+1)] (Re(B+s—a)>-1),
Tl o[m+17Y (Re(B+s —a) < —1),
and consequently
O[(n+1)FE=Inn+1)] (Re(B+s—a)>-1),
”:{ O [(n+1)~Ref=1] (Re (B+s—a) < —1).
Therefore T;,, = O(1), because Re (s — ) < 0 and Ref8 > Rea = —1, i.e.

condition (3.2) holds.
3) Let Re(8+ s —a) = —1. Then

5 _{ Ol(n+1)fen(n+1)] (Rea>-1),
"o [(n+1)7] (Rear < —1),

and consequently

- { O[(n+1)fe=Mnn+1)] (Rea > -1),

O [(n+ 1)~ Ref=1] (Rear < —1).

Therefore T,, = O(1), because Re(aw — ) = Res+1 < 0 and —Reff — 1 =
Re (s — a) < 0, i.e. condition (3.2) holds. O

It is well known that C? includes C%, i.e. ccs D cga, if Reff > Rea > —1
(see [4], p. 87). Therefore for real numbers «, 8 we get

Corollary 1. Let a, 8 € R, s € C with a,, 8 > —1, Res < —1 and M be defined
by (1.1). If M transforms coe into cos, then C includes C©.

Proof.  'We see from the proof of Theorem 1 that the validity of condition (3.2)
is necessary for M to be a transformation from cge into c¢qos. We prove that
condition (3.2) is not satisfied for 8 < a. Indeed, by (2.2) and (2.3) there exists
a number K > 0 so that

Y

O

k=0
As the sequence ((n—l— 1)Re (0‘*5)) is not bounded for 5 < «, then also the
sequence (7T,) is not bounded for 8 < «. Consequently for the validity of
condition (3.2) it is necessary that 3 > . As a, 8 > —1, then C? includes C*.
O

a

AB

>K[(n+ 1)Re(@=B)|,
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