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Abstract. Expenditure of enterprises on environmental protection has highly po-
sitive or zero values. Thus, distribution of such a variable is skewed, and its pop-
ulation variance is high. As a consequence the design-based estimator of a total
expenditure has a high variance. The censored regression model (tobit model) for
transformed study variable is used in this paper. The values of the study variable of
non-sampled elements are estimated using this model, and a new estimator of the
total expenditure is obtained. In the case of simple random sampling and known
model parameters, it is shown by simulation that the empirical mean square error
of such a model-based estimator is lower than that of the design-based one. Due to
estimation of the unknown model parameters the mean square error of the estimator
is higher.
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1. Introduction

The variable of expenditure on environmental protection is quite irregular:
some of the enterprises have high expenditure and some of them have none
at all. Thus, distribution of such a variable is skewed with the peak at zero
and has a high population variance (Fig. 1). For this reason the design-based
Horvitz-Thompson estimator [8] of the total of such a variable has a high
variance as well. We are looking for another way of estimating the total.
One of the possible ways to solve this problem is to use the model-based
approach of a study variable. In this case the values of variables of the ele-
ments of a finite population U/ are assumed to be generated according to some
super-population model. The non-sampled values of the study variable are
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Figure 1. Expenditure to the environment protection.

predicted by this model and used for the estimation of the total. If we can
find a distribution model that closely resembles the distribution of the study
variable, a model based-estimator may have a smaller mean square error than
a design-based one. This way of estimation is presented in Valliant et. al. [10].
It was used to estimate the total of the non-negative variable with zero values
by Karlberg [5]. The study variable is expressed there as a product of two
variables: nonzero and binary.

We shall use a new approach and apply a model which describes positive
and zero values of logarithmic transformation of the study variable—censored
regression or a tobit model. The tobit model has been introduced by Tobin
[9] in 1958, developed by Amemiya [1], Green [3] and widely discussed in
Amemiya [2], Green [4], Madalla [6], Magnus et. al. [7]. We suggest some
application of the tobit model in the estimation of the finite population total
of a non-negative study variable.

2. Design-Based Estimator of a Total

Let us denote by & = {1,2,..., N} the finite population, consisting of N
elements, and by y the study variable with the values yx, k = 1,..., N, defined
for the elements of the population, correspondingly; the total of this variable
is defined by t, = y1+- - -+yn~. The n size sampling design is said to be simple
random sampling if any collection of n distinct elements from the population
i, i C U, has the same probability to be selected. The simple random sampling
design can be obtained when n elements from the finite population are taken
with equal selection probabilities without replacement.
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The Horvitz-Thompson estimator of the population total
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B0 =D
kei

is unbiased under simple random sampling [8]. The unbiased estimator of the
variance of this estimator is used:
Var(i,) = N? (1 n ) i
ar(ty) = - — )=,
Y N/ n

. 1 _ _
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We restrict ourselves to the simple random sampling in the paper.

3. Model-Based Estimator of a Total

Let x be an auxiliary variable, and its values are denoted by z;, k =1,..., N,
they are known for all the population elements. Let i, i C U, be a probability
sample of size n and i = U \ i be a subset of the non-sampled elements of
population. The values y; are known only for the elements k that belong to
the sample: £k € i.

The parameter of interest is the population total ¢, = Zgzl yx. It can

be expressed as a sum tg(,i) of the sampled elements and a sum tg(,i) of the
non-sampled ones:

by = ty(;i) +t§) = Zyk + Zyk

kei kei

Here the value of téi) is known from the sampled data. A super-population

model for y, k € U has been built. This model is used to construct the esti-

)

mators i, k € i. Then tg(ji is estimated by ES) = > nciUx and the population

total ty is estimated by
P(model i hél 1

Some special model for the variable y with zero and positive values is used.
3.1. Tobit model of a study variable

Let us denote by xi = (1,x1)’, values of the known non-random auxiliary
vector x and by 2§, k =1,..., N, values of some unobserved random variable

z*. Suppose the values z}, can be written in the form

2 = X8 + ek, (3.2)
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i.e. it depends on the unknown regression model parameter 8 = (5o, /1)
and error terms ¢, ~ N(0,02), which are independent. Let z; be expressed
through the values z; of an unobserved variable z* by

zp, i zf >0,
2k = k=1,...,N. (3.3)
0, if zf <0,

The model given by equations (3.2) and (3.3) and associating z with zj is
called a censored regression model or a tobit model of the variable z.

The conditional mean of z is equal to (see [4]):

E(z1|x1,) = x;ﬂgﬁ(x;@—ﬂ) +a¢(x%Tﬁ), k=1,...,N. (3.4)

g

Here &(-) is a standard normal distribution function and ¢(-) is its density
function.

Let us consider a study variable that acquires non-negative values yy, such
that 2z, =In(yx, + 1), k=1,...,N.

Proposition 1. The conditional mean of a non-negative variable y with the
values yi, k=1,..., N, in a finite population, defined by

zr = In(yr + 1) (3.5)

for z satisfying (3.2), (3.3), is equal to
/ /
E(yr|xx) :ex;'e'*"’Q/QSTJ(M —|—a) —@(M). (3.6)
o o
Proof. Let us express
E(yxlxi) = E(e* — 1|25 > 0) P(z} > 0) + E(0|z; < 0) P(2; < 0).

By virtue of (3.2) and (3.3)

1 o0 _w=x}8)*
B(pifx) = —= [ (e~ De " du,
oV2r Jo

By integrating we obtain
o 2

1 ca+x, —a
E(yr|xx) = E/’%ﬁ (e B l)e zda

1 / i a2 1 a2
—— B e’ 2da— — e 2da
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4. Estimation of the Total

For the known parameters 8 = (5o, 31)’ and o2 of the model (3.2), (3.3),
(3.5) let us estimate the values of y of non-sampled elements from (3.6) by

/
S(ltobit) _ i et @( X0 ) B 45( x}.3 )
Yk ’ a?/2 + a2/2)"

ltobzt)

Replacing i by 4, n (3.1), k € i, we get the new unbiased estimator of

the population total:

ffiterit) = 40 1 = 3" 43 g, (4.1)
kei kel

In the case where the model parameters 8 = (3, 31)’ and o? are unknown
they are estimated from the sample data for the tobit model (3 2), (3.3), using
the maximum likelihood method. Their estimators 3 = ((o,31) and 62 are
used to estimate the values y; of non-sampled elements:

Altobit _ ex2ﬁ+a2/2¢(X;€Tﬂ n 6’) _ @(X%ﬂ),
(o)

Yk &

G in (3.1), k € 1, we get the estimator of the population

ttonn) — 4 0 = 37y g 3 gLttt (4.2)
kei kei

Replacing g by 9,
total

This estimator is not unbiased. The properties of the estimators proposed will
be investigated by simulation in the next section.

5. Simulation Study

The simulation was performed using two populations: artificial and real.

The size of the artificial population is N = 1000. The values of the variable
x were simulated by the normal distribution: z;, ~ N(3.5, 1.6), the error
term ¢ by e ~ N(0, 0.8), k = 1,..., N. The constant vector is chosen 8 =
(Bo, 1)’ = (—3.45,1.1)". Then the values of z;; and z;, are constructed by (3.1)
and (3.2). The values of y;, are obtained by y, =e** — 1, k =1,..., N. Such
a variable y has 41% of values equal to 0 in the population. The correlation
coefficient between z and x equals 0.75 for z; > 0.

The population of enterprises of the clothing manufacture activity of
N = 187 elements is studied as a real population. The study variable y (Fig. 1)
is expenditure on environmental protection. It has 53% of zeroes in the pop-
ulation. It is transformed using z = In(y + 1). The logarithm of the income is
taken as an auxiliary variable x with the values z;. The correlation coefficient
between z and x equals 0.58 for z; > 0. The distribution of z in both cases is
given in Fig. 2.
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Figure 2. Distribution of logarithms of the positive values of the study variable in
the artificial population (left) and the real population (right).

1000 simple random samples of size n = 20, 40, 100 are drawn from both
populations. The procedure lifereg of a statistical program package SAS has
been used for estimation of the tobit model parameters by maximum likelihood

method. The estimates fy(,SI), f(ltObit)

case. For all the estimators £, = iy, £{*" and """, the average of
1000

the estimates tiy = (32,2 tyi)/1000 (rephcates of t, are denoted by i),
empirical variance of the estimates

nd ?éltom) have been calculated in each

| 1000 _
T R
Var( ) 1 000 ; (tyl ty) )
empirical standard deviation Std(f,) = @(fy), empirical bias B/zb:s(fy) =

t, — ty, relative mean square error

—2 .
\/Var + Bias (ty)

RMSE )
ty
and skewness
. 1000
Ms(ty) . 1 .=
Skew = —22— M;(t t, —t,)>
Std®(i,) alty) = 999 - ( )

have been calculated. The results of simulation are presented in Table 1.
Comments on the Simulation Results

1. Artificial population.

1.1. Comparison of £"°"" and #°"). The empirical bias of £/**"" is larger

than ty(, ), while the empirical standard deviation is lower, and the estimate
of the relative mean square error is less. This effect is stronger for the small
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Table 1. Simulation results.

Case Population Sample ¢, Ey @(fy) Std(ty) RMSE(t,) Skew-
size n ness
Model Artificial 20 4695 4791 96 55 0.02 0.81
parameters 40 4792 97 80 0.03 0.70
known 100 4782 87 122 0.03 0.25
£, = £5"°"" Real 20 521 622 102 24 017 0.67
40 605 84 28 015 0.37
100 567 47 36 010  —0.08
Model Artificial 20 46955743 1048 4546 0.99 4.44
parameters 40 5095 400 2043  0.44 2.11
unknown 100 4908 213 1137 025 0.93
£y = £5/"°""  Real 20 521 690 169 594 119 1201
40 615 95 194 041 0.96
100 567 47 74 017  —0.10
Simple Artificial 20 46954623 —72 3518  0.76 1.83
random 40 4757 62 2420  0.51 1.38
sampling 100 4665 —30 1519  0.33 0.73
ty =% Real 20 521 544 24 249 0.46 0.69
40 511 —10 146 0.29 0.32
100 520 0 73014  —0.04
sample size. The skewness of the distribution of fg,”"b“) is less than that of

tAg,SI), especially for the small sample size.

1.2. Comparison of £/**" and £'*""")_ If the model parameters are not

known and they are estimated from the sample, the empirical bias, empirical
standard deviation, relative mean square error and skewness are much higher

than in the case where t}le model parameters are known.
1.3. Comparison of """ and #*"). Despite that the empirical bias of
fg,“"bl” is higher, its empirical standard deviation and estimate of the relative
+(ST) . . .
mean square error become less than that of ¢;,” "’ for an increasing sample size.
2. Real population. We note that the distribution of zj, for z; > 0 cannot
be approximated so well by the log-normal distribution (Fig. 2), and the
correlation coefficient between z and x is not so high as in the case of the

artificial population.

2.1. Comparison of ﬂ(,lwb“) and fg,SI) (see Fig. 3, 4). The empirical bias of
{g,”"b“) is not much higher than that of tAg,SI), but the standard deviation is sig-
nificantly lower. For this reason, the relative mean square error is significantly

lower than that of fésj). The skewness of both estimators is similar.
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Figure 3. 1000 estimates of size n = 40 from the real population with the known
model parameters (left) and the estimated ones (right).
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Figure 4. 1000 simple random design-based estimates from the real population of
size n = 40.

2.2. Comparison of """ and £{"*""") (see Fig. 3). Due to the estimation

of the model parameters the empirical bias of tAg(ftObit) is larger and its relative
mean square error is much higher than in the case where the model parameters
are known. -

2.3. Comparison of fy(fwb”) and fésj). Because of the estimation of the
model parameters the empirical bias becomes a little bit higher, while the

empirical standard deviation becomes significantly higher than that of tAg(,SI).

6. Conclusions

1. If the distribution of the study variable satisfies the assumptions of the
model (3.2), (3.3), (3.5) and the parameters of this model are known,
then the tobit model-based estimator has a lower relative mean square
error than in the case of a simple random design-based estimator. If the
model parameters are not known, then the tobit model-based estimator
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is not unbiased and has a high mean square error. Some bias adjustment
is needed. This is the case of most real surveys.

The tobit model-based estimator of a total is sensitive to the model as-
sumptions. The artificial population is generated by the model, and the
relative mean square error of the model-based estimator of the total with
the known population parameters is lower than that for real data.

The proposed model (3.2), (3.3), (3.5) can be applied to estimate the
total of expenditure on environmental protection in the case of the known
model parameters.
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