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¹�R _ È	��ÆIÂÉ�	�-Âb�WR�`OR>�#��¸ ��X�È	��ÍdcvÈ	�
m

»
m′ » γ �;�#�

κ e ��ÆTR>Ídf�Ë
_ È	�-Â7�;¸
�*RC� `�ÁÉÈ�È�f _ �	� r R f²È/Ä���� �	Í
ÆÃÈ�¸
� ÍdR _ ÂÃÄ�ÁTRf��È;ÂTR(Æ l [��	n �|� _�_ È/ÁÉ��¸
�*X1ÂÉÈ Z%[ � � ] »Ä����WRCÁsÂ�S*R%ÂÉÁÉ�/��¸ ÂÃ¸
È	���	Í-�/ÆÃÆÃÄ�Ì'`�ÂÃ¸
È	�#Æ

f ∈ Cm[0, 1]
»
K ∈ Cm([0, 1]×[0, 1])

»C¸¥� R/� »�f²È	Á
m′ = m

»	ÂTS*R�� _�_ Ä�Á7� _ c O(n
−m/2
? )

�;������È	ÂÇÌ�È	Á�R _ �	� r R�� _ S�¸tR>¹$RC�jr7c´�;�7cbÆÃÈ	Í
¹�RCÁC�
ÀKS�¸
ÆG`��	ÁIÂÉ¸
�	Í�Á�RCÆÃÄ�Í ÂÇ¸
ÆÇÁTRCÍ
�;ÂÃ¸
¹�RCÍdc�ÆI¸
Ì'`�ÍdR/»/¸ ÂGS#�	Æ=rOR�RC��RCÆIÂÉ��r�Í
¸
ÆTS*RC�´�	Í Á�RC�/�Wc�¸ � [ ¿ �7mr c1Å Ì'RCÍ�� c/�	��È[¹��;������Í�� ¸ � l � n �×� f²Ä�ÁIÂ�S*R>Á _ È/��ÆTR�Y-Ä*R>� _ R�È�f Z\[ � �$] ¸ÊÆ+ÂTS��;Â�� _�_ Ä�ÁÉ� _ c
Z%[ � º ] ¸ÊÆs`�È/ÆÉÆI¸tr�ÍtRFÈ	��Ítc§¸df

m′ ≥ 2m
��ÀKS�¸
ÆsR��W`�Í
�	¸ �#Æ÷ÂTS*R _ È	�#Æ�Â�R>Í
Í
�;ÂÃ¸
È	�

m′ = 2m
È�f

È	Ä�Á9ÆÃÌ�È-È	ÂTS���RCÆÉÆ �	ÆÉÆIÄ�Ì'`�ÂÉ¸ È/��Æ
f ∈ Cm[0, 1]

»
K ∈ C2m([0, 1] × [0, 1])

�
�¯Âb¸ÊÆ È�f _ È	Ì�Ì�È	� ¸
�-ÂTRCÁTR(Æ�Â ÂÉÈ�Á�RC�	ÁÃÁ7�;�*X$R'k-��È ^ � ÌjR>ÂTS�È���Æb¸
�/ÂÉÈ f¶�	ÆIÂ

(C,Cm)ÆIÈ/Í ¹$R>Á7ÆÝ�	��� _ S��;Á7� _ ÂTRCÁÃ¸ÊÆ\R+ÂTS�R>¸
Á R��:R _ ÂÃ¸
¹�R>��RCÆÉÆKr c§ÂTS*R _ È	��ÆIÂÉ�	�-Â
cm

¸
� Z\[ � � ] �	��È	Ì'R
ÁTR(ÆIÄ�Í ÂÉÆ�¸
�kÂTS�¸ÊÆF��¸
ÁTR _ ÂÃ¸
È	� _ �	� rORjf²È	Ä���� ¸
� l º [�nNZ �X�;ÍtR>Á�k�¸ �kÌ'RTÂTS�È�� ^ ¸ ÂTS ��¸ÊÆ _ È	��Ë
ÂÃ¸
�-Ä�È	Ä�Æ�`�¸dR _ R ^ ¸ÊÆTRj`�È	Ítc���È	Ì�¸Ê�;Í%��`*`�ÁÉÈ���¸ Ì´�[ÂÉ¸ È/��È�fÇÂ�S*RfÆIÈ/Í Ä�ÂÃ¸
È	� ] » l [ ¿ n5Z � c�Æ�ÂÉÁ��/Ì
ÌjR>ÂTS�È�� ] » l [	m »Ýº;½ n0Z ^ ��¹�RCÍdR>Â§��`*`�ÁÉÈ���¸ Ì´�;ÂÃ¸
È	��Æ ] � ÀKS*R _ È	�#Æ�Â7�;�-Â

cm
¸
� Z%[ � º ] �;���

ÂTS*R R��OR _ ÂÃ¸
¹�RC�*RCÆÉÆ _ È	��ÆIÂÉ�	�/Â
cm

¸ � Z%[ � � ] S���¹�R���È	ÂVr R�R>� _ S��;Á7� _ ÂTRCÁÃ¸ÊÆ\R(� R��7`�Í ¸ _ ¸ ÂÃÍtc
¸ ��ÂTS*R(Æ\R ^ È/ÁTk�ÆC������Â�S*R0`�ÁTR(Æ\RC�/Â5`���`OR>Á ^ Rb¸ �-ÂÉÁÃÈ���Ä _ Rb�§�*R ^ f¶�/Æ�Â

(C,Cm)
ÆIÈ/Í ¹$R>Á

r��	ÆTRC� È/�vÂTS*RiY-Ä��	ÆÃ¸ Ë¥¸
�-ÂTR>Á�`�È	ÍÊ�[ÂÃ¸
È	�"r7cvÆIÌ�È�È;Â�S Æ\`�Í ¸
�*RCÆC»ß�;��� ^ R R��W`#È-Æ\R´Â�S*R `#�[Ë
ÁÉ�	ÌjR>ÂTRCÁÉÆ

cm
»
bm

�	���
cm

È�f Â�S�¸ÊÆ�ÆÃÈ	Í
¹�RCÁ R��7`�Í ¸ _ ¸ ÂÃÍtc	�ß�¯Â _ �;� r R�ÆTS�È ^ �vÂTS��;ÂbÂ�S*R
R��:R _ ÂÉ¸ ¹�¸
�*RCÆÉÆ _ È	��ÆIÂÉ�	�-Â

cm
È�fÝÂ�S*R _ È	��ÆIÂÃÁÉÄ _ Â�RC�vÆÃÈ	Í
¹�R>ÁF¸ÊÆ�ÆÃÌ´�;Í
ÍdRCÁFÂTS#�;�vÂTS�È/ÆTR'f²È	Á

ÂTS*R1ÆIÈ/Í ¹$R>Á7ÆFÂÉÁTR(�[ÂTR(� ¸
� l [	m » [ ¿�» º	½�» º [�n r�Ä�Â ^ R _ �	����È	Â0`�Á�RCÆTR>�-Â _ È	ÁÉÁTR(Æ\`�È	�#��¸ ��X
�;Á�X	Ä�Ì'R>�-Â7Æ0S�R>Á�R��vÂ�S*R�cw�*R�R(� � Á�R>¹�¸ÊÆI¸ ÂÃ¸
�*XvÈ�f�Í È/�*X _ È/��ÆI¸Ê�WRCÁÉ�;ÂÃ¸
È	��Æ�È�f@`�Á�R>¹�¸
È	Ä�Æ
^ È/ÁTk�Æ ¸
�}�bÌ�È	Á�R+�WR>ÂÉ�	¸ ÍtRC�§ÍdRC¹�R>Í e �;�§¸
�-ÂTRCÁTR(Æ�Â�RC�´Á�RC�/�WR>Á _ �	�������fÂTS*RF�WR>ÂÉ�;¸
ÍÊÆÇ�	���§�
ÂTS*RCÈ	Á�RTÂÃ¸ _ �	Í _ È/Ì'`��;ÁÉ¸
ÆÃÈ	�}È�fßÂTS�R Ì'R>�-ÂÃ¸
È	�*R(�ªÌjR>ÂTS�È���Æ+�;���1ÆÃÈ	Ì'R@f²Ä�ÁÃÂTS*RCÁ9Ì'RTÂ�S�È���Æ
¸ �ªÂTS�RFÍdR _ ÂÃÄ�ÁTRX��È	ÂTRCÆ l [���n �� RCÁTS#��`�ÆXÂ�S*R `�ÁÃÈ$`#È-Æ\R(� Y-Ä��/ÆI¸ _ È/Í Í
È _ �;ÂÃ¸
È	�vÌ'RTÂTS�È�� ¸
Æ�È�f9¸
�/Â�R>Á�RCÆIÂ���È	Â�È	��Ítck¸ �
ÂTS*R _ È/Ì'`�ÍdR���¸ Â%c§�	���;Ítc�ÆI¸ÊÆGr�Ä�Â9�;ÍÊÆIÈ�¸
�§Â�S*R�`�Á7� _ ÂÉ¸ _ �;ÍmÆIÈ/Í ¹�¸
�*X�È�f|¸
�-ÂTR�X	Á7�;Í:R�Y-Ä��;ÂÃ¸
È	��Æ
^ ¸ Â�S1ÆÃÌ�È�È;ÂTS3k�RCÁÃ��R>ÍÊÆ>���"Ä�Ì'R>ÁÉ¸ _ �;Í R����	Ìj`�ÍdR(Æ �;Á�R5`�Á�RCÆTR>�-Â�RC�}¸ ���7R _ ÂÃ¸
È	� � �



¼ [�� ����� «[���#�����/¦�­�® �
	 ¦�v �
�KB������NH*I	� P�

��F*P%I EqI���� L5ENMOF*P%IGE������������\PTE����
� 
! 
#"%$	&(' �*��$)&$�+*%,>�.-0/21!3	&
ÀKS*R ¨T«;£�±� T¡ o#4 ¢ uOv ���� 

Bm
¦�¨X¦[¡65/ T¡

m
¸
�´ÂTS�R"Â�R>ÁÉÌ�¸
��È/Í È$X�c�È�f l º�» [ º n »-È	ÁÝÈ�f|�*R�X	Á�R�R

m− 1
¸
�§Â�S*RXÂTRCÁÃÌ�¸
��È	Í
È�X$c´È�f l ¼�» [ ��»�º	º n _ �;�3r R �*R
���*R(�3r cfÂTS*R@f²È/ÁÃÌbÄ�Í
�

Bm(x) =
1

(m− 1)!

m
∑

i=0

(−1)i

(

m

i

)

(x− i)m−1
+ , x ∈ R, m ∈ N. Z º�� [<]

� R>Á�R	»��/Æ÷Ä�ÆÃÄ��;Í¥»
0! = 1

»
00 := limx↓0 x

x = 1
»

(

m

i

)

=
m!

i! (m− i)!
, (x− i)m−1

+ =

{

(x− i)m−1, x− i ≥ 0,

0, x− i < 0.

�hRTÂ Ä�Æ9ÁTR _ �;Í
Í×ÆIÈ/Ì'Rb`�ÁÃÈ$` RCÁIÂÉ¸dR(Æ÷È�f
Bm

Î
ÆÃÄ*`*`

Bm = [0,m], Bm(x) = Bm(m− x) > 0
f²È	Á

0 < x < m, Z º�� º ]
Bm ∈ C(m−2)(R), B(m−1)

m (x) = (−1)l

(

m− 1

l

)

,

f²È	Á
l < x < l+ 1, l = 0, . . . ,m− 1,

∫

R

Bm(x) dx = 1,
∑

j∈Z

Bm(x− j) = 1, x ∈ R.

� 
 � 
879-0/21!3	&:1!3:��& �;-=<>/ �W��1!<>3?<@3 ��$)&BA	3)12'C< �EDGF��E1!H?1!3
R

���/ÂÉÁÃÈ���Ä _ R§¸
�
R

Â�S*RªÄ���¸df²È	ÁÉÌ X	ÁÉ¸
�
hZ = {ih : i ∈ Z}

È�f ÂTS�RªÆIÂTR�`wÆÃ¸���R
h > 0

�
I RC��È;Â�R�r7c

Sh,m
»
m ∈ N

»3ÂTS�R§Æ\`#� _ R´È�f9Æ\`�Í
¸
�*RCÆFÈ�f È	Á7�WR>Á
m Z È�f9�WR�X	Á�R�R

m − 1 ]�;���v�WR�f R _ Â 1 ^ ¸ Â�SvÂTS*R k-��È;Â�ÆTRTÂ
hZ

�|ÀKS*R f¶�	Ì�¸ Ítc�È�fsoÇË�Æ\`�Í ¸
�*RCÆ
Bm

(

h−1x− j
) »

j ∈ Z
» rOR>Í
È	��X´ÂÃÈ

Sh,m
»��;���ªÂ�S*RbÆÉ�;Ì'R ¸ÊÆ ÂÉÁÃÄ*R f²È	Á ∑

j∈Z
djBm

(

h−1x− j
) ^ ¸ ÂTS

�;Á�r�¸ ÂÉÁÉ�	ÁTc _ È R.J _ ¸tR>�-ÂÉÆ
dj e ��È;Â�RbÂ�S��[ÂXÂ�S*RfÆ\RCÁÃ¸tRCÆ+¸ÊÆXÍ È _ �	Í Ítc ����¸ ÂTR/Î3¸ Âbf²È/Í Í
È ^ Æ5f²ÁÃÈ/Ì

Z º�� º ] Â�S��[Â

∑

j∈Z

djBm

(

h−1x− j
)

=

i
∑

j=i−m+1

djBm

(

h−1x− j
) f²È	Á

x ∈ [ih, (i+ 1)h), i ∈ Z.

��¸ ¹$R>� ��f²Ä�� _ ÂÉ¸ È/�
f ∈ C(R)

»=r#È/Ä����WR(� È	Á´È�fX�[Â´Ì�È/ÆIÂ�`#È/Ídc���È/Ì�¸
�	ÍpX/ÁÃÈ ^ Â�Sw�/Æ
|x| → ∞

» ^ RF�WR>ÂTRCÁÃÌ�¸
�*R�ÂTS*RF¸
�-ÂTR>Á�`�È	ÍÊ�;�-Â
Qh,mf ∈ Sh,m

r cfÂTS*R _ È	����¸ ÂÃ¸
È	�#Æ

(Qh,mf)(x) =
∑

j∈Z

djBm

(

h−1x− j
)

,

(Qh,mf)
((

k +
m

2

)

h
)

= f
((

k +
m

2

)

h
)

, k ∈ Z. Z º�� � ]



�|«�¢�£���uOvM���m ��Ý¬�«[¢��¶µÉ¦�v v ¦(µÉ«;£V�¶¦;���×¦�vM�[ >¡7¢ ¦I¨"®��#£¯ ��	¡Ã«�v	��
T¬�«;£V�¶¦;��¢ ¼ [ ¿
U�È	Á

m = 1
�;�#�

m = 2, Qh,mf
¸ÊÆ�ÂTS*R´Ä�ÆÃÄ��	Í=`�¸tR _ R ^ ¸
ÆTR _ È/��Æ�Â7�;�-ÂC»×Á�RCÆT`OR _ ÂÉ¸ ¹$R>Ítc	»

`�¸dR _ R ^ ¸
ÆTR�Í
¸ �*R(�;Áf¸
�-ÂTRCÁT`�È	ÍÊ�;�-Â ^ S�¸ _ S _ �	� r Rk�WRTÂ�R>ÁÉÌ�¸
�*R(� È	� R>¹$R>Á�c ÆÃÄ*r�¸
�/Â�R>ÁÉ¹[�;Í
[ih, (i+1)h)

»
i ∈ Z

»�¸ �#�WR�`OR>���*R>�-ÂÃÍtc´È�f×È;Â�S*R>Á÷ÆÃÄ*r�¸
�/Â�R>ÁÉ¹[�;ÍÊÆ>� U�È	Á
m ≥ 3

»;Â�S*R+¹[�	Í Ä*R
È�f
Qh,mf

�[Â
�5X	¸
¹�R>�0`#È/¸ �-Â
x ∈ R

�WR�`OR>�#��ÆßÈ	��ÂTS*R÷¹[�;Í
Ä*RCÆ�È�f
f

�[Â
�;Í
Í�¸
�/Â�R>Á�`#È/Í
�;ÂÃ¸
È	�
k-��È;ÂÉÆ (

k + m
2

)

h
»
k ∈ Z

�	�¯ÂßÈ _�_ Ä�Á7Æ Z ÆTR�R l [$[ » [ � n ] Â�S��[ÂCf²È/Á
m ≥ 3 _ È	�#��¸ ÂÉ¸ È/��Æ Z º�� � ]ÁTR(�;Í
Ídcf�WR>ÂTRCÁÃÌ�¸
�*R

dj
»
j ∈ Z

»�Ä���¸tY-Ä*RCÍdc}¸ �}ÂTS�R Æ\`�� _ R�È�f�r#È/Ä����WR(�§È/Ás`#È/Ídc���È/Ì�¸
�	Í Ítc
X	ÁÉÈ ^ ¸ �*Xjr�¸ÊÆ\R<Y-Ä*R>� _ RCÆ

(dj)
»����;Ì'RCÍdc/»

dj =
∑

k∈Z

αj−k,mf
((

k +
m

2

)

h
)

=
∑

k∈Z

αk,mf
((

j − k +
m

2

)

h
)

, j ∈ Z, Z º�� ¾ ]
^ S*R>Á�R

αk,m =

m0
∑

l=1

zm0−1
l,m

P ′
m(zl,m)

z
|k|
l,m, k ∈ Z, m0 =

{

(m− 2)/2
¸df
m

¸ÊÆsRC¹�R>�
,

(m− 1)/2
¸(f
m

¸ÊÆ÷È����
,

�;���
zl,m ∈ (−1, 0)

»
l = 1, . . . ,m0

»>�;Á�RßÂTS�R ÁÃÈ�È	ÂÉÆmÈ�f�Â�S*R _ S��	ÁÉ� _ ÂTRCÁÃ¸ÊÆIÂÃ¸ _ `�È	Ítc���È	Ì�¸Ê�;Í

Pm(z) =
∑

|k|≤m0

Bm

(

k +
m

2

)

zk+m0

Z ¸ Â�¸ÊÆ"� `#È/Ídc���È/Ì�¸Ê�;Í|È�f%�WR�X	Á�R�R
2m0 ] ���¯Â�È _�_ Ä�Á7Æ ÂTS#�[Â

Pm
S��	ÆNR���� _ ÂÃÍtc m0

ÆÃ¸
Ìj`�ÍdR
ÁÃÈ�È;Â7Æ

zl,m
»
l = 1, . . . ,m0

»�¸
�1ÂTS*RF¸
�-ÂTR>ÁÉ¹[�;Í
(−1, 0)

»��;�#�§Â�S*R Á�R>Ì´�;¸
��¸
�*X
m0

ÁÉÈ-È	ÂÉÆ
�;Á�R�È�fsÂ�S*R@f²È	ÁÉÌ

zl+m0,m = 1/zl,m ∈ (−∞,−1)
»
l = 1, . . . ,m0

�
I RC��È;Â�R r7c

BC(R)
ÂTS�R{ÆT`�� _ R È�f�r�È	Ä����*RC� _ È	�-ÂÃ¸
��Ä�È	Ä#Æ f²Ä�� _ ÂÃ¸
È	�#ÆwÈ/�

RR�Y-Ä�¸t`*` R(� ^ ¸ Â�S ÂTS*R���È	ÁÉÌ
‖f‖∞ = supx∈R

|f(x)|
»Gr7c

V m,∞(R)
ÂTS*R�ÆT`�� _ R�È�f

f²Ä�� _ ÂÉ¸ È/��Æ0S���¹�¸ �*X r�È	Ä����WRC�
m

Â�S Z ��¸ÊÆIÂÃÁÉ¸dr�Ä�ÂÃ¸
È	� ] �WR>ÁÉ¸ ¹[�;ÂÃ¸
¹�Rf¸
�
R

» r7c
Wm,∞(R)ÂTS*R�Æ�Â7�;�����	ÁÉ� ��È�r�È	ÍtR>¹1Æ\`#� _ R�È�fCf²Ä�� _ ÂÃ¸
È	��Æ�È/�

R
S���¹�¸ �*X r#È/Ä����WR(���WRCÁÃ¸
¹[�[ÂÃ¸
¹�R(Æ9È�f

È	Á7�WR>Á
≤ m

»Ý�;��� r7c
Wm,∞

(0,1) (R)
ÂTS�R�Æ\`#� _ R�È�f@f²Ä�� _ ÂÃ¸
È	��Æ

f ∈ Wm,∞(R) ^ ¸ ÂTS
ÆIÄ*`�`#È/ÁIÂ7Æ÷¸ �

(0, 1)
�

� & D D �  O
 �|¦[¡
f ∈ V m,∞(R)

­%��£ ±�¦�v 5�¢
f −Qh,mf ∈ BC(R)

«;�@5

‖f −Qh,mf‖∞ ≤ Φm+1π
−mhm

∥

∥

∥f (m)
∥

∥

∥

∞
, Z º�� ¼ ]

� ±� >¡Ã 
Φm

�Ê¢F£²±�  �|«[�[«[¡ 5}µ7¦[��¢�£¯«;��£ Z%[ � ¼ ]��
Å%Æ�ÂÉ¸ Ì´�;ÂTR Z º�� ¼ ] ¸ÊÆ=RCÆIÂÉ��r�Í
¸
ÆTS*RC��¸
� l ¼ n f²È	Á

1
Ë ` RCÁÃ¸
È���¸ _ f »

h = 1/n ^ ¸ ÂTS RC¹�RC�
n ∈

N
»#�;�#�1¸ � l [ ¼ n ¸ � X$R>�*RCÁÉ�	Í _ �/Æ\R/��ÀKS*R�f²È/Í Í
È ^ ¸
�*X´ÍdRCÌ�Ì���`�ÁÃÈ[¹$RC�}¸ � l [ ¼ n ÂTRCÍ ÍÊÆ Â�S��[Â(»

¸ � ÆÃÈ	Ì'RfÆ\RC��ÆTR	»mÂTS�RfÆ\`�Í
¸
�*R´¸ �-Â�R>Á�`#È/Í
�;ÂÃ¸
È	� c-¸tR>ÍÊ��ÆXÂ�S*R rORCÆIÂb��`*`�ÁÃÈ���¸
Ì��;ÂÃ¸
È	��È�fÇÂ�S*R
f²Ä�� _ ÂÉ¸ È/� _ ÍÊ�	ÆÉÆ\R(Æ

Wm,∞(R)
�	���

V m,∞(R)
»��/Æ\c�Ì'`�ÂÉÈ;ÂÃ¸ _ �	Í Ítc��	Í
ÆÃÈ�È�f

Wm,∞
(0,1) (R)

»
_ È	Ì'`��	ÁTR(� ^ ¸ Â�S È	ÂTS*RCÁ§Ì'RTÂ�S�È���Æ}ÂTS��;Â}Ä�ÆTR�Â�S*R ÆÉ�;Ì'R�¸
�Wf²È/ÁÃÌ´�[ÂÉ¸ È/���	Æ

Qh,mf
�

ÂTS*R}¹��	Í Ä�RCÆ
f |Zh,m

È�f
f

È	�vÂ�S*R X/ÁÃ¸Ê�
Zh,m =

{(

j + m
2

)

h : j ∈ Z
} � I RC��È;Â�R�r7c

C(Zh,m)
ÂTS*RF¹$R _ ÂÉÈ	Á ÆT`�� _ R�È�f��	Í Í Z X	ÁÉ¸
� ] f²Ä�� _ ÂÉ¸ È/��Æ9�WR ���*RC�}È	�

Zh,m
�

� & D D � � 
 �|¦[¡ �	���� >�
γ > 0

­ �  X±�«;�� ��>¤��s >³b³´« [
sup

f∈V m,∞(R)

‖f (m)‖
∞

≤γ

‖f −Qh,mf‖∞ ≤ Φm+1π
−mhmγ,



¼	º;½ ����� «[���#�����/¦�­�® �
	 ¦�v �
� ±� >¡Ã 7«�¢
¨T¦[¡F«[��¤�³´«�u�um��� �

Mh : C(Zh,m) → C(R) � v ���� 7«[¡F¦[¡���¦;��vM���m É«;¡7­%µÉ¦;��£¥��� 4
¬�¦[¬�¢ ¦[¡ 5[�Ê¢>µ7¦[�#£V���#¬�¦[¬�¢���­ ��£
±�¦�v 5[¢

sup
f∈W m,∞(R)

‖f (m)‖
∞

≤γ

∥

∥f −Mh

(

f |Zh,m

)∥

∥

∞
≥ Φm+1π

−mhmγ,

lim inf
h→0

sup
f∈W m,∞

(0,1)
(R)

‖f (m)‖
∞

≤γ

‖f −Mh (f |∆h
)‖∞

Φm+1π−mhmγ
≥ 1.

� 
��h
�� A��*��1 , 1!3:��& �;-=<>/ �W��1!<>3 ��� ��-0/2123)&7�
�hRTÂ

m ≥ 3
�(���b�NY-Ä��/ÆI¸ Ë¯¸ �-ÂTRCÁT`�È	ÍÊ�;�-Â

Q
(p)
h,mf

»
p ∈ N

»(ÂTS�RÇ¸
� ����¸ ÂTR÷ÆÃÄ�Ì Z º�� ¾ ] �WR ����¸
�*X
ÂTS*R _ È R.J _ ¸tR>�-ÂÉÆ

dj
È�fsÂ�S*R Æ\`�Í ¸
�*RF¸
�/Â�R>Á�`#È/Í
�	�-Â Z º�� � ] ¸ÊÆ ÁTR�`�ÍÊ� _ R(��r7c§� ����¸ Â�R ÆIÄ�Ì1Î
(

Q
(p)
h,mf

)

(x) =
∑

j∈Z

d
(p)
j Bm

(

h−1x− j
)

,

d
(p)
j =

∑

|k|≤p−1

α
(p)
k,mf

((

j − k + m
2

)

h
)

.

��ÆÃ¸
Ìj`�ÍdRªÂÃÁÉÄ�� _ �[ÂÉ¸ È/� È�f+ÂTS*R�ÆTR>ÁÉ¸dR(Æ�¸
� Z º�� ¾ ] ��È7R(Æb��È;Â X	¸
¹�Rª� _�_ R�`�Â7��r�ÍtRªÁTR(ÆIÄ�Í ÂÉÆC�
	 ÆÃ¸ �*Xb� Æ\`OR _ ¸
�	Í#��¸��:R>Á�R>� _ R _ �	Í _ Ä�Í
Ä�ÆCf²È/Á=f¶�	ÆIÂÇ�WR _ �	c�¸
�*X�r�¸ÊÆ\R<Y/Ä�R>� _ RCÆC»;ÂTS�R f²È	Í
Í
È ^ ¸ �*X
f²È	ÁÉÌ�Ä�ÍÊ��R5f²È	Á

α
(p)
k,m

S#��¹�Rbr R�R>�i`�ÁÉÈ�`�È/ÆTRC�}¸ � l ��n Î

α
(p)
k,m =

p−1
∑

q=|k|

(−1)k+q

(

2q

k + q

)

γq,m, |k| ≤ p− 1,

γ0,m = 1, γq,m =

m0
∑

l=1

(1 + zl,m)zm0+q−1
l,m

(1 − zl,m)2q+1P ′
m(zl,m)

, q ≥ 1.

ÀKS*R>�1¸ Â9È _�_ Ä�Á7ÆÇÂTS��;Â
∥

∥

∥
Qh,mf −Q

(p)
h,mf

∥

∥

∥

∞
≤ cm,ph

2p
∥

∥

∥
f (2p)

∥

∥

∥

∞

f²È	Á
f ∈ V 2p,∞(R)

^ ¸ Â�S � _ È	��ÆIÂÉ�	�-Â
cm,p

ÂTS��;Â _ �;� rORb�WR(Æ _ ÁÃ¸trORC� R��7`�Í ¸ _ ¸ ÂÃÍtc	�×� _ È	�#Æ\R<Y/Ä�R>� _ R ¸
Æ"ÂTS#�[Â
f²È	Á

f ∈ V m,∞(R) ^ ¸ ÂTSzÄ���¸df²È	ÁÉÌ�Ídc _ È	�-ÂÃ¸
��Ä�È	Ä#Æ
f (m) �;���

2p > m
»÷¸ ÂiS�È	ÍÊ��Æ

∥

∥

∥
Qh,mf −Q

(p)
h,mf

∥

∥

∥

∞
h−m → 0

�	Æ
h → 0

»#¸¥� R/� »�Â�S*RjY-Ä��/ÆI¸ Ë¯¸ �-ÂTRCÁT`�È	ÍÊ�;�-Â
Q

(p)
h,mf

¸ÊÆ
�	ÆTc-Ì'`�ÂÉÈ;ÂÉ¸ _ �;Í
ÍdcXÈ�f�ÂTS*R ÆÉ�;Ì'RÝ� _�_ Ä�ÁÉ� _ cX�	Æ|ÂTS�RÇ¸
�-ÂTR>Á�`�È	ÍÊ�;�-Â

Qh,mf
���¯Âß¸ÊÆ�ÁTR(�	ÆÃÈ	����r�ÍtR

ÂÃÈ�ÂÉ��k�R�ÂTS*R ÆÃÌ´�;Í
ÍdR(Æ�Â
p ∈ N

f²È/Á ^ S�¸ _ S 2p > m
»��WRC��È;Â�RF¸ Â r7c

m1
»

m1 =











m

2
+ 1, m

RC¹�RC�

m+ 1

2
, m

È����











=
⌊m

2

⌋

+ 1 = m−m0, Q′
h,m = Q

(m1)
h,m ,

α′
k,m := α

(m1)
k,m , |k| < m1. Z º�� �$]
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(Q′
h,mf)(x)

¸ÊÆ ^ R>Í
Í|�WR ���*RC� f²È	Á
x ∈ [ih, (i+ 1)h] ^ ¸ ÂTS �;�

i ∈ Z
¸df
f¸
ÆsX/¸ ¹$R>�}È	�

[(i−m+ 1)h, (i+m)h] ∩ Zh,m
�

g R÷�	ÆÉÆIÄ�ÌjR(�FÂ�S��[Â
m ≥ 3

��U�È	Á
m = 1

�	���
m = 2

» ^ RÇÌ´�	c@`�Ä�Â
Q′

h,m = Qh,m
�

ÀKS*R@f²È	Í
Í È ^ ¸
�*X�ÁTR(ÆIÄ�Í Â7Æ �;Á�Rb`�ÁÃÈ[¹$RC�f¸
� l ��n �
� & D D � �-
 �|¦[¡

i ∈ Z
­
f ∈ Cm[(i−m+ 1)h, (i+m)h]

­ ��£ ±�¦�v 5�¢

max
ih≤x≤(i+1)h

∣

∣f(x) −
(

Q′
h,mf

)

(x)
∣

∣

≤
(

Φm+1π
−m + qmc

′
m

)

hm max
(i−m+1)h≤x≤(i+m)h

∣

∣

∣f (m)(x)
∣

∣

∣ . Z º�� m�]
�s¦;¡

f ∈ Cm[−δ, 1 + δ]
­
δ > 0

­ ��£
±�¦�v 5[¢

lim sup
h→0

h−m max
0≤x≤1

∣

∣f(x) −
(

Q′
h,mf

)

(x)
∣

∣ ≤ Φm+1π
−m max

0≤x≤1

∣

∣

∣f (m)(x)
∣

∣

∣ .

�s¦;¡�«´¡Ã �v «[£¥���[  vM¤ªµÉ¦;³ u�«	µ>£Ý¢> T£
M

���
C[−δ, 1 + δ]

­
δ > 0

­ ��£
±�¦�v 5[¢

sup
f∈M

max
0≤x≤1

∣

∣f(x) −
(

Q′
h,mf

)

(x)
∣

∣ → 0
«[¢
h→ 0.

��� l ��n »:f²È	ÁÉÌ�Ä�ÍÊ��R0f²È	Á
qm := ‖Qh,m‖BC(R)→BC(R)

»
q′m :=

∥

∥

∥Q′
h,m

∥

∥

∥

BC(R)→BC(R)

»

c′m
f²ÁÉÈ	Ì Z º�� m�] �;���}Â�S*R>¸
Á ��Ä�Ì'R>ÁÉ¸ _ �;Í×¹[�;Í
Ä*RCÆ �	ÁTRb`�Á�RCÆTR>�-ÂTR(�×�

�KB �����TP\E���� L�� �7P���� I=���\IKM ��F*P%IGE �KI=�	�=�-H �
�h
! 
�
 3:���E< H)A 
 123)F"�E& D �W�
�h�
U��	ÆIÂ

(C,Cm)
ÆIÈ/Í ¹$R>Á7Æ _ �	�jrOR9�WR(ÆI¸tX	�*R(����¸ Á�R _ ÂÃÍtcVf²È/Á ¸ �-Â�R�X	Á7�;ÍWR<Y-Ä��[ÂÉ¸ È/� Z\[ � [<] È/Á�f²È	Á

ÂTS*R�R<Y/Ä�¸ ¹[�;ÍtR>�-ÂsR�Y-Ä��;ÂÃ¸
È	�

v = Tv + g, g = Tf. Z ��� [<]
g R _ S�È�È/ÆTR÷ÂTS*R�ÍÊ�[ÂIÂ�R>Á ^ �	c/�/ÀKS*R�ÆIÈ/Í Ä�ÂÃ¸
È	��Æ%È�f Z\[ � [<] �	��� Z ��� [<] �	ÁTR"¸ �´Â�S*R�ÁTRCÍ
�;ÂÃ¸
È	��Æ

v = Tu, u = v + f. Z ��� º ]
�"ÆÉÆIÄ�Ì�¸
�*X

f ∈ Cm[0, 1]
»
K ∈ C2m([0, 1] × [0, 1])

» ^ R S���¹�R
u ∈ Cm[0, 1]

»
v ∈

C2m[0, 1]
f²È	ÁFÂ�S*RfÆIÈ/Í Ä�ÂÃ¸
È	��ÆFÈ�f Z%[ � [	] �;��� Z ��� [	] »s�	��� ÂTS*R S�¸dX$S*R>Á ÆÃÌ�È�È;ÂTS��*RCÆÉÆFÈ�f

v
ÆI¸
Ì'`�Í
¸ ��R(ÆF�af¶�	ÆIÂFÆÃÈ	Í
¹�¸ ��X}È�f Z ��� [<] _ È/Ì'`��;Á�RC� ^ ¸ Â�S Z\[ � [<] �|�+� ÂTS�R´È;ÂTS�R>Á�S��	���×»

���*R ^ `�ÁÉÈ�r�ÍtR>Ì��;ÁÉÁÃ¸
¹�R(Æ>»7S�È ^ ÂÃÈ}��`*`�ÁÉÈ���¸ Ì´�;ÂTR
g = Tf

¸ ���jf¶�/Æ�Â"�	����ÆIÄ J _ ¸dRC�-ÂÃÍtc
`�ÁTR _ ¸ÊÆ\R ^ �	c/�#�NR>¹�RCÁIÂ�S*R>ÍtRCÆÉÆC»*f¶�	ÆIÂ�ÆÃÈ	Í
¹�RCÁÉÆ9Ä�ÆI¸
�*XaR�Y-Ä��[ÂÉ¸ È/� Z ��� [	] È _�_ Ä�Á+ÂÃÈ rOR�Ì�È/ÁTR
R��:R _ ÂÉ¸ ¹$R9�;���´�	ÍdX/È	ÁÉ¸ Â�S�Ì�¸ _ �;Í
ÍdcFÌ�È/ÁTR9ÆÃ¸ Ì'`�ÍtR Â�S��;��ÂTS�R"ÆIÈ/Í ¹$R>Á7Æ�Ä�ÆI¸
�*X Z%[ � [<] ��¸ Á�R _ ÂÃÍtc	�U�È	Á

n ∈ N
»
h = 1/n

»/ÂTS�RXÆT`�Í
¸ ��R@Y-Ä��/ÆI¸ _ È/Í Í
È _ �;ÂÃ¸
È	�´Ì'RTÂ�S�È���f²È/ÁpR<Y-Ä��[ÂÉ¸ È/� Z ��� [	]_ �;�3rOR �WR
����RC�1�	ÆÝÂ�S*R ÆIÈ/Í ¹�¸
�*XbÂTS*R�R<Y/Ä#�[ÂÃ¸
È	�

vn = Q′
h,2mTvn +Q′

h,2mTf,



¼	º	º ����� «[���#�����/¦�­�® �
	 ¦�v �
^ S*R>Á�R

Q′
h,2m

¸
ÆfÂTS*R�Y-Ä��/ÆI¸ Ë¯¸ �-ÂTRCÁT`�È	ÍÊ�[ÂÉ¸ È/�wÈ$` RCÁÉ�;ÂÃÈ/Á´¸ �-ÂÃÁÉÈ���Ä _ RC� ¸ � �WR _ ÂÉ¸ È/��º�� ���
�9È;Â�RXÂTS��;Â

Q′
h,2mu

¸ÊÆ ^ R>Í
Ís�WR ���*RC�ª¸
�
[0, 1]

¸(f
u

¸ÊÆ"�WR ���*RC�ªÈ/�
[−2mh, 1 + 2mh]

�
ÀKS-Ä#Æ+�´Á�RC�	Í ¸ �C�;ÂÃ¸
È	��È�f
ÂTS*RjY/Ä#�	ÆÃ¸ Ë _ È/Í Í
È _ �[ÂÉ¸ È/�1ÌjR>ÂTS�È�����R�RC��Æ9Â�S*Rb¹[�	Í Ä*R(Æ9È�f

K
È	�

[−2mh, 1 + 2mh]× [0, 1]
�����}ÂTS*R@`�ÁÉÈ�r�ÍdRCÌ Æ\R>ÂIÂÉ¸ �*X#»-ÂTS*R�k$R>ÁÉ�*R>Í

K
È�fsÂ�S*RX¸ �-Â�R�X	Á7�;Í

È�`OR>Á7�[ÂÃÈ/Á
T

¸
Æ X	¸
¹�RC�XÈ	��ÍtcXÈ	�
[0, 1]×[0, 1]

� ��È ^ R S���¹�R ÆÃÈ	Ì'R�S�È ^ ÂÉÈNR���Â�R>���
K(x, y)^ ¸ Â�SfÁTR(Æ\`OR _ Â ÂÃÈ�ÂTS*R+�;Á�X	Ä�Ì'R>�-Â

x
�-ÀKS�RNY-Ä��	ÆÃ¸ Ë _ È/Í Í
È _ �;ÂÃ¸
È	��ÌjR>ÂTS�È��´¸ÊÆÇ��È;ÂÇ��¸
Æ _ Á�RTÂ�R	�

ÀsÈ�r�Ä�¸ ÍÊ���jf²Ä�Í
Ítc1��¸
Æ _ Á�RTÂ�R Ì'RTÂTS�È��3» ^ RF�*R�R(���;� R���ÂTR>�#ÆI¸
È	�1È�f
K ^ ¸ ÂTS�ÁTR(Æ\`OR _ Â9ÂÃÈ

r#È	ÂTS��;Á�X	Ä�ÌjRC�-ÂÉÆ
x

�;�#�
y.

�"Í
ÆÃÈ
f

ÌbÄ�ÆIÂNr R R���ÂTRC���WRC�af²È/Á9��Ä�Ì'R>ÁÉ¸ _ �;Í3�;ÍtX	È/ÁÃ¸ ÂTS�Ì�ÆC�
g R �	ÁTRX¸
�/Â�R>Á�RCÆIÂTR(�}¸
�iR���ÂTRC��ÆÃ¸ È/��ÆÝÂTS��;ÂN`�Á�RCÆTR>ÁÉ¹�R+ÂTS*R ÆÃÌ�È�È;ÂTS��*RCÆÉÆ÷È�f

f
�	���

K
�����

�7R _ ÂÃ¸
È	� ��� º ^ RF��¸ÊÆ _ Ä�ÆÃÆ9È	�*R@`�È/ÆÉÆI¸tr�ÍtRbR���ÂTR>�#ÆI¸
È	�3�

�h
 � 
�ÿ � D < < ��$)3)& �<�8-��E& � & ��� 123)F &�� � & 3 � 12<@3 <@'�'CA)3 
���12<@3��
�hRTÂ

u ∈ Cm[0, 1]
�×�¯ÂF¸
Æ@`�È/ÆÉÆI¸tr�ÍtR�ÂÃÈ3R���ÂTRC���

u
ÂÉÈ

[−δ, 1]
»
0 < δ ≤ 1/m

» r c1Â�S*R
^ RCÍ Í Ë k���È ^ �}ÁTR w R _ ÂÃ¸
È	�af²È	ÁÉÌ�Ä�ÍÊ� Z ÆTR�R/»WR	� X��
» l m	n ]

u(x) =

m
∑

j=0

cju(−jx)
f²È	Á

− δ ≤ x < 0, Z ��� � ]
^ S*R>Á�R

cj
�	ÁTR _ S�È/ÆTR>� ÆÃÈ ÂTS#�[Â
�

Cm
Ë¯ÆÃÌ�È-È	ÂTS���È/¸ ��¸
�*X"ÂÉ��k$RCÆ-`�Í
� _ RÝ�[Â

x = 0
���"�	ÌjRCÍdc/»

��¸��:R>Á�R>�-ÂÉ¸
�;ÂÃ¸
�*X Z ��� � ] k ÂÉ¸ Ì'RCÆ ^ R@S���¹$R

u(k)(x) =

m
∑

j=0

(−j)kcju
(k)(−jx), −δ ≤ x < 0,

ÂTS*R
Cm

Ë¯ÆÃÌ�È�È;ÂTS���È	¸
��¸
�*Xf�[Â
x = 0

S#��`*`OR>��Æ9¸(f
limx↑0 u

(k)(x) = u(k)(0)
»�¸¥� R	�
»�¸(f

m
∑

j=0

(−j)kcj = 1, k = 0, . . . ,m.

ÀKS�¸
Æ÷¸ÊÆ ��Ä���¸ Y-Ä*R>Ítc}ÆÃÈ	Í
¹[��r�ÍtR
(m+ 1)× (m+ 1)

� �;�#�WR>ÁÉÌ�È	���WRFÆTc�Æ�Â�R>ÌuÂÉÈ��*RTÂTRCÁIË
Ì�¸
�*R

c0, . . . , cm
� 
�È	Á�R>È[¹$R>Á(»mÂTS*R QÇÁÉ�	ÌjRCÁ ÁÉÄ�ÍdR R>����r�ÍdR(ÆFÂÉÈ�`�Á�RCÆTR>�-Â Â�S*R}ÆÃÈ	Í
Ä�ÂÃ¸
È	�

È�f
ÂTS�R�Æ\c�ÆIÂTRCÌ�¸
��� _ Í È-Æ\R(�3f²È	ÁÉÌ1�#�hR>Â+Ä�Æ"ÁTR _ �	Í ÍsÂTS*R f²È	ÁÉÌ�Ä�ÍÊ�jf²È	Á��´� �;���*R>ÁÉÌ�È/���WR
�WRTÂ�R>ÁÉÌ�¸
���	�/Â(Î

V (z0, z1, . . . zm) :=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 . . . 1
z0 z1 . . . zm

z2
0 z2

1 . . . z2
m��� ��� � � � ���

zm
0 zm

1 . . . zm
m

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
∏

0≤l<k≤m

(zk − zl).

� f ^ R�Á�R�`�ÍÊ� _ R ÂTS*R
j
ÂTS _ È/Í Ä�Ì��ar c�Â�S*R _ È	Í
Ä�Ì�� _ È	��ÆÃ¸
ÆIÂÃ¸
�*XbÈ�f

1
� ÆC» ^ R+��X/�;¸
�fÈ$r�ÂÉ�	¸ �

�b� �	���WRCÁÃÌ�È	�#�WRF�WRTÂ�R>ÁÉÌ�¸
���	�/Â(��ÀKS*R0QÇÁ7�;Ì'R>Á÷ÁÉÄ�ÍdR@c�¸tR>ÍÊ��Æ9��f�Â�R>Á Á�RC��Ä _ ÂÃ¸
È	�#Æ

cj =
V (−m, . . . ,−m+ j − 1, 1, −m+ j + 1, . . . , 0)

V (−m,−m+ 1, . . . , 0)

= (−1)j

(

m+ 1

j + 1

)

, j = 0, . . . ,m.
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cj
ÆIÄ�¸ Â ÂÃÈ'R��-Â�R>���

u
È/�/ÂÉÈ

[0, 1 + δ]
Î

u(x) =

m
∑

j=0

cju(1 − j(x− 1))
f²È/Á

1 < x ≤ 1 + δ. Z ��� ¾ ]
�"Æ÷Â�S*RFÁTR(ÆIÄ�Í Â ^ R�È$r�ÂÉ�	¸ �1�;�iR��-Â�R>���*RC� f²Ä�� _ ÂÉ¸ È/�

u ∈ Cm[−δ, 1 + δ]
���¯ÂsS�È/Í
��Æ

max
−δ≤x≤1+δ

|u(x)| ≤
m

∑

j=0

|cj | max
0≤x≤1

|u(x)| =
(

2m+1 − 1
)

max
0≤x≤1

|u(x)|.

� f
u

¸
Æ0X	¸
¹�RC�vÈ	��Ítc È/�vÂTS*RaX	ÁÉ¸
�
{ih : i = 0, 1, . . . , n}

»
h = 1/n

»
n ≥ m2

»
Z ��� � ] � Z ��� ¾ ] ÆIÂÃ¸
Í ÍbR>����r�ÍtR�ÂÃÈ _ È	Ì'`�Ä�Â�R

u(ih)
f²È	Á

i = −m, . . . ,−1
�	��� f²È	Á

i =
n+ 1, . . . , n+m

���+�*R+Ì�Ä�ÆIÂGrOR _ �;Á�R f²Ä�Í ^ ¸ ÂTSfÂÉÁÃÄ�� _ �;ÂÃ¸
È	��RCÁÃÁÉÈ	Á7Æ ^ S*RC�´ÂTS�R+¹[�;Í
Ä*R(Æ
u(jh)

f²È	Á
j = 0, . . . , n

» �;Á�R _ È/Ì'`�Ä�ÂTR(�×» ÆÃ¸ � _ R§Â�S*RCÆTRiR>ÁÉÁÃÈ/ÁÉÆ�Ì´�	c r R1Ì´��X/��¸ � RC�
2m+1 − 1

ÂÉ¸ Ì'RCÆ R���ÂTRC����¸
�*X
u(jh)

r7c Z ��� � ] f²È	Á
j < 0

�;���ar7c Z ��� ¾ ] f²È	Á
j > n

�

�h
��h
���1 ��
��;& � &��9A ����1 ,�
 <@/2/!<h
��*��12<@3?D & ��$)< H
�"ÆÉÆIÄ�Ì'R�ÂTS��;Â

f ∈ Cm
[

− δ2

m , 1 + δ2

m

] »
K ∈ C2m([−2δ, 1 + 2δ] × [−2δ, 1 + 2δ])

»
δ > 0

»3�;�#��Â�S��[ÂFÂ�S*R'k-��È;ÂF¹[�;Í
Ä*RCÆXÈ�f
f

�	���
K

R��7`�Í È/¸ Â�RC� r RCÍ È ^ �;Á�R0X/¸ ¹$R>�3� � Ä�Â
h = 1/n ^ S*R>Á�R

n ∈ N
»
n ≥ m/δ Z Â�S*R>�

mh2 ≤ δ2/m
»
2mh ≤ 2δ ] � 	 ÆÃ¸ �*X}ÂTS�R

Æ\`�Í
¸
�*RVY-Ä��	ÆÃ¸ Ë¯¸
�/Â�R>Á�`#È/Í
�;ÂÃ¸
È	�fÈ$` RCÁÉ�;ÂÃÈ/ÁÉÆ Z ÆTR�R �7R _ ÂÉ¸ È/��º�� � ]
Q′

h2,m : C[−mh2, 1 +mh2] → C[0, 1], Q′
h,2m : C[−2mh, 1 + 2mh] → C[0, 1],

¸ �-ÂÃÁÉÈ���Ä _ R+Â�S*RVY-Ä��	ÆÃ¸ Ë¥¸
�-ÂTR>Á�`�È	ÍÊ�;�-Â÷��`*`�ÁÉÈ���¸ Ì´�[ÂÉ¸ È/��ÆÇÈ�f
f

�;�#�
K

Î7f²È/Á
0 ≤ x ≤ 1

»

fn(x) :=
(

Q′
h2,mf

)

(x) Z ��� ¼ ]
=

n2−1
∑

l=−m+1

(

∑

|q|<m1

α′
q,mf

((

l − q +
m

2

)

h2
))

Bm

(

n2x− l
)

;

f²È	Á
−2mh ≤ x ≤ 1 + 2mh, 0 ≤ y ≤ 1

»

Kn(x, y) := Q′
h,2m,yK(x, y) Z ��� �$]

=

n−1
∑

k=−2m+1

(

∑

|q|≤m

α′
q,2mK(x, (k − q +m)h))

)

B2m(ny − k);

ÁTR _ �;Í
Í Z º�� �$] f²È	Á�Â�S*R �WR
����¸ ÂÉ¸ È/��È�f
m1 e ÂTS*R ÆÃÄ*r�¸
���WR��

y
¸
�
Q′

h,2m,yK(x, y)
¸ ����¸ _ �[ÂTR(Æ

ÂTS��;Â
Q′

h,2m

¸ÊÆ|��`*`�Í
¸dR(��ÂÃÈ
K(x, y)

�	Æ3ÂÃÈ"�sf²Ä�� _ ÂÉ¸ È/��È�f
y

ÂÉÁTR(�[ÂÃ¸
�*X
x

�	Æs� `��;Á7�;Ì'RTÂ�R>Á(�
� _�_ È/ÁÉ��¸ �*XbÂÃÈf�-R>Ì�Ì´� ��» ^ RbS#��¹�R�ÂTS*R�R(Æ�ÂÉ¸ Ì´�;ÂTRCÆ

max
0≤x≤1

|f(x) − fn(x)| ≤ Φm+1π
−mn−2m max

0≤x≤1

∣

∣

∣f (m)(x)
∣

∣

∣ + n−2mεn,m,f , Z ��� m�]
max

−2mh≤x≤1+2mh
0≤y≤1

|K(x, y) −Kn(x, y)|

≤ Φ2m+1π
−2mn−2m max

0≤x,y≤1

∣

∣∂2m
y K(x, y)

∣

∣ + n−2mεn,m,K , Z ��� �$]



¼	º[¾ ����� «[���#�����/¦�­�® �
	 ¦�v �
^ S*R>Á�R

εn,m,f , εn,m,K → 0
�/Æ
n→ ∞

�����-ÂÃÁÉÈ���Ä _ R+Â�S*RF¸
�/Â�R�X/ÁÉ�	Í�È$` RCÁÉ�;ÂÃÈ/Á

Tn : C[0, 1] → C[−2mh, 1 + 2mh], (Tnv)(x) =

∫ 1

0

Kn(x, y)v(y) dy.

I Ä*RXÂÉÈ Z ��� � ] »
‖T − Tn‖C[0,1]→C[−2mh,1+2mh] Z ��� ¿ ]

≤ Φ2m+1π
−2mn−2m max

0≤x,y≤1

∣

∣∂2m
y K(x, y)

∣

∣ + n−2mεn,m,K .

����Æ�Â�RC�/�§È�fsÂTS�R�`�Ä�Á�R@Y-Ä��/ÆI¸ Ë _ È	Í
Í
È _ �[ÂÉ¸ È/�fÌ'RTÂTS�È��
vn = Q′

h,2mTvn +Q′
h,2mTf

» ^ R¸ �-ÂÃÁÉÈ���Ä _ R�¸ ÂÉÆsf²Ä�Í Ítc}��¸
Æ _ Á�RTÂ�R�Ì�È���¸ � _ �;ÂÃ¸
È	�

vn = Q′
h,2mTnvn +Q′

h,2mTnfn. Z ��� [ ½ ]
"%$	& < �E& D  
 �s >£

f ∈ Cm
[

− δ2

m , 1 + δ2

m

] ­
K ∈ C2m([−2δ, 1+2δ]×[−2δ, 1+2δ])

­
δ > 0

­÷«;�@53v  >£
N (I − T ) = {0} � ©m±� >�   
T¬�«;£V�¶¦;� Z ��� [	] ±�«�¢����

C[0, 1]
«ª¬���� 
>¬� 

¢T¦�vM¬�£¥�¶¦[�
v ∈ C2m[0, 1]

­[¨T¦;¡"«�v v�¢�¬�� µT�¶ >��£ vM¤@v «;¡��/ 
n

  
T¬�«;£V�¶¦;� Z ��� [ ½ ] ±�«�¢ ���
C[0, 1]«´¬���� 
>¬� X¢>¦�vM¬�£V�¶¦;�

vn
­Ç«;�@5f��£
±�¦�v 5[¢

max
0≤x≤1

|v(x) − vn(x)| ≤ κnn
−2m

((

Φm+1π
−m

∥

∥

∥f (m)
∥

∥

∥

∞
+ εn,m,f

)

‖K‖∞

+
(

Φ2m+1π
−2m

(

κ
∥

∥∂2m
x K

∥

∥

∞
+ (κq′2m + 1)

∥

∥∂2m
y K

∥

∥

∞

)

+ εn,m,K

)

‖f‖∞
)

,

Z ��� [$[<]
� ±� >¡Ã 

εn,m,K → 0
­
εn,m,f → 0

«[¢
n→ ∞

­

κn :=
∥

∥

∥

(

I −Q′
h,2mTn

)−1
∥

∥

∥

C[0,1]→C[0,1]
→

∥

∥(I − T )−1
∥

∥

C[0,1]→C[0,1]
=: κ,

Φm
�Ê¢F£²±�  �s«;��«;¡65}µ7¦;��¢�£¯«;��£V­

q′2m =
∥

∥

∥Q′
h,m

∥

∥

∥

BC(R)→BC(R)
� ¢T 7  �m 7µT£¥�¶¦[� º�� � ��­

‖f‖∞ := max
0≤x≤1

|f(x)|, ‖K‖∞ := max
0≤x,y≤1

|K(x, y)|

«[�@5´¢���³b� v «;¡F¢> T��¢> �±�«[�[ �£²±� ���¦;¡�³�¢ ∥

∥f (m)
∥

∥

∞

­ ∥

∥∂2m
x K

∥

∥

∞

­ ∥

∥∂2m
y K

∥

∥

∞
�

�Ý¡Ã¦(¦�¨ � QÇÈ	�#ÆI¸Ê�WR>ÁÝÂ�S*R ��¸��ORCÁTRC� _ RFÈ�f|È�`OR>Á7�[ÂÉÈ	Á7ÆÝ¸ �3R�Y-Ä��;ÂÃ¸
È	��Æ Z ��� [<] �;��� Z ��� [ ½ ] Î
T −Q′

h,2mTn =
(

I −Q′
h,2m

)

T +Q′
h,2m(T − Tn).

ÀKS*R�È$` RCÁÉ�;ÂÃÈ	Á
T : C[0, 1] → C2m[−δ, 1 + δ]

¸ÊÆ _ È	Ì'`�� _ ÂC�ÝÀKS*R�¸
Ì´��X$R
M ⊂

C2m[−δ, 1 + δ]
È�f§ÂTS�R Ä���¸ Â r#�;Í
Í�È�f

C[0, 1]
r c

T
¸ÊÆvÁTRCÍ
�;ÂÃ¸
¹�R>Ítc _ È/Ìj`#� _ Âv¸
�

C2m[−δ, 1 + δ]
»��;���1�-R>Ì�Ì´� �jc�¸tR>ÍÊ��Æ

∥

∥

∥

(

I −Q′
h,2m

)

T
∥

∥

∥

C[0,1]→C[0,1]
= sup

‖u‖∞≤1

max
0≤x≤1

∣

∣

∣(Tu)(x) −
(

Q′
h,2mTu

)

(x)
∣

∣

∣

≤ Φ2m+1π
−2mn−2m max

0≤x,y≤1

∣

∣∂2m
x K(x, y)

∣

∣ + n−2mεn,m,M ,



�|«�¢�£���uOvM���m ��Ý¬�«[¢��¶µÉ¦�v v ¦(µÉ«;£V�¶¦;���×¦�vM�[ >¡7¢ ¦I¨"®��#£¯ ��	¡Ã«�v	��
T¬�«;£V�¶¦;��¢ ¼	º	¼

^ S*R>Á�R
εn,m,M → 0

�/Æ
n→ ∞

��ÀKS*R+��È	ÁÉÌ ∥

∥

∥Q′
h,2m(T − Tn)

∥

∥

∥

C[0,1]→C[0,1]

_ �;� rOR
RCÆIÂÃ¸
Ì��;ÂTR(� ^ ¸ ÂTSªÂ�S*R�S*R>Ít`ªÈ�f Z ��� ¿ ] »��	��� ^ RXÈ�r�Â7�;¸
�

∥

∥T −Q′
h,2mTn

∥

∥

C[0,1]→C[0,1]
≤ Φ2m+1π

−2mn−2m Z ��� [ º ]
×

(

max
0≤x,y≤1

∣

∣∂2m
x K(x, y)

∣

∣ + q′2m max
0≤x,y≤1

∣

∣∂2m
y K(x, y)

∣

∣

)

+ n−2mε′n,m,K ,

^ S*R>Á�R
ε′n,m,K → 0

�/Æ
n → ∞

� U�Ä�ÁIÂ�S*R>Á(»�f²È/Á ÂTS�Rb��¸��ORCÁTRC� _ R�È�f
ÂTS�RVf²Á�R�RFÂ�R>ÁÉÌ�Æ"È�f
R�Y-Ä��[ÂÉ¸ È/��Æ Z ��� [	] �;��� Z ��� [ ½ ] ^ R@S���¹$R

Tf −Q′
h,2mTnfn = T (f − fn) +

(

T −Q′
h,2mTn

)

fn

ÂTS��;Â ÂÃÈ�X$RTÂ�S*R>Á ^ ¸ ÂTS Z ��� m�] �;��� Z ��� [ º ] c�¸dRCÍ
��Æ
∥

∥Tf −Q′
h,2mTnfn

∥

∥

∞
≤ ‖K‖∞

(

Φm+1π
−m

∥

∥

∥f (m)
∥

∥

∥

∞
+ εn,m,f

)

n−2m

+
(Φ2m+1

π2m

(

∥

∥∂2m
x K

∥

∥

∞
+ q′2m

∥

∥∂2m
y K

∥

∥

∞

)

+ εn,m,K

)

max
0≤x≤1

|fn(x)|

n2m
. Z ��� [ � ]

� R>Á�R
max0≤x≤1 |fn(x)| ≤ max0≤x≤1 |f(x)| +O

(

n−2m
) �	Æ

n→ ∞
�;ÀKS*R _ ÍÊ�;¸
Ì´Æ

È�f�ÂTS*RXÂ�S*R>È/ÁTRCÌ f²È	Í
Í È ^ f²ÁÃÈ/ÌqRCÆIÂÃ¸
Ì´�[Â�RCÆ Z ��� [ º ] �;�#� Z ��� [ � ] � �

�" >³�«;¡ ��� � � _�_ È/ÁÉ��¸ �*XfÂÃÈ Z º�� m�] »�f²È	Á"ÂTS*RjY/Ä#�;�-ÂÃ¸ Â%c}È/Á
εn,m,f

¸
� Z ��� [ � ] �	��� S*RC� _ R
¸ � Z ��� [$[<] » ^ R@S���¹$R"Â�S*R�RCÆIÂÃ¸
Ì´�[ÂTR

εn,m,f ≤ qmc
′
m max

−(m−1)h2≤x≤1+(m−1)h2
|f(x)|.

�h
��-
#"�� < F �E12H 1 ��& ���W��1!<>3��
Å Y-Ä��[ÂÉ¸ È/� Z ��� [ ½ ] _ �;�'rOR"ÆIÈ/Í ¹$RC�0r7c ÂTS�R÷Â ^ È@X	ÁÉ¸Ê�b¸ ÂTRCÁÉ�;ÂÃ¸
È	��Ì'RTÂTS�È�� Z _ f�� l [ » ��» [ ¿ n ] ÎÂÉ��k$R"�

ν ∈ N
ÆIÄ _ S�Â�S��[Â

ν ∼ nθ
» 1

2 < θ < 1
»/Á�R ^ ÁÉ¸ Â�R R�Y-Ä��;ÂÃ¸
È	� Z ��� [ ½ ] ¸ �´Â�S*R f²È/ÁÃÌ

vn = Q′
1/ν,2mTνvn +

(

Q′
h,2mTn −Q′

1/ν,2mTν

)

vn +Q′
h,2mTnfn, Z ��� [ ¾ ]

�;���ªÆ�Â7�;ÁÃÂÃ¸
�*Xjf²ÁÃÈ/Ì
v0

n = 0
» _ È	Ì'`�Ä�ÂTR�ÂTS*RF¸ ÂTRCÁÉ�;ÂÃ¸
È	��Æpf²È/Á

k = 1, 2, · · · :

vk
n = Q′

1/ν,2mTνv
k
n +

(

Q′
h,2mTn −Q′

1/ν,2mTν

)

vk−1
n +Q′

h,2mTnfn. Z ��� [ ¼ ]
ÀKS*RFÈ�`OR>Á7�[ÂÉÈ	Á

I −Q′
1/ν,2mTν

¸ÊÆ9¸
�-¹$R>ÁÃÂÃ¸tr�ÍtR5f²È/Á"ÆÃÄ J _ ¸tR>�-ÂÃÍtc§ÍÊ�;Á�X�R
n

» _ f��#ÀKS*RCÈ	Á�R>Ì
[ ���¯Â9È _�_ Ä�ÁÉÆÝÂ�S��[Â Â ^ È�¸ Â�R>Á7�[ÂÃ¸
È	�#Æ Z ��� [ ¼ ] ¸
ÆKRC��È	Ä*X$S f²È/Á È	Ä�Á9� _�_ Ä�ÁÉ� _ c´�*R�RC��ÆC�
"%$	& < �E& D � 
 �s >£3£²±� "µ7¦;�@5[��£¥�¶¦[��¢"¦�¨�©m±� 7¦[¡É T³ [ �7 3¨7¬Wv � v v   5�­�«;�@5@v
 T£

ν ∼ nθ, 1
2 <

θ < 1 � ©m±� >�

max
0≤x≤1

∣

∣vn(x) − v2
n(x)

∣

∣ ≤ dmn
−4θm‖f‖∞,[0,1] = o

(

n−2m
)

‖f‖∞,[0,1], Z ��� [��$]
� ±� >¡Ã 

vn
�Ê¢�£²±�  ¢>¦�v ¬�£V�¶¦;�{¦I¨   
T¬�«;£V�¶¦;� Z ��� [ ½ ] «;�@5

v2
n

�Ê¢�£²±�  ¢> 7µ7¦[� 5 ��£� T¡É«[£¥�¶¦[�
5	 �� ��  5 �>¤ Z ��� [ ¼ ]�� ©m±� §µÉ¦;��¢�£�«[��£

dm
µÉ«;� �É b¡Ã #u�¡É¦�5;¬�µÉ  51 
	�u:vM�¶µ>��£ vM¤X¨T¦�v v
¦ � ��� ��£�±� 

u�¡Ã¦(¦�¨ �



¼	º � ����� «[���#�����/¦�­�® �
	 ¦�v �
�Ý¡Ã¦(¦�¨ � I R>��È	ÂÃ¸
�*X

Sn,ν :=
(

I −Q′
1/ν,2mTν

)−1 (

Q′
h,2mTn −Q′

1/ν,2mTν

) » ^ R
ÁTR ^ ÁÃ¸ ÂTR Z ��� [ ¾ ] �;�#� Z ��� [ ¼ ] ¸
�ªÂTS*R@f²È/ÁÃÌ

vn = Sn,νvn +
(

I −Q′
1/ν,2mTν

)−1

Q′
h,2mTnfn, v0

n = 0,

vk
n = Sn,νv

k−1
n +

(

I −Q′
1/ν,2mTν

)−1

Q′
h,2mTnfn, k = 1, 2.

��Ä*r�ÂÉÁÉ� _ ÂÃ¸
�*X ^ R�È$r�ÂÉ�	¸ �

vn − v2
n = Sn,ν

(

vn − v1
n

)

= S2
n,ν

(

vn − v0
n

)

= S2
n,νvn,

‖vn − v2
n‖∞,[0,1] ≤ ‖Sn,ν‖

2
C[0,1]→C[0,1] ‖vn‖∞,[0,1] ≤ κ2

ν

×
∥

∥

∥Q′
h,2mTn −Q′

1/ν,2mTν

∥

∥

∥

2

C[0,1]→C[0,1]
κn

∥

∥Q′
h,2mTn

∥

∥

C[0,1]→C[0,1]
‖fn‖∞,[0,1].

� R>Á�R Z ÆTR�R ÀKS*RCÈ	Á�R>Ì [ �	��� Z ��� [ º ]\]
∥

∥Q′
h,2mTn

∥

∥

C[0,1]→C[0,1]
→ ‖T‖C[0,1]→C[0,1],

‖fn‖∞,[0,1] → ‖f‖∞,[0,1], κn, κν → κ
�	Æ

n→ ∞,
∥

∥

∥Q′
h,2mTn −Q′

1/ν,2mTν

∥

∥

∥

C[0,1]→C[0,1]

≤
∥

∥Q′
h,2mTn − T

∥

∥

C[0,1]→C[0,1]
+

∥

∥

∥T −Q′
1/ν,2mTν

∥

∥

∥

C[0,1]→C[0,1]

≤ 2Φ2m+1π
−2mν−2m

(

∥

∥∂2m
x K

∥

∥

∞
+ q′2m

∥

∥∂2m
y K

∥

∥

∞

)

+ 2ν−2mεν,m,K ,

�;��� ^ R �	ÁÃÁÉ¸
¹�R+�;Â Z ��� [��$] � �

I Ä*RXÂÉÈ Z ��� º ] �;���ªÀKS*R>È/ÁTRCÌ´Æ [ »#º�»
un = v2

n + f
¸ÊÆ9�´ÆÃÄ�¸ ÂÉ��r�ÍdR ��`*`�ÁÉÈ���¸
Ì´�[ÂÉ¸ È/�

ÂÃÈFÂ�S*R+ÆÃÈ	Í
Ä�ÂÃ¸
È	�
u

È�f R�Y-Ä��;ÂÃ¸
È	� Z%[ � [	] ¸
��ÂTS*R5`�ÁÉ� _ ÂÉ¸ _ Rsr�Ä�ÂÇ��È;Â=f²È/Á ÂTS�R _ È/��ÆIÂÃÁÉÄ _ ÂÉ¸ È/�
È�f�� f¶�	ÆIÂ

(C,Cm)
ÆÃÈ	Í
¹�RCÁÝÆÃ¸
� _ R+ÂÃÈ�È�ÁÃ¸ _ S§¸
�Wf²È/ÁÃÌ´�[ÂÉ¸ È/�}��r#È/Ä�Â

f
¸
Æ÷Ä�ÆTRC�3��ÀKS*R>Á�R f²È/ÁTR

^ RFÆTRTÂ
un = v2

n + fn, Z ��� [�m�]
^ S*R>Á�R

fn
¸ÊÆ �WR ���*RC�ª¸
� Z ��� ¼ ] �	���1ÆÃ�;ÂÃ¸ÊÆ ��R(Æ Z ��� m�] �*U�È/Á

un
�WR ���*RC�3r7c Z ��� [	m�] ÀKS�RTË

È	Á�R>Ì´Æ [ �;���1º�Æ�ÂÉ¸ Í
Í3¸
Ìj`�Ídc§ÂTS*R�R(Æ�ÂÉ¸ Ì´�[Â�R

‖u− un‖∞ ≤
cm,n

n2m

(

‖f‖∞ +
∥
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∥

∥
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l = −m+1, . . . , n2 +m−1

»
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ÍÊ�;ÁÉÍdc��/ÆFÆIÄ�¸ ÂÉ��r�ÍtR

∼ n2
k���È;Â

¹��	Í Ä�RCÆ|È�f
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Tν
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(
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)
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(
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�*R(�;Á�È�`OR>Á7�[ÂÃÈ/ÁÉÆ��;Á�R}��`�`�Í ¸tRC�
ÂÃÈ k���È ^ �3f²Ä�� _ ÂÃ¸
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È	��ÆKS#�	ÆsrOR�RC�1�	���;Ítc ��R(�}¸
� l [ ½�» [ �	n ��� `*`�Ídc-Ë
¸ �*X´� 

	 Å �´ÂÉÈ R�Y-Ä��;ÂÃ¸
È	� Z ��� [ ½ ] ��¸
Á�R _ ÂÉÍdc/»�� _�_ Ä�Á7� _ c O (n−r) ^ ¸ Â�Sª�	� c'X/¸ ¹$R>�

r
¸ÊÆ

� _ S�¸tR>¹$RC��¸ �
o(log n)

� 
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∑
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∑

|q|≤m

α′
q,2m

×K(x, (k − q +m)h)

n−1
∑
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∑
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∑

q=max{−m,−k′−m+1}

α′
q,2mηk′+q−m, k′ = −2m+1, . . . , n+2m−1, Z ¾�� ¿ ]

(

TnQ
′
h,2mw

)

(ih) =
n+2m−1

∑

k′=−2m+1

K (ih, k′h) ζk′ , i = −2m+1, . . . , n+2m−1, Z ¾#� [ ½ ]
ÂTS��;Â _ È/ÆIÂC»�Á�RCÆT`OR _ ÂÉ¸ ¹$R>Ítc	»

∼(2m+ 1)n
�	���

∼n2 w È�`#Æ>�
�hRTÂßÄ�Æ _ È/Ì�ÌjRC�-Â|È	��ÂTS*R _ È/Ì'`�Ä�ÂÉ�;ÂÃ¸
È	�bÈ�f���È/����RCÁÃÈ"È	�*R(ÆsÈ�f�ÂTS*RsY-Ä��	�/ÂÉ¸ ÂÉ¸dR(Æ

βn,n
k,j

»
k, j = −2m + 1, . . . , n − 1

»s�*R
���*R(��¸
� Z ¾#� � ] �3Å ¹$R>Á�c7r#È��Wc�È�f%Â�S*R>Ìd¸
Æ �1ÆÃÄ�Ì È�f
��È;Â9Ì�È	Á�R+ÂTS��	�

2m _ È�`�¸dR(Æ÷È�fsÂ�S*R@f²È	Í
Í
È ^ ¸ �*X
m(2m+ 1)

�\r�ÁÉ¸ _ k �+¸
�-ÂTR�X/ÁÉ�	Í
Æ
∫ (i+1)h

ih

B2m(ny)B2m(ny − l) dy, l = 0, . . . , 2m− 1, i = l, . . . , 2m− 1

ÀKS*R�¸ �-ÂTR�X	Á7�;����È�f÷� �\r�ÁÉ¸ _ k �b¸
�-ÂTR�X	Á7�;Íß¸
ÆF�3`�È	Ítc���È	Ì�¸Ê�;ÍßÈ�f÷�WR�X/ÁTR�R
4m − 2

»3�;���k�
�%r�ÁÉ¸ _ k � ¸
�-ÂTR�X/ÁÉ�	Í _ �;� rOR0RC¹[�;Í
Ä��[Â�RC� R���� _ ÂÉÍdc3r7c1ÂTS*R

2m
`#È/¸ �-ÂF�X�;Ä�ÆÉÆ5Y-Ä��/��Á7�[ÂÃÄ�ÁTR

f²È	ÁÉÌ�Ä�ÍÊ��¸
�
2m w È�`�ÆK`�ÁÃÈ[¹�¸Ê�WRC��Â�S��[Â ^ RX�;Í
ÁTR(�	�Wc'S���¹$R5RC¹��	Í Ä#�[ÂTR(�

B2m(ny)
�;ÂÇÂ�S*R

�X�;Ä�ÆÉÆ k���È	ÂÉÆ9È�f
ÂTS*RbÆIÄ*r�¸ �-ÂTRCÁÃ¹[�	Í
Æ
(ih, (i+ 1)h)

»
i = 0, . . . , 2m Z ÂTS*RjR>¹[�	Í Ä��;ÂÃ¸
È	��Æ

_ �;�irOR ��È	��RF¸ �
2m · 2m · 2m w È�`�Æ ] ��ÀKS�Ä�Æ"�;Í
Í��%r�ÁÃ¸ _ k ��¸
�/Â�R�X/ÁÉ�	Í
Æ÷�;Á�R ��¹[�;¸
Í
��r�ÍtR+¸
�

∼ 12m3 w È�`�ÆC»s�	���v�;ÍÊÆIÈ��;Í
Í
βn,n

k,j

»
k, j = −2m + 1, . . . , n − 1

»|�;Á�R���¹[�	¸ ÍÊ��r�ÍtR�¸ �
O

(

m3
) w È$`�Æ ¸
���WR�` RC���WR>�-ÂÉÍdc}È�f

n
�

ÀKS*R _ È	Ì'`�Ä�Â7�[ÂÃ¸
È	� È�f�Â�S*R k���È	Âw¹[�;Í
Ä*R(Æ (

TnQ
′
h,2mw

)

(ih)
»
i = −2m +

1, . . . , n+2m−1
»�f²ÁÉÈ	Ì Z ¾�� m�] � Z ¾#� [ ½ ] _ È/ÆIÂÉÆ

∼(2m+1)n+2mn+(2m+1)n+n2 ∼
n2 w È�`�ÆC�

ÀKS*R _ È/Ìj`�Ä�ÂÉ�;ÂÃ¸
È	� È�f�ÂTS*R k���È	Âf¹[�;Í
Ä*RCÆ (

TνQ
′
1/ν,2mw

)

(i/νs)
»
i = −2m +

1, . . . , ν + 2m− 1
»�¸ÊÆ ÆÃ¸ Ì�¸
Í
�	Á÷ÂÃÈ Z ¾#� � ] � Z ¾�� [ ½ ] �	��� _ È/ÆIÂÉÆ

∼ν2 w È$`�Æ>�



¼ �	½ ����� «[���#�����/¦�­�® �
	 ¦�v �
�-
��h
�ÿ -)-)/!1 
��*��12<@3�<>' ��$)&B< - &$���W� <��

TνQ′

h,2m

�+��ÍdcwÆIÍ
¸dX$S-Â�Ì�È���¸ � _ �;ÂÃ¸
È	��Æ�È _�_ Ä�Á�¸
� f²È/ÁÃÌbÄ�ÍÊ��R Z ¾�� �$] � Z ¾�� [ ½ ] ^ S*RC� ^ R _ È/Ìj`�Ä�ÂTR
TνQ

′
h,2mw

�#�+�;Ì'R>Ítc	»7f²È/Á
−2m/ν ≤ x ≤ 1 + 2m/ν,

(

TνQ
′
h,2mw

)

(x) =

∫ 1

0

Kν(x, y)(Q′
h,2mw)(y) dy =

ν−1
∑

k=−2m+1

∑

|q|≤m

× α′
q,2mK(x, (k − q +m)/ν)

n−1
∑

j=−2m+1

βν,n
k,j

∑

|p|≤m

α′
p,2mw((j − p+m)h),

^ S*R>Á�R

βν,n
k,j =

∫ 1

0

B2m(νy − k)B2m(ny − j) dy,

k = −2m+ 1, . . . , ν − 1, j = −2m+ 1, . . . , n− 1. Z ¾�� [�[	]
� ��¹�¸ ��X _ È	Ì'`�Ä�Â�RC�

ξj :=
∑

|p|≤m

α′
p,2mw((j − p+m)h), j = −2m+ 1, . . . , n− 1, Z ¾�� [ º ]

ηk :=

n−1
∑

j=−2m+1

βν,n
k,j ξj , k = −2m+ 1, . . . , ν − 1, Z ¾�� [ � ]

ζk′ =

min{m,−k′+ν+m−1}
∑

q=max{−m,−k′−m+1}

α′
q,2mηk′+q−m, k′ = −2m+ 1, . . . , ν + 2m− 1, Z ¾#� [ ¾ ]

^ RXÈ�r�ÂÉ�;¸
�

(

TνQ
′
h,2mw

)

( i

ν

)

=

ν+2m−1
∑

k′=−2m+1

K
( i

ν
,
k′

ν

)

ζk′ , i = −2m+1, . . . , ν+2m−1. Z ¾#� [ ¼ ]
I ¸
¹�¸
��¸
�*X�ÂTS�R ¸ �-ÂTR�X	Á7�;ÍÊÆ�¸ � Z ¾#� [$[<] ¸ �-ÂÃÈ@RCÍdRCÌjRC�-ÂÉ�;Á�c �\r�ÁÃ¸ _ k�Æ �÷ÆI¸
Ì�¸ ÍÊ�;ÁÉÍdc �/Æ�¸ � �7R _ ÂÃ¸
È	�
¾�� º�» ^ R _ �;� _ È	Ì'`�Ä�Â�R

βν,n
k,j

»
k = −2m+ 1, . . . , ν − 1

»
j = −2m + 1, . . . , n − 1

»
¸ �
O(m2n/ν)

��� f�ÂTRCÁ"Â�S��[Â�ÂTS*R _ È/Ìj`�Ä�ÂÉ�;ÂÃ¸
È	��È�f (

TνQ
′
h,2mw

)

(i/ν)
»
i = −2m+

1, . . . , ν − 1
»7r c Z ¾�� [ º ] � Z ¾�� [ ¼ ] _ È-Æ�Â7Æ

∼(2m+ 1)n+ 2ν2 + (2m+ 1)ν + ν2 ∼ 3ν2

w È�`�Æ e Á�R _ �	Í ÍmÂ�S��[Â
ν � nθ

» 1
2 < θ < 1

�

�-
��-
�ÿ -)-)/!1 
��*��12<@3�<>' ��$)&B< - &$���W� <��
TnQ′

1/ν,2mU�È	Á§ÂTS*R _ È	Ì'`�Ä�ÂÉ�[ÂÉ¸ È/� È�f
TnQ

′
1/ν,2mw

^ R�È$r�ÂÉ�	¸ � ÂTS�R f²È	Í
Í
È ^ ¸ �*X"f²È/ÁÃÌbÄ�ÍÊ��R	Î=f²È	Á
−2mh ≤ x ≤ 1 + 2mh

»

(

TnQ
′
i/ν,2mw

)

(x) =

∫ 1

0

Kn(x, y)
(

Q′
1/ν,2mw

)

(y) dy =

n−1
∑

k=−2m+1

∑

|q|≤m
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× a′q,2mK(x, (k − q +m)h)

ν−1
∑

j=−2m+1

βn,ν
k,j

∑

|p|≤m

α′
p,2mw((j − p+m)/ν),

^ S*R>Á�R Z _ f�� Z ¾�� [�[	]\]

βn,ν
k,j =

∫ 1

0

B2m(ny − k)B2m(νy − j) dy = βν,n
j,k ,

k = −2m+ 1, . . . , n− 1, j = −2m+ 1, . . . , ν − 1.

� ��¹�¸ ��X _ È	Ì'`�Ä�Â�RC�

ξj :=
∑

|p|≤m

α′
p,2mw((j − p+m)/ν), j = −2m+ 1, . . . , ν − 1, Z ¾�� [�� ]

ηk :=

ν−1
∑

j=−2m+1

βn,ν
k,j ξj , k = −2m+ 1, . . . , n− 1, Z ¾�� [	m�]

ζk′ =

min{m,−k′+n+m−1}
∑

q=max{−m,−k′−m+1}

α′
q,2mηk′+q−m, k′ = −2m+ 1, . . . , n+ 2m−1, Z ¾#� [ �$]

^ RXÈ�r�ÂÉ�;¸
�

(

TnQ
′
1/ν,2mw

)

(ih) =

n+2m−1
∑

k′=−2m+1

K (ih, k′h) ζk′ , i = −2m+ 1, . . . , n+ 2m−1.

Z ¾#� [ ¿ ]ÀKS*R _ È	Ì'`�Ä�Â7�[ÂÉ¸ È/�§È�f (

TnQ
′
1/ν,2mw

)

(ih)
»
i = −2m+ 1, . . . , n− 1

»7r7c'f²È	ÁÉÌ�Ä�Í
��R
Z ¾�� [�� ] � Z ¾�� [ ¿ ] _ È/ÆIÂÉÆ

∼(2m+ 1)ν + 4mn+ (2m+ 1)n+ n2 ∼ n2 w È$`�Æ>�

�-
�� 
#"%$	&�
 <@D -)A ���*��12<@3�<>'
Tnfn

oGc Z ��� ¼ ] �;��� Z ��� � ] »

(Tnfn) (x) =

∫ 1

0

Kn(x, y)

n2−1
∑

l=−m+1

(

∑

|p|≤m1−1

α′
p,mf

(

(l − p+
m

2
)h2

))

×Bm(n2y − l) dy =
n−1
∑

k=−2m+1

∑

|q|≤m

α′
q,2mK(x, (k − q +m)h)

×
n2−1
∑

l=−m+1

γk,l

∑

|p|≤m1−1

α′
p,mf

((

l − p+
m

2

)

h2
) Z ¾#� º	½ ]

^ S*R>Á�R ^ RF�WRC��È;Â�RC�af²È	Á
k = −2m+ 1, . . . , n− 1

»
l = −m+ 1, . . . , n2 − 1

γk,l = γk,l,m,n =

∫ 1

0

B2m(ny − k)Bm(n2y − l) dy. Z ¾�� º [	]



¼ �/º ����� «[���#�����/¦�­�® �
	 ¦�v �
�hRTÂ9Ä#Æ _ È	Ì�Ì'R>�-Â9È/�§Â�S*R _ È/Ìj`�Ä�ÂÉ�;ÂÃ¸
È	�ªÈ�f�ÂTS*R(Æ\RX¸
�/Â�R�X/ÁÉ�	Í
ÆC�

U|¸
Á7Æ�ÂÝÈ�f|�	Í Í¥»
γk,l = 0

¸(f
(0, 1)∩

(

knh2, (k + 2m)nh2
)

∩
(

lh2, (l +m)h2
)

= ∅
»

ÂTS�Ä�Æ f²È	Á ���WRC�
k

»
−2m + 1 ≤ k ≤ n − 1

»sÂ�S*R}ÆÃÄ�Ì�Ì´�[ÂÃ¸
È	� È[¹�R>Á
l

¸
� Z ¾#� º	½ ] ¸ÊÆ
� _ ÂÉÄ��;Í
ÍtcfÁTR(Æ�ÂÉÁÃ¸ _ Â�RC�§ÂÃÈ�ÂTS�RF¸ ���*R��ªÆTRTÂ

Ik = Ik,m,n := {l ∈ Z : l?k ≤ l ≤ l??
k } , card (Ik) < m(2n+ 1),

l?k := max{−m+ 1,−m+ kn+ 1}, l??
k := min

{

n2 − 1, 2mn+ kn− 1
}

.

ÀKS*R>Á�RX¸
Æ9�'k�¸
���ªÈ�f�` RCÁÃ¸
È���¸ _ ¸ Â%cf¸ �
γk,l

f²È	Á � _ RC�-ÂÃÁ7�;Í��
k

»
0 ≤ k ≤ n− 2m− 1

Î�ÂTS*R
_ S��;�*X$R+È�f�¹[�	ÁÃ¸Ê��r�ÍtRCÆ

y 7→ z
»
ny = nz − 1

¸
� Z ¾�� º [	] c�¸tR>ÍÊ��Æ
γk,l = γk+1,l+n

�
U�Ä�ÁÃÂTS*RCÁC»7R(� _ S§È�fs¸
�/Â�R�X/ÁÉ�	Í
Æ

γk,l, k = −2m+ 1, . . . , n− 1
»
l ∈ Ik

»�¸ÊÆ �bÆÃÄ�ÌqÈ�f
��È;Â9Ì�È	Á�R+ÂTS��	�

2mn+ 2m− 2 _ È$`�¸tRCÆ÷È�f|ÂTS*R
∼2m2n

�%r�ÁÉ¸ _ k ��¸ �-ÂTR�X	Á7�;ÍÊÆ
∫ (i+1)h2

ih2

B2m(ny)Bm

(

n2y − j
)

dy, j = −m+1, . . . , 2mn−1, j ≤ i ≤ j+m−1,

^ ¸ Â�Sª� `#È/Ídc���È/Ì�¸Ê�;Í�¸
�/Â�R�X/ÁÉ�	���´È�f��WR�X/ÁTR�R
3m− 2 e ��Ä*R�ÂÃÈ�Æ\c�Ì�Ì'RTÂÃÁ�c	»�� _ ÂÃÄ#�;Í
Ídc�ÂTS�R

�-Ä�Ì rOR>Á9È�f�r�ÁÉ¸ _ k�Æ _ �;�3r R�ÁTR(��Ä _ R(�fÂÉÈ
∼m2n

��� �\r�ÁÃ¸ _ k ��¸
�-ÂTR�X/ÁÉ�	Í _ �;�irOR�R���� _ ÂÃÍtc
_ È	Ì'`�Ä�ÂTRC�"r7ck�

∼ 3
2m

`�È	¸
�-Â��X�;Ä�ÆÉÆVY-Ä��/��ÁÉ�;ÂÃÄ�Á�Rjf²È	ÁÉÌ�Ä�ÍÊ�1�[Â Â�S*R _ È-Æ�Â È�f
∼ 3

2mw È�`�ÆG`�ÁÉÈ[¹�¸
�WR(��ÂTS��;Â ^ R+�	Í Á�RC�/�Wc S���¹$R R>¹[�	Í Ä��;ÂTR(�
B2m(ny)

�[ÂÇÂTS*RF�X�;Ä#ÆÃÆ k-��È;ÂÉÆÇÈ�f
ÂTS*R�ÆIÄ*r�¸ �-ÂTRCÁÃ¹[�	Í
Æ (

ih2, (i+ 1)h2
) »
i = 0, . . . , 2mn− 1 e ��Ä*R ÂÉÈ§Æ\c�Ì�Ì'RTÂÉÁTc/»�ÂTS�RCÆTR

R>¹[�;Í
Ä��[ÂÉ¸ È/��Æ _ �	� rOR÷��È	�*RÝ¸ �
∼mn· 3

2m·3m w È$`�Æ Z ��Ä�Ì rOR>ÁßÈ�f#¸
�/Â�R>ÁÉ¹[�;ÍÊÆ
×

��Ä�Ì rOR>Á
È�f+�X�;Ä#ÆÃÆ k-��È;ÂÉÆ�¸ �wÈ	�*R§¸ �-ÂTRCÁÃ¹[�	Í

×
R>¹[�;Í
Ä��;ÂÃ¸
È	� _ È-Æ�Â�È�f `#È/Ídc���È/Ì�¸
�	Í%¸ �-Â�R�X	Á7�;�#� �[Â

È	�*R1�X�;Ä�ÆÉÆVk���È	Â ] �ßÀKS�Ä�Æ��;Í
Í �\r�ÁÉ¸ _ k �´¸ �-ÂTR�X	Á7�;ÍÊÆ _ �;� rOR _ È	Ì'`�Ä�Â�RC� ¸
�
∼ 3

2m
3n +

9
2m

3n = 6m3n w È$`�ÆC»��;���§ÂTS*R ÆÉ�;Ì'RF�	ÆTc�Ì'`�ÂÃÈ	ÂÃ¸ _ ÆKS�È/Í
��Æpf²È/Á÷ÂTS*R�`�ÁÃ¸ _ RXÈ�fß�;Í
Í
γk,l

»
k = −2m+ 1, . . . , n− 1, l ∈ Ik

�
�z��¸ Á�R _ Â _ È	Ì'`�Ä�ÂÉ�[ÂÉ¸ È/�}È�f|Â�S*RF¸
�/Â�R>ÁÉÌ'RC��¸Ê�[Â�R@Y-Ä��	�-ÂÃ¸ ÂÃ¸tRCÆ Z ÆTR�R Z ¾�� º;½ ]T]

ϕk :=
∑

l∈Ik

γk,l

∑

|p|≤m1−1

α′
p,mf

((

l − p+
m

2

)

h2
)

, k = −2m+ 1, . . . , n− 1,

_ È/ÆIÂÉÆ
∼ 3mn2 w È�`�Æ Z ∼mn2

f²È	Á ÂTS*RªÆIÄ�Ì�Ì´�[ÂÉ¸ È/��ÆFÈ[¹$R>Á
p

�	���
∼ 2mn2

f²È	ÁFÂ�S*R
ÆIÄ�Ì�Ì´�[ÂÉ¸ È/��Æ�È[¹�RCÁ

l ] ��oGc _ S#�;�*X/¸ �*X9ÂTS*R÷È	Á7�WRCÁÃ¸
�*X9È�f#ÆIÄ�Ì�Ì´�;ÂÃ¸
È	��Æ|ÂTS�R _ È	Ì'`�Ä�Â7�[ÂÃ¸
È	�
_ È/ÆIÂ _ �	�3rORFÁ�RC��Ä _ RC�§ÂÃÈ

∼2mn2 w È�`�ÆC�������WR�RC�×» ^ ¸ Â�S
l′ = l − p

�;�#�§Â�S*R _ S��	�*X�R
È�f
ÆIÄ�Ì�Ì´�[ÂÉ¸ È/�}È/ÁÉ�*R>ÁÉ¸ �*X ^ R�È$r�ÂÉ�	¸ �af²È	Á

k = −2m+ 1, . . . , n− 1
Î

ϕk =

l??
k

∑

l=l?
k

γk,l

m1−1
∑

p=−m1+1

α′
p,mf

((

l − p+
m

2

)

h2
)

=

l??
k

∑

l=l?
k

γk,l

l+m1−1
∑

l′=l−m1+1

α′
l−l′,mf

((

l′ +
m

2

)

h2
)

=

l??
k +m1−1

∑

l′=l?
k
−m1+1





min{l??
k ,l′+m1−1}
∑

l=max{l?
k
,l′−m!+1}

γk,lα
′
l−l′,m



 f
((

l′ +
m

2

)

h2
)

,

U�È	ÁX��� �7R(�
k, −2m + 1 ≤ k ≤ n − 1

»�ÂTS*R _ È/Ì'`�Ä�ÂÉ�;ÂÃ¸
È	��È�f
ÂTS*R�È _�_ Ä�ÁÃÁÉ¸
�*X�S*RCÁTR
_ È7R J _ ¸tR>�-Â7Æ
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γ̄k,l′ :=

min{l??
k ,l′+m1−1}
∑

l=max{l?
k
,l′−m1+1}

γk,lα
′
l−l′,m, l′ ∈ I ′

k := {l?k −m1 + 1, . . . , l??
k +m1 + 1} ,

_ È/ÆIÂÉÆ
∼ (m + 1)2mn w È$`�Æ Z ÂTS�Rb��Ä�Ì0r RCÁ+È�f ÂTRCÁÃÌ´Æ+¸ ��ÂTS*R�ÆIÄ�Ì�¸
Æ

≤ m + 1
»m�;�#�

card (I ′
k) ≤ m(2n + 2) ] � I Ä*R�ÂÃÈªÂ�S*R ` RCÁÃ¸
È���¸ _ ¸ Â%c `�ÁÃÈ$` RCÁIÂ%c

γk,l = γk+1,l+n
f²È	Á

0 ≤ k ≤ n− 2m− 1
»
l ∈ Ik

»�¸ ÂsS�È	ÍÊ��Æ
γ̄k,l′ = γ̄k+1,l′+n

f²È	Á
0 ≤ k ≤ n− 2m− 1

�
��Èf¸ Â+¸ÊÆ"ÆÃÄ J _ ¸tR>�-Â"ÂÉÈ _ È/Ìj`�Ä�ÂTRFÂ�S*R _ È7R J _ ¸tR>�-ÂÉÆ

γ̄k,l′
f²È/Á

4m+ 1
��¸��:R>Á�R>�-Â"¹[�;Í
Ä*R(Æ

È�f
k

»m�;�����	Í Í
γ̄k,l′

»
k = −2m+ 1, . . . , n− 1, l′ ∈ I ′

k,
�;Á�R���¹[�;¸
ÍÊ��r�ÍtR ¸
�

∼ 8m3n

w È�`�Æ Z `�Í Ä#Æ
∼6m3n w È$`�ÆGf²È	ÁÝÂTS�R _ È	Ì'`�Ä�ÂÉ�[ÂÉ¸ È/�§È�f

γk,l, k = −2m+ 1, . . . , n− 1,
l ∈ Ik

»�RCÆIÂÉ��r�Í ¸ÊÆ\S�RC�ª��r�È[¹�R ] �� ��¹�¸ ��X
γ̄k,l′

¸
�iS��;���3»�ÂTS*R _ È	Ì'`�Ä�Â7�[ÂÉ¸ È/�}È�f

ϕk =

l??
k +m1−1

∑

l′=l?
k
−m1+1

γ̄k,l′f
((

l′ +
m

2

)

h2
)

, k = −2m+ 1, . . . , n− 1, Z ¾�� º	º ]
_ È/ÆIÂÉÆ

∼2mn ·n w È$`�Æ Z Â�S*R"��Ä�Ì0r RCÁ È�fmÂ�R>ÁÉÌ�Æ%¸ ��Â�S*R"ÆÃÄ�Ì ÂÃ¸
ÌjR(Æ Â�S*R9��Ä�Ì0r RCÁ%È�f
k ] �ÀKS-Ä#Æ Â�S*RNf²Ä�Í Í _ È-Æ�ÂÝÈ�f

ϕk
»
k = −2m+ 1, . . . , n− 1

»-¸
Æ
∼2mn2 +14m3n ∼ 2mn2

w È�`�Æ �/Æ �	ÆÉÆ\RCÁIÂ�RC�×��� f�ÂTR>Á9ÂTS��;Âsf²È	Á
i = −2m+ 1, . . . , n+ 2m− 1

(Tnfn)(ih) =

n−1
∑

k=−2m+1

∑

|q|≤m

α′
q,2mK(ih, (k − q −m)h)ϕk ,

_ �;� r R _ È	Ì'`�Ä�ÂTRC� ¸ �
∼ n2 w È$`�ÆbÆÃ¸
Ì�¸
ÍÊ�;ÁÉÍdck�	Æb¸ ���WR _ ÂÉ¸ È/� ¾�� º�»|ÁTR�`�ÍÊ� _ ¸
�*X ηk

¸ �
Z ¾�� ¿ ] r7c ϕk

Î

ψk′ =

min{m,−k′+n+m−1}
∑

q=max{−m,−k′−m+1}

α′
q,2mϕk′+q−m, k′ = −2m+1, . . . , n+2m−1, Z ¾#� º � ]

(Tnfn) (ih) =
n+2m−1

∑

k′=−2m+1

K (ih, k′h)ψk′ , i = −2m+1, . . . , n+2m−1, Z ¾#� º;¾ ]
ÀKS*R9ÆIÄ�Ì�Ì´�	ÁTcF¸ÊÆßÂTS#�[ÂßÂTS*Rsk���È	Â
¹��	Í Ä�RCÆ

(Tnfn)(ih)
»
i = −2m+1, . . . , n+2m−1

»
�;Á�RX��¹[�	¸ ÍÊ��r�ÍtRbr c Z ¾#� º/º ] � Z ¾#� º;¾ ] ¸ �

∼(2m+ 1)n2 w È$`�Æ>�

�-
��h
#"%$	&(D �W���E1 � �E& -��E&7��& 3:���*��12<@3 <@'K��$)& � �h����& D �
QÇÈ	��ÆÃ¸
�*R>Á÷ÂTS�R _ È	Ä��/Â�R>Á�`��;ÁÃÂ÷È�f R<Y-Ä��[ÂÉ¸ È/� Z ��� [ ½ ]

wn = TnQ
′
h,2mwn + g Z ¾#� º/¼ ]

^ ¸ Â�S �;� �;Á�r�¸ ÂÃÁ7�;Á�cif²È	Á _ R�ÂTRCÁÃÌ
g

�sÀKS*R'f²Ä�� _ ÂÃ¸
È	�
TnQ

′
h,2mwn

¸
Æ�Ä���¸ Y/Ä�R>Ítc �WR>ÂTR>ÁÃË
Ì�¸
�*R(� r7cªÂTS*R0k-��È;Â+¹[�	Í Ä*R(Æ

wn(ih)
»
i = −2m+ 1, . . . , 1 + 2m− 1

�hQÇÈ	Í
Í È _ �[ÂÃ¸
�*X
Z ¾�� º	¼ ] �[Âs`#È/¸ �-Â7Æ

ih ^ RXÈ�r�ÂÉ�;¸
�1� _ R>ÁÃÂÉ�	¸ �1Æ\c�ÆIÂTRCÌ È�f�Í ¸
�*R(�;Á9�;ÍtX�R�r�Á7�;¸ _ R<Y/Ä#�[ÂÃ¸
È	�#Æ

wn(ih) =

n+2m−1
∑

j=−2m+1

τi,jwn(jh) + g(ih), i = −2m+ 1, . . . , n+ 2m− 1. Z ¾�� º � ]



¼ �;¾ ����� «[���#�����/¦�­�® �
	 ¦�v �
ÀKS*R�Ì��;ÂÃÁÉ¸�� R>�-ÂÃÁÉ¸dR(Æ

τi,j
_ �	��rORf�WRTÂ�R>ÁÉÌ�¸ �*R(��k���È ^ ¸
�*Xaf²ÁÃÈ/Ì �7R _ ÂÃ¸
È	�k¾�� ºfÂTS*R´Á�RTË

Æ\`�È	��ÆTR È�fmÂ�S*R9È�`OR>Á7�[ÂÉÈ	Á
TnQ

′
h,2mw

ÂÃÈ �VX	¸
¹�R>�0f²Ä�� _ ÂÃ¸
È	�
w.

�"�	ÌjRCÍdc/»;ÍtRTÂ=f²Ä�� _ ÂÃ¸
È	�#Æ
ej ∈ C[−2mh, 1 + 2mh]

»
j = −2m+ 1, . . . , n+ 2m− 1

»*rOR ÆÃÄ _ S§Â�S��[Â

ej(ih) = δi,j , i, j = −2m+ 1, . . . , n+ 2m− 1, Z ¾#� º m�]
ÂTS*RC�

τi,j =
(

TnQ
′
h,2mej

)

(ih), i, j = −2m+ 1, . . . , n+ 2m− 1. Z ¾#� º �$]
	sR>¹�¸ÊÆI¸ ÂÃ¸
�*X �7R _ ÂÃ¸
È	�1¾�� º��;���}Ä�ÆÃ¸ ��X Z ¾#� º m�] ^ RXÈ$r�Æ\RCÁÃ¹$R"Â�S��[Â Â�S*RFÌ´�[ÂÉÁÃ¸��§È�f
ÆTc�ÆIÂTRCÌ
Z ¾�� º � ]bZ ÂTS�R�k-��È;Â ¹[�;Í
Ä*RCÆ Z ¾�� º � ]\] ¸
Æ ��¹[�	¸ ÍÊ��r�ÍtR�¸ �

∼(6m+ 3)n2 w È$`�ÆC�
	sRCÆT` R _ ÂÉ¸ ¹$R>Ítc	»�ÂTS�R _ È/Ìj`�Ä�ÂÉ�;ÂÃ¸
È	�ªÈ�f�ÂTS*R Ì´�;ÂÃÁÉ¸���f²È/ÁsR�Y-Ä��;ÂÃ¸
È	��Æ Z ¾�� [<] �;�#� Z ¾�� � ]_ È/ÆIÂÉÆ
∼(6m+ 3)ν2 = o

(

n2
) w È�`�ÆC�

�KB �sL�
 

��H ���NF���� ���#�\PTE�� � L�� � PTM:I=���\IsM � F*P\I E � � �$F
(C, Cm)�pI=� �=�hH

ÀKS*RF¸ �-Â�R�X	Á7�;ÍÊÆ
βn,n

k,j

»
βν,n

k,j

»
βn,ν

k,j

»
βn,n

k,j

»
γk,l

»
γ̄k,l′ Z ÆTR�R �WR _ ÂÉ¸ È/�}¾ ] �;Á�RF��¹��	¸ ÍÊ��r�ÍdRX�[Â

ÂTS*R _ È/ÆIÂ9È�f
O

(

m3n
) w È�`#Æ>� QÇÈ	Ì'`�Ä�ÂÉ¸ �*X

v2
n

¹�¸Ê��¸ Â�R>Á7�[ÂÃ¸
È	�#Æ Z ¾#� [	] � Z ¾�� ¾ ] » ^ R ��`*`�ÍtcR>¸ ÂTS*RCÁÇ� 

	 Å �´È	ÁßÂTS�R+�X�;Ä�ÆÉÆCRCÍ ¸
Ì�¸ ���;ÂÃ¸
È	�jf²È	Á ÂTS*R"ÆÃÈ	Í
¹�¸ ��X�È�fOR<Y-Ä��[ÂÉ¸ È/��Æ Z ¾#� [	] �;���
Z ¾�� � ] »|�	��� ÆÃÈ ^ R§� _ ÂÉÄ��;Í
ÍdckÈ�r�ÂÉ�;¸
�vÂ ^ È���¸��ORCÁTRC�/Â0f¶�	ÆIÂ

(C,Cm)
ÆÃÈ	Í
¹�R>Á7ÆC�3��� r#È	ÂTS

_ �	ÆTRCÆ ^ RÝ�WR ���*RÝÂTS�RÝ��`*`�ÁÉÈ���¸
Ì´�[Â�RÇÆÃÈ	Í
Ä�ÂÃ¸
È	�
un

È�f Z\[ � [<] ¹�¸
�"ÂTS*RGf²È	ÁÉÌ�Ä�Í
� Z ÆTR�R Z ��� ¼ ] »
Z ��� [	m�] �;��� Z ¾#� ¾ ]\]
un = v2

n + fn = Q′
1/ν,2m

(

w2
ν − w1

ν

)

+Q′
h,2m

(

w1
n + Tnfn

)

+Q′
h2,mf. Z ¼�� [<]

ÀKS*R§��`�`�ÁÃÈ���¸
Ì´�[ÂÃ¸
È	�
un

¸ÊÆ ^ R>Í
Í%�WR
�#�*RC�vÈ/�
[0, 1]

`�ÁÉÈ[¹�¸
�*RC� ÂTS��;ÂFÂTS*R
∼ n2

k���È;Â
¹��	Í Ä�RCÆ

f
((

l + m
2

)

h2
) »
l = −m + 1, . . . , n2 + m − 1

»
�;Á�R X/¸ ¹$R>� �	��� �	���vÂTS�R
`��;Á7�;Ì'RTÂ�R>Á7Æ

(Tnfn)(ih)
»
w1

n(ih)
»
i = −2m+1, . . . , n+2m−1

»C�	���
wk

ν (i/ν)
»
i =

−2m+ 1, . . . , ν+ 2m− 1
»
k = 1, 2

»$S���¹�R rOR�RC� _ È	Ì'`�Ä�Â�RC� e ¸ �§ÂTS*R _ È/Ìj`�Ä�ÂÉ�;ÂÃ¸
È	��ÆC»
ÂTS*R

∼ n2 k-��È;ÂF¹[�;Í
Ä*RCÆ
K(ih, jh)

»
i, j = −2m + 1, . . . , n + 2m − 1

»×È�f
K

S���¹�R
r R�R>�k¸ ��¹	È/Í ¹$RC�×�×ÀKS*R _ È/��ÆÃ¸
�WRCÁÉ�;ÂÃ¸
È	��Æ+È�f �7R _ ÂÃ¸
È	��Æ �1�;�#��¾ _ �	��rOR�¸
�-ÂTRCÁT`�Á�RTÂ�RC� �	Æ
� _ È	�#Æ�ÂÉÁÃÄ _ ÂÃ¸
È	� �;�#� ��Ä�Æ�ÂÉ¸ � _ �[ÂÉ¸ È/� È�fXÂTS�R f¶�	ÆIÂ

(C,Cm)
Æ\`�Í ¸
�*R�Y-Ä��/ÆI¸ _ È/Í Í
È _ �[ÂÉ¸ È/�

ÆIÈ/Í ¹$R>Á�� Z ¾�� [<] � Z ¾�� � ] » Z ¼�� [<]�� ��U�È	Á�ÆI¸
Ì'`�Í ¸ _ ¸ Â%c	»�ÍtRTÂ"Ä�Æ _ È/� ���*R�È	Ä�Á7Æ\RCÍ ¹$RCÆÝÂÉÈfÂTS�R _ �/Æ\R
È�fß�X�	Ä�ÆÉÆKR>Í
¸ Ì�¸
���[ÂÉ¸ È/� f²È/Á9ÆIÈ/Í ¹�¸
�*X Z ¾�� [<] �	��� Z ¾�� � ] �*U�¸ Á7Æ�Â È�f��;Í
Í¥» Z ��� m�] » Z ��� [$[<] �;���
Z ��� [�� ] c-¸tR>ÍÊ�

max
0≤x≤1

|u(x) − un(x)| ≤ κnn
−2m

(

Φm+1π
−m (‖K‖∞ + 1)

∥

∥

∥f (m)
∥

∥

∥

∞
Z ¼�� º ]

+
(

Φ2m+1π
−2m

(

κ
∥

∥∂2m
x K

∥

∥

∞
+ (κq′2m + 1)

∥

∥∂2m
y K

∥

∥

∞

) )

‖f‖∞
)

+
εn,f,K

n2m
,

^ S*R>Á�R
εn,f,K → 0

�	Æ
n→ ∞

�#ÀKS�¸
Æ÷¸ÊÆsR(Æ�ÂÉ¸ Ì´�[Â�R Z%[ � º ] ^ ¸ ÂTS
n? = n2 �	���

cm = lim
n→∞

cm,n = Φm+1π
−mdK,m, Z ¼�� � ]

dK,m=

(

Φ2m+1

Φm+1
π−m

(

κ
∥

∥∂2m
x K

∥

∥

∞
+ (κq′2m+1)

∥

∥∂2m
y K

∥

∥

∞

)

)

+ κ (‖K‖∞+1) .
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T¬�«;£V�¶¦;��¢ ¼ �/¼
U�Ä�ÁÃÂTS*RCÁC»;� _�_ È	Á7��¸ ��X9ÂÃÈ �7R _ ÂÉ¸ È/��¾#� ¼�»

(Tnfn)(ih)
»
i = −2m+1, . . . , n+2m−1

»
�;Á�R%��¹[�;¸
Í
��r�ÍdR
¸
�

∼(2m+1)n2 w È�`�ÆC�CÀKS*RÝÆIÈ/Í Ä�ÂÃ¸
È	�FÈ�f Z ¾�� [<] �;��� Z ¾�� � ] r7c+ÂTS*R÷�X�;Ä�ÆÉÆ
R>Í
¸ Ì�¸
���[ÂÉ¸ È/� _ È-Æ�Â7Æ

O
(

ν3
)

= o
(

n2
) w È�`�Æ Z Á�R _ �	Í Í/ÂTS�R _ È/����¸ ÂÃ¸
È	�

ν ∼ nθ » 1
2 < θ < 2

3¸ �§ÂTS*R _ �/Æ\R+È�f|�X�;Ä#ÆÃÆGR>Í
¸ Ì�¸
���[ÂÉ¸ È/� ] » ^ S*RCÁTR(�	Æ Z ¾�� º ] _ �	��rOR+¸
Ì'`�ÍdRCÌ'R>�-ÂTR(�f¸
�
∼2n2

w È�`�Æ Z ÆTR�R �WR _ ÂÉ¸ È/��Æ ¾#� º �;����¾#� ¾ ] �/ÀKS�Ä�ÆÇ�;Í
Í�`��	ÁÉ�	Ì'RTÂTRCÁÉÆßÈ�f
un

�	ÁTR9��¹[�;¸
ÍÊ��r�ÍtR9�[Â Â�S*R
_ È/ÆIÂ"È�f

∼ (2m+ 3)n2 = bmn? w È�`�Æ ^ S*R>Á�R
bm = 2m+ 3

�OU�È/Á"Â�S*R R��OR _ ÂÃ¸
¹�¸ ��RCÆÉÆ
_ È	�#Æ�Â7�;�-Â

cm Z ÆTR�R Z\[ � � ]T] È�f#Â�S*R9ÆÃÈ	Í
¹�R>Á � Z ¾�� [<] � Z ¾�� � ] » Z ¼�� [<]�� ^ R÷È�r�Â7�;¸
��ÂTS*RKf²È/ÁÃÌbÄ�Í
�
cm = (2m+ 3)mcm

^ ¸ Â�S
cm

�WR ���*RC�ª¸
� Z ¼�� � ] �U|¸
���	Í Ítc	»�ÂTS�Rª¹[�	Í Ä*R
un(x)

�;Â��	� c
x ∈ [0, 1] _ �;� r R _ È	Ì'`�Ä�Â�RC�w¸ �

b′m w È$`�Æ
�WRTÂ�R>ÁÉÌ�¸
�*R(� r7c�Â�S*R `�ÁÉ¸ _ R§È�f÷ÂTS*R3R>¹[�;Í
Ä��;ÂÃ¸
È	� È�f÷Â�S*RaY-Ä��/ÆI¸ Ë¥¸
�-ÂTRCÁT`�È	ÍÊ�;�-ÂÉÆ ¸ � Z ¼�� [<]^ S*R>�ªÂTS�R�k-��È;Â ¹[�;Í
Ä*RCÆ÷È�f _ È	ÁÉÁTR(Æ\`�È	����¸ �*X f²Ä�� _ ÂÃ¸
È	��Æ9�	ÁTR@X/¸ ¹$R>�3�

U�È	Á1ÆÃÈ	Í
¹�R>Á � Z ¾�� [<] � Z ¾#� ¾ ] » Z ¼�� [	] � »ÇÂTS�RkÄ�`*` RCÁiRCÆIÂÃ¸
Ì��;ÂTR Z%[ � º ] �	����Â�S*RkÍ È ^ R>Á
RCÆIÂÃ¸
Ì��;ÂTR Z%[ � ¾ ] Z ^ S�¸ _ S ¸ÊÆ�ÂÃÁÉÄ*Rjf²È	ÁF�;�7c�ÆÃÈ	Í
¹�RCÁ ] »��	ÁTR�È�fÇÂTS*R´ÆÉ�;Ì'RbÈ/ÁÉ�*R>Á ^ � Á(� ÂC�

n eÌ�È/ÁTRCÈ[¹�RCÁC»
dK,m → 1

�	Æ
‖K‖2m,∞ → 0

»;�;�#��Â�S*R Í
¸ Ì�¸ ÂÉÆ È�f#Â�S*R Á(� S3� ÆC�;È�f:RCÆIÂÃ¸
Ì´�[ÂTR(Æ
Z%[ � º ] �	��� Z%[ � ¾ ] _ È	¸
� _ ¸Ê�WR	�

Å%Æ�ÂÉ¸ Ì´�;ÂTR Z ¼�� º ] _ È/�/Â7�;¸
��Æ%ÂTS*R+ÂTRCÁÃÌ
εn,m,f,K

^ S�¸ _ S _ È/�-¹$R>Á�X�R(ÆßÂÃÈ
0

�/Æ
n→ ∞r�Ä�Â}��È	��Ë¯Ä���¸df²È	ÁÉÌ�Ídc ^ ¸ Â�S�Á�RCÆT` R _ ÂfÂÉÈ

f
f²ÁÃÈ/Ì Â�S*R�Ä���¸ Â3r��;Í
Í"È�f

Cm[0, 1]
� g ¸ ÂTS

ÂTS*R S*R>Ít`�È�f 	 R>Ì´�;Á�k ��� [ ^ R�S#��¹�R��;� RCÆIÂÃ¸
Ì��;ÂTR�È�fFÂ%c7` R Z ¼�� º ] �;ÍÊÆIÈ ^ ¸ ÂTS
cm,n¸ ���*R�`OR>���WRC�-Â9È�f

f
»�ÁTR(ÆIÄ�Í ÂÃ¸
�*X�ÂÃÈ Z\[ � º ] ^ ¸ ÂTS

cm = lim sup
n→∞

cm,n = Φm+1π
−mdK,m + (1 + κ‖K‖∞)qmc

′
m,

Æ\R�RX�-R>Ì�Ì´� � f²È/ÁÝÂTS*RVY-Ä��	�/ÂÉ¸ ÂÉ¸dR(Æ
qm

�	���
c′m

�;��� l �	n f²È	Á÷Â�S*R>¸
Á ��Ä�Ì'R>ÁÉ¸ _ �;Ím¹[�;Í
Ä*RCÆC�

�KB�� L�

�hH P\M � ���+� � 
 �#� �

ÀKS*RXÁTR(ÆIÄ�Í ÂÉÆÇÈ�f|ÂTS*R@`�Á�RCÆTR>�-ÂK`���`OR>Á �	ÁTR+Ì��	¸ ��Ídc´È�fsÂTS�R>È	Á�RTÂÉ¸ _ �;Í _ S��;Á7� _ ÂTRCÁGr�Ä�Â ÆÃ¸
� _ R
^ R'S���¹$Rb¸
�-ÂÃÁÉÈ���Ä _ R(���ª�*R ^ Ì'RTÂTS�È���f²È	ÁXÂ�S*R´ÆIÈ/Í ¹�¸
�*XªÈ�fÇ¸
�-ÂTR�X	Á7�;Í�R�Y-Ä��;ÂÃ¸
È	��Æ Z Â�S*R��¸
Æ _ Á�RTÂ�RbY-Ä��/ÆI¸ _ È/Í Í
È _ �;ÂÃ¸
È	�fÌ'RTÂ�S�È�� Z ��� [ ½ ]\] »-¸ Â ¸
Æ÷È�f|¸
�-ÂTR>Á�RCÆIÂÝÂÃÈ'R����;Ì�¸
�*R�¸ Â7Æ9� _�_ Ä�Ë
ÁÉ� _ c§�	Í
ÆÃÈ�¸ ����Ä�Ì'R>ÁÉ¸ _ �;Í R����;Ì'`�ÍtRCÆC��opR>Í
È ^ ^ R _ È	�#ÆI¸Ê�WR>Á÷Â�S*R Ì�È��WR>Í-`�ÁÃÈ$r�ÍtR>Ì Z\[ � [<]^ ¸ Â�S

K(x, y) = e−αxy �;���ªÂ�S*R�ÆIÈ/Í Ä�ÂÉ¸ È/�
u(x) = e−βx ^ S*RCÁTR

α
�	���

β
�	ÁTRV`�È/ÆIË

¸ ÂÉ¸ ¹$R�`��;Á7�;Ì'R>ÂTR>Á7Æ e ÂTS*R f²ÁTR�R´ÂTRCÁÃÌ
f(x) _ �;� rOR RC�/ÆI¸
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È	��Æ ^ RCÁTR�` RCÁ\f²È/ÁÃÌ'RC� ¸
� Q���� Ä�ÆÃ¸ �*X
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Ë r�¸ Â§Á�RC�	Í9��Ä�Ì rOR>Á7Æ

Z Â%c7` R���Ó� 	à�Ð�Ò�â ] Ì´�	�WR���¹[�;¸
Í
��r�ÍdR0r7cªÍ
¸tr�ÁÉ�	ÁTc!��Ó1¹�RCÁÉÆÃ¸
È	��º�� º�� ¾ Z Æ\R�R l ¾ n ] �hU�È	ÁXÆ�Â7�[Ë
r�¸ Í
¸ Â%c �;�#� ÆÃ¸ Ì'`�Í
¸ _ ¸ Â%c	»mÂTS�R R>¹[�;Í
Ä��[ÂÉ¸ È/��ÆXÈ�f

Bm(x) ^ RCÁTR´��È/�*R�¸ � � ^ �	c1Â�S��[ÂXÂ�S*R
_ È7R J _ ¸tR>�-Â7Æ+È�f ÂTS�R0f¶�;ÂTS*RCÁ�o%Ë�ÆT`�Í ¸
�*R

Bm
¸
� Z º�� [<] ^ RCÁTR _ È/Ìj`�Ä�ÂTR(��rOR f²È/ÁTR�S��;�����	Æ

È[¹�R>Á�S*R(�	�×�
U�È	Á _ È/Ìj`#�;ÁÉ¸
ÆÃÈ	�3»�¸
��Â�S*R _ �	ÆTR

α = 1
»
β = π _ È	Ì'`�Ä�Â7�[ÂÃ¸
È	�#Æ9Ä�ÆÃ¸ ��X
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�*X�ÂÃ¸
ÌjR�È�fsÂ�S*R
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ÍtRC�FÄ��#�WR>Á
�X� 	 Q���� _ È	Ì'`�¸
ÍtR>Á
¾�� º�� [ �;��� ÁÉÄ�� È/� � [ ¾ � ½ 
 � �}�ÝÂTS�Í È/�$# � »�ÂTS*RaS�È/ÆIÂ�È$` RCÁÉ�;ÂÃ¸
�*X�Æ\c�ÆIÂTRCÌ rOR>¸
�*X
U�Á�R�R�o � I � � º ] �	�9È	ÂTR Â�S��[Â Â�S*R9Í
È ^ � _�_ Ä�Á7� _ cb��Ä*R ÂÉÈFÈ	��Ítc � ¾;Ë r�¸ Â �-Ä�Ì rOR>Á7Æ ÆIÍ
¸tX�S-ÂÃÍtc
¸ Ì'`�ÁÉÈ[¹�R(ÆF�;Í
ÁTR(�	�Wc ^ S�R>�vÂTS�R§¹[�;Í
Ä*RCÆ È�f

Bm(x)
r7c f²È/ÁÃÌbÄ�Í
� Z º�� [<] �	ÁTR _ È	Ì'`�Ä�Â�RC�
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