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úüûþý@ÿ������Rÿ��	� G KMJ>Z Y�^�

� A G Z�H G	� Z Y�^ J��C_�� (V λ, A, p)
<����
��� N��-_ G���G����-G J/A G�� NCJ 
 �CK�� G

Z�H GFY�G _ N@Z�K ^ J�� G Z! G7G J1Z�H G"��W NCA G#��^�$%� Z Y�^ J
�(_�� (V λ, A, p)
<&���
��� N��/_ G	��G����-G J/A G�� N@J 
� Z Y�^ J��C_'� (V λ, A, p)

<(������� N)�-_ G*��G����-G J/A G��  ÄK Z�H Y�G#��W�G AÁZþZ ^ N �F^�
�� _ ���+$,� J/AÁZ�K ^ J" ÄH G J
A = (aik) K � NCJ�K J�-�J/KMZ G	� N@Z Y K�. ^�$ A ^/�FW _ G .üJ �
� � GÁY0� N@J 


p = (pi)
K � N ��G����/G J-A GX^�$

W�^�� K Z�K�� G%Y�G N@_�J ��� � GëY0��1�2 _ ��^  G �(K'� G J�N=Z �/Y NC_ Y�G _ N@Z�K ^ J � H-K W � G Z! GÁG J � Z Y�^ J
�(_�� (V λ, A, p)< A ^ J�� GÁY � G J-A G  ÄK Z�H Y�G#��W�G AÁZ­Z ^ N �F^�

� _ ���3$,� J-AÁZ�K ^ J¼N@J 
4� Z Y�^ J
�(_��
Sλ(A)

<5� ZIN@Z�K � Z�KMA�NC_
A ^ J�� GÁY � G J-A G�1
657�8&9�:<;)=?>/@�A­G _ N�B NC_M_ G7GÁTDC�^������ KMJ �FG NCJ#[ �F^�

� _ �
�E$,� J-AÁZ�K ^ J#[ � ZIN@Z�K � Z�KMA�N@_#A ^ J�� GÁY � G J-A G

F3G5H�I%J<K�LNM�OQPRJTS0L%I
�VUXW

λ = (λr) Y U��x�TZ	���TU�[X\#UC�
]IÌ
�T^_]`U/a�bTU@��[)UcZ�d�eRZ
]ëÌfWëÌhg�U1�<b�Ê Y U)\�]iWjUC����Ì
�T^_WjZ
∞

�	���
λr+1 ≤ λr + 1, λ1 = 1 k �NlTUi^�U@��U)\7�RÍ
Ìfm�UC���nU Í
�¼ÃÄ�RÍ
ÍfU�U=ÉpoqZ�b�]#]IÌ
��Ê4UC�	��Ì,]

�nUXr���UC� Y<s
tr(x) = λ−1

r

∑

i∈Ir

xi, Ir = [r − λr + 1, r].

�t]jU�a�bTUC��[XU
x = (xi)

Ìh]q]Á�RÌ ��W#Z Y U (V, λ) u ]`b�Ê Êb� Y ÍfU%WjZF�"��b�Ê Y U)\ s
Ìfd

tr(x) → s��]
r → ∞ v �+U@Ì
����ÍhU)\	w�x�y{z k �pd

λr = r,
Wjl�U@��W#lTU

(V, λ) u ]jb�Ê�Êb� Y Ì
Í
Ì�W s Ì,]|\#UC�nb}[XUC�~WjZ
(C, 1) u ]`b�Ê�Êb� Y Ì Í
Ì�W s
kn� U���\ÁÌfWjU

[V, λ] = {x = (xi) : lim
r→∞

λ−1
r

∑

i∈Ir

|xi − s| = 0 for some s}

d{Z�\N]`U)W#]%Z�d+]jU�a�bTU@�}[XU�]
x = (xi)

��l�Ìh[�l���\#UQ]0W#\jZ/�T^	Í s (V, λ) u ]`b�Ê�Êb� Y ÍfUQWjZ
s,
Wjl���W

Ìh]
xi → s[V, λ] k
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� b Y ]jU�a�bTUC�
WÁÍ s ]`Wj\#Z	�T^/Í s (V, λ) u ]jb�Ê�Êb� Y ÍhU�]jU�a�bTUC��[XU�]`e��
[XU/]*l���g
U Y U�U@� ]`Wjb#��É

ÌfU(� Y<s g>��\ÁÌfZ
b�]+��bnWjl�Z�\�]@Î v �­Ì
Íf^/Ì � w��)y��3�����T^���\	UXWF�RÍNw���y�� � ��g��
]"w�� � y��Ò�R�#� Z�W#lTU)\�]�z k�NlTU1�TZ�WÁÌfZ/� Z�d�Ê4Z��Tb�Ífb}]"d{b���[�WÁÌfZ/�t�9��]¥Ì
�
W#\jZ��nb}[XUC� Y<s �"�����	�TZtw�� � y k3� Uc\jU/[@�	Í Í
Wjl���W"�¥Ê4Z��nb�Íhb�]

f
Ìh]"�"d{b���[�WÁÌfZ/� d{\#Z	Ê

[0,∞)
WjZ

[0,∞)
]jb�[�l&Wjl���W

v Ì z f(x) = 0
Ìfd
�R���&Z	��Í s Ìfd

x = 0
�

v Ì
Ì,z f(x + y) ≤ f(x) + f(y)
d{Z
\

x, y ≥ 0
�

v Ì
Ì Ì z f
Ì,]�Ì
��[X\#UC�
]IÌ
�T^��

v Ìhgnz f
Ìh]�[)Z	��WëÌ
�<bTZ�b}] d{\jZ/Ê WjlTU�\ÁÌh^�l�WÇ��W � k�pW�d{Z	Í
ÍfZ�� ]%Wjl#��W

f
Ê"b�]`W Y U [)Z	��WëÌ
�<bTZ�b�]NZ/�

[0
�
∞).��Ì
Íh^	Ì
� w��Xy��	Æ�Z	Í���w ��y��-���	���TZ! �w "���#�y���$�mXW%�T\%�n�R�����­Ì
Íf^/Ì �cw�����y��	Å�b�[&��ÍhU�w�� � y��	�R���

Z�Wjl�U)\�]Nb�]`U(��� Ê4Z��nb�Íhb�]Nd{b��}[�WëÌhZ	�&d{Z
\Ç�nUXr���Ì �T^�]jZ	Ê4UX�TU�� ]jU�a�bTU@�}[XU�]`e#��[XU/] k�VUXW
A = (aik) Y U¥�	��Ì �nr#��Ì�W#UnÊb��W#\ëÌ� cZ�d|[XZ/Ê4e�ÍfU' �<b�Ê Y U�\#] k�� U"��\ÁÌfWjU

Ax =

(Ai(x))
Ìfd

Ai(x) =
∞
∑

k=1

aikxk

[XZ/�<g�U)\#^�U/]*d{Z
\�UC�
[�l
i.

Å�U�[)U@��WëÍ s � W#lTU [)Z	��[)U)enW Z�dN]`Wj\#Z	�T^
(V, λ) u ]jb�Ê�Êb� Y Ì
Í
Ì�W s �­�
](^�UC�TU)\7�RÍ
Ìfm�UC� Y<s��Ì
Íh^	Ì
� w��Xy�����] d{Z/Í ÍhZ�� ]CÎ

V λ[A, f ] = {x = (xi) : lim
r→∞

λ−1
r

∑

i∈Ir

f(|Ai(x) − s|) = 0, for some s}.

��� WjlTU eT\#U�]jU@��W e���e}U�\ � U�Ì
��Wj\#Z��nb�[XU WjlTU_]0W#\jZ/�T^	Í s (V λ, A, p) u ]jb�Ê�Êb� Y ÍhU
]`U/a
b�U@��[)U�]n�	���_^	Ìhg�U�WjlTU \jUCÍ
��WëÌhZ	� Y UXW0� U)U@�_W#lTU ]je��
[XU�]"Z�d ]`Wj\#Z	�T^/Í s (V λ, A, p) u]`b�Ê�Êb� Y ÍfU4]`U/a�bTU@��[)U�]��R��� ]`Wj\#Z	�T^/Í s (V λ, A, p) u ]jb�Ê�Ê�� Y ÍhUi]jU�a�bTUC��[XU/]���ÌfWjl \#U=É
]`eRU�[XW�WjZü� Ê4Z��Tb�Ífb}]���lTU@�

A = (aik)
Ì,]��R�1Ì �Tr���ÌfWjUFÊb��W#\ëÌ� Z�d3[XZ/Ê4e�ÍfU' ¼�<b�Ê Y U)\�]�R���

p = (pi)
Ìh]­� ]jU�a�bTU@�}[XU Z�dVe}Z�]IÌfWëÌhg�U \#UC�	Í��<b�Ê Y U�\#] k �"Íh]jZ"� U ^	Ìhg�U"����W#bT\Á�	Í�\#U@Í �>É

WëÌhZ	��]jl�Ìhe Y U)W0�%U�U@��]`Wj\#Z	�T^/Í s (V λ, A, p) u [)Z	�<g�U�\j^
U@��[)UN��Ì�W#l�\jU/]`eRU�[XW*WjZ¥�FÊ4Z��Tb�Ífb}]
d{b���[�WÁÌfZ/���R���c]`Wj\#Z	�T^/Í s Sλ(A) u ]0W7��WëÌ,]`WëÌ,[@�RÍV[)Z	�<g�U�\j^
U@��[)U k�NlTU	d{Z	Í
ÍfZ���Ì
�T^�Ì ��U�a�b��RÍ
ÌfW s ��Ì Í
Í Y U�b�]`U(� WjlT\#Z�bT^
lTZ�bTW W#lTU�e���e}U�\)(

|ai + bi|
pi ≤ T (|ai|

pi + |bi|
pi) v � k �/z

��lTU)\#U
ai

�	���
bi

��\#U [XZ	Ê4e�ÍhU* 1�<b�Ê Y U)\�])� T = max(1, 2H−1),
�	���

H = suppi <
∞.

+NG-, JnKTL|I/.1032
(V λ, A, p) 4 ,NO657598;:�0=<>,?<A@NO/<EIQPB<AC

�VUXW
A = (aik) Y U­�R�FÌ
�nr���ÌfWjU�Êb��Wj\ÁÌ� 	Z�dn[)Z	Ê4e�ÍhU* X�<b�Ê Y U)\�]'� p = (pi) Y U�� Y Z�b��#�nUC�

]`U/a
b�U@��[)U5Z�d|e}Z�]IÌfWëÌhg�U5\jU(�RÍ��<b�Ê Y U)\�] v 0 < h = inf pi ≤ pi ≤ suppi = H < ∞
z*�

�R���
f Y U¸� Ê4Z��Tb�Ífb}] kT� U¸�nU)r��TU

V λ[A, p, f ] = {x : lim
r→∞

λ−1
r

∑

i∈Ir

f(|Ai(x) − s|)
pi = 0, for some s},

V λ
0 [A, p, f ] = {x : lim

r→∞

λ−1
r

∑

i∈Ir

f(|Ai(x)|)
pi = 0},

V λ
∞

[A, p, f ] = {x : sup
r

λ−1
r

∑

i∈Ir

f(|Ai(x)|)
pi < ∞}.



� ©Ë¨ë¬>« 
RÂ »
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� ]`U/a�bTU@��[)U
x = (xk)

Ìh]5]ë�	Ì
� W#Z Y U ]0W#\jZ/�T^	Í s (V λ, A, p) u [)Z	�<g�U�\j^
U@��W�W#Z��
��b�Ê Y U)\ s

��Ì�W#l�\jU/]`eRU�[XW%W#Z¥�nÊiZ��nb�Ífb�]�ÌfdVWjlTU�\jU�Ì,]��5[XZ	Ê4e�ÍhU* b�<b�Ê Y U�\ s
]`b}[�l~Wjl���W

x ∈ V λ[A, p, f ].
�pd

x
Ìh]�]`Wj\#Z	�T^/Í s ((V λ, A, p) u [XZ/�<g�U)\#^�UC��W WjZ&Wjl�U5g>�RÍhbTU

s
��ÌfWjl

\jU/]`eRU�[XW W#Zü� ÊiZ��nb�Ífb�]
f,

WjlTUC�&� U���\ÁÌ�W#U
xi → s(V λ[A, p, f ]).�NlT\jZ
bT^�l�Z�bnW WjlTU�e#��eRU)\

µ
��Ì Í
Í3�nU@��Z�WjU�Z/�TU(Z�d WjlTUF��Z�WÁ��WëÌhZ	��]

0, 1
Z�\

∞.
� lTU@�

f(x) = x,
WjlTUC� � U���\ÁÌfWjU	WjlTU�]je���[)U�]

V λ
µ [A, p]

Ì �&e�Í ��[)U	Z�d
V λ

µ [A, p, f ] k�pd
pi = 1

d{Z
\Ä�RÍ
Í
i, V λ

µ [A, p, f ]
\#UC�Tb�[XU%WjZ

V λ
µ [A, f ] k�� UC��[XU

V λ
µ [A, p, f ]

Ì,] WjlTU�]Á�RÊ4U
��] Wjl�U ]`e��
[XU

[A, V, λ, f ]
Z�dþ�­Ì
Íf^/Ì � w��)y k���(Wjl�Ì,]E]jU�[XWëÌhZ	��� U3U* ��RÊ�Ì
�TU|]jZ	Ê4U3W#Z�eRZ	ÍhZ�^	Ì,[@�	Í�eT\#Z�eRU)\jWëÌhU�] Z�d

V λ[A, p, f ]
]je���[)U�]

�R����Ì �<g
U�]`WëÌh^/��W#U�]`Z/ÊiUXÌ
��[=Íhb�]ëÌfZ/� \#U@Í ��WÁÌfZ/��] Y U)W0�%U�U@�&Wjl�U�]jU(]je��
[XU�] k
�
	���
 � ����� ��� ¤@©

f
�7¤�§1ª�¬�� � Â � µ­® � «�³@©Ë²´¬>«�§>«��

X
�	¤@«�¬>©�¤=µ ©±°�¤ü§R«�»	¬R«�¤¼¬I® ©º°�¤

µV¦�§	³7¤=µ
V λ[A, p, f ]

¶
V λ

0 [A, p, f ]
¬>¨

V λ
∞

[A, p, f ].
� °�¤@«

X
² µb§�ÂM²º«�¤7§>¨�µË¦�§	³7¤ ¬>¹>¤=¨

©º°�¤¥³7¬>ª"¦�Â
¤�����¤@Â��
C.

�­¨ë¬(¬�®=¿ � U~^	Ìhg�U5WjlTU~eT\#Z<Z�d Z	��Í s d{Z�\
V λ

0 [A, p, f ] k � Ì
��[)U4WjlTU~eT\#Z<Z�d­Ìh]F�	���RÍhZ�^
Z�b�]
d{Z�\NWjl�U ]`e��
[XU/]

V λ[A, p, f ]
�R���

V λ
∞

[A, p, f ],
�%U(Z	Ê�ÌfWNWjlTU¸�nU)WÁ�	Ì Í,] k�VUXW

x, y ∈ V λ
0 [A, p, f ]

���	���
α, β ∈ C.

�NlTU@�cW#lTU)\#U U* �Ì,]0W+Ì ��WjU�^�U�\#]
Ta

�	�����
b]`b�[�l Wjl#��W

|a| ≤ Ta

�	���
|b| ≤ Tb. � U(W#lTU)\#UXd{Z
\jU	l���g
U

λ−1
r

∑

k∈Ir

f
(∣

∣

∞
∑

k=1

aik(axk + byk)
∣

∣

)pk ≤ λ−1
r

∑

k∈Ir

f
(∣

∣

∞
∑

k=1

aikaxk +

∞
∑

k=1

aikbyk

∣

∣

)pk

≤ T{λ−1
r

∑

k∈Ir

[Taf
(
∣

∣

∞
∑

k=1

aikxk

∣

∣

)

+λ−1
r

∑

k∈Ir

Tbf
(
∣

∣

∞
∑

k=1

aikyk

∣

∣

)

]pk

≤ T{[Ta]
Hλ−1

r

∑

k∈Ir

f
(∣

∣

∞
∑

k=1

aikxk

∣

∣

)pk+[Tb]
Hλ−1

r

∑

k∈Ir

f
(∣

∣

∞
∑

k=1

aikyk

∣

∣

)pk

��]
r → ∞ k �Nl�Ìh]NeT\#Z�g�U/]%Wjl���W

V λ
0 [A, p, f ]

Ìh]ÇÍ Ì
�TUC��\ k �
�
	���
 � ����� �� ®

f
�7¤9§>«#»"ªb¬!� � Â � µ7¶�©±°�¤@«¥©±°�¤­²º«�³=Â � µ�²´¬R«�µ

V λ
0 [A, p, f ] ⊂ V λ[A, p, f ] ⊂

V λ
∞

[A, p, f ]
°�¬RÂ��	¿

�­¨ë¬(¬�®=¿��NlTU�Ì
��[=Íhb�]ëÌfZ/�
V λ

0 [A, p, f ] ⊂ V λ[A, p, f ]
Ì,]cZ Y g�ÌfZ
b�] k �QZ���ÍhUXW

x ∈
V λ[A, p, f ]

]`b}[�l W#l���W
xi → s v V λ[A, p, f ]

z k � s b�]ëÌ �T^ v � k �/z �n� U(l���g�U
sup

r
λ−1

r

∑

i∈Ir

f(|Ai(x)|)
pi = sup

r
λ−1

r

∑

i∈Ir

f(|Ai(x) − s + s|)
pi

≤ T{ sup
r

λ−1
r

∑

i∈Ir

f(|Ai(x) − s|)
pi + sup

r
λ−1

r

∑

i∈Ir

f(|s|)
pi}

≤ T{ sup
r

λ−1
r

∑

i∈Ir

f(|Ai(x) − s|)
pi + Max{f(|s| )

h
,f(|s| )

H
}} < ∞.

� U@�}[XU
x ∈ V λ

∞
[A, p, f ].

�Nl�Ì,]*]jlTZ�� ] Wjl#��W3Wjl�U�Ì ��[@Ífb}]IÌhZ	�
V λ[A, p, f ] ⊂ V λ

∞
[A, p, f ]lTZ	Í �T]N��l�Ì,[�l [XZ	Ê4e�ÍhUXW#U�] W#lTU�eT\#Z�Z�d k �

�NlTU(eT\jZ<Z�dEZ�d Wjl�U(d{Z	Í
ÍfZ���Ì
�T^i\jU/]`b�ÍfW�Ìh]"�i[)Z	��]jU�a�bTUC��[XU	Z�d
�NlTU�Z�\#U@Ê �
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V λ
0 [A, p, f ]

�	���
V λ[A, p, f ]

��\jUþ�TZ���lTU�\jU
�nUC��]jU*]`b Y ]`U)W#]VZ�d V λ
∞

[A, p, f ] .�VUXW�� Y U¸�4]`U/a
b�U@��[)U(]je��
[XU k �Nl�U@���dÌh]�[C�RÍ
ÍfU(�
� Z	Í
Ì
� v Z
\��TZ�\ÁÊb�RÍ z�Ì�d

(αixi) ∈ X
��lTUC�TU)g
U)\

(xi) ∈ X
d{Z�\Ç�	Í ÍV]jU�a�bTUC��[XU/]

(αi)Z�d3]j[C�RÍ ��\�]|��ÌfWjl
|αi| ≤ 1

(<d{Z�\Ç�	Í Í
i ∈ N

(
� Z	�TZ�WjZ/�TUqeT\jZ�g�Ì �nUC��� [)Z	��WÁ�	Ì ��]RW#lTU|[C�R�TZ/��Ìh[C�RÍ�eT\#U@Ì
Êb��^
U�]?Z�d��RÍ
ÍRÌfW#]E]0W#U)e�]je���[)U�] k�pd��zÌ,]��TZ�\ÁÊb�RÍ��<WjlTUC���dÌh]9Ê4Z	��Z�WjZ/�TU k

�
	���
 � ����� � � °�¤ µ@¤�� � ¤@«�³7¤�µË¦�§/³7¤�µ
V λ

0 [A, p, f ]
§>«��

V λ
∞

[A, p, f ]
§>¨ë¤ µ@¬RÂM² � §>«��
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