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Abstract. It is known that, under certain conditions, solutions of some ordinary
differential equations of first, second or even higher order are asymptotic to polyno-
mials as time goes to infinity. We generalize and extend some of the existing results
to differential equations of non-integer order. Reasonable conditions and appropri-
ate underlying spaces are determined ensuring that solutions of fractional differential
equations with nonlinear right hand sides approach power type functions as time
goes to infinity. The case of fractional differential problems with fractional damping
is also considered. Our results are obtained by using generalized versions of Gronwall-
Bellman inequality and appropriate desingularization techniques.
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1 Introduction
In this paper, we consider the following fractional differential equation
Dy (t) = f(t.y (t), Dy (1) t>0, (1.1)
with initial conditions
D&y () |i=o0 = by and I}~y (t) |s=0 = b1, b1, by € R, (1.2)
where Df is the Riemann-Liouville fractional derivative of order o > 0 and

0 < B < a < 1. The existence and uniqueness of solutions in the space
C17200,b], b > 0, for problem (1.1)—(1.2) has been proven in [14].
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The study of asymptotic behavior of solutions of linear and nonlinear dif-
ferential equations is not only of theoretical importance but it is also extremely
useful in applications such as in fluid mechanics, differential geometry (Jacobi
fields, [18]), bidimensional gravity and other fields. It has attracted many re-
searchers. For more details, we refer the reader to [1].

In this paper, our main objective is to determine conditions ensuring an
asymptotic behavior similar to that of much simpler differential equations (of
integer order). In particular, it is well known that, in some situations, solutions
of integer order differential equations approach a line or in general a polynomial
for large values of time. This is what has motivated the present investigation.
We would like to shed some light on this issue.

The asymptotic behavior of solutions of the nonlinear equation

y' () + f(ty ) =0 (1.3)

has been studied by Cohen [10], Constantin [12], Kusano and Trench [16,17],
Tong [29], Waltman [31] and others. They proved that, under various condi-
tions, every solution of the equation (1.3) is asymptotic to b + ct as t — oo,
for some b, ¢ € R. Some results for the linear case are also known, see, for
instance, Trench [30] and Waltman [31].

In the study of asymptotic behavior of solutions to the differential equation

y' () + f(ty ).y (1)

=0
it is usually assumed that the nonlinearity f in (1.4) satisfies the assumption

If (ty @),y ()] < Ftly@), ]y @),

where the real-valued function F(t,u,v) is continuous, monotone in the last
two arguments, and vanishes at infinity, see, for instance Dannan [13], Con-
stantin [11], Rogovchenko [28], Rogovchenko and Rogovchenko [27], Mustafa
and Rogovchenko [24,25], Lipovan [19]. It is proved that every solution of the
equation (1.4) is asymptotic to b+ ct as t — oo, for some b, ¢ € R.

The fractional case of problem (1.3) has been studied by relatively few
researchers. In 2009, Mustafa and Béleanu [23] studied the nonlinear fractional
differential problem

(1.4)

°Dsy(t) = f(ty(t), O0<a<l,t>0, (1.5)

where CDg‘ is the Caputo derivative of order . They proved that the solution
of (1.5) is asymptotic to

o(tbo‘) ast — oo, for some b, 1 —a <b< 1.

Some classes of linear fractional differential equations with Riemann-Liouville
fractional derivative have been investigated under various sufficient conditions,
for example, in 2010, Baleanu et al. [5] considered the linear fractional differ-
ential equation

Dty +a(t)y=0, 0<a<l,t>0. (1.6)
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They proved that the solution of the equation (1.6) is asymptotic to
b+O0 Mt +c+o0(1)]t™ ast — oo,

where

1 jEe - ] &
b_tlgl% [t' %y (t)] and c = T+a) tﬂrﬁloDOy“)'

Also, in 2010, the same authors [4] studied the linear fractional differential
equation
Dty —y)+at)y=0, 0<a<l, t>0. (1.7)

They proved that (1.7) has a solution y € C ([0, 00),R) N C* ((0,00), R) satis-
fying limy ¢ [t>~*y’ (t)] = 0 and

y(t)=ct+0 (tb) as t — oo, for some b, b€ (0,1) and some ¢ # 0.

In 2011, again the same authors [6] proved that solutions of (1.7), under other
conditions, obey the asymptotic property

y(t)=ct+b+O0 Mt =ct+0 (t*") ast — oo,

for some ¢ # 0 and

b= Gy W O - 0.

Also they proved that the linear fractional equation
Dyy +a(t)y=0, 0<a<l t>0 (1.8)

has a solution y € C (][0, 00), R) enjoying the asymptotic property

y(t)=b+ct*+0(t*"), ast— oo, (1.9)
where )
_ e [ Cna
b=y(0) andc-F(l_|_oé>tli)r£1<> Dgy (t) . (1.10)

We note that problems (1.6) and (1.8) are different as Dy™*y = DDgy #
D§Dy = DCDg. n fact

0)

DDy (1) = DgDy (1) = Dy+y (1) + —YO_y-ar,
0y (t) = Dg Dy (t) = Dy y()+F(1_a)

In 2011, Baleanu et al. [3] discussed the nonlinear form of (1.8)

D§y' + f(t,y) =0, O0<a<l, t>0. (1.11)

They proved that solutions of (1.11) have the same asymptotic behavior as
(1.9) under the same initial conditions (1.10).
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In 2012, Medved [20] studied the behavior of solutions of the fractional
differential problem with Caputo fractional derivative

{ Detlyt)y=f(ty(t), t>a>1 0<a<l,

y(a)=rc1, ¥ (a) = ca. (1.12)

He proved that the solution y(t) of the problem (1.12) is asymptotic to b+ ct
as t — oo, for some b, ¢ € R.
Also, in 2013, the same author [21] considered the following generalization

DYy () =fty®),y (1), t>a>1, ac(0,1) (1.13)

and proved that every solution of the equation (1.13) is asymptotic to b+ ct as
t — oo, for some b, ¢ € R.

In [9], Brestovanska and Medved considered the fractional initial-value prob-
lem

t
y" () + f(ty @),y (1) +Z7"z ) S (¢ s,y (s),y (s)ds =0,
i=1 0
y(1) =b1, y' (1) =by, 0 < ; <1, i =1,2,..m.
(1.14)
They proved that any solution of (1.14) is asymptotic to a straight line.

In 2015, Medved and Pospisil [22] studied the fractional differential problem

“Day(t) = f (t,y (t),“ Dy (1)), 0<B<a<l,
{ = b (1.15)

They proved that any solution y (¢) of the problem (1.15) has the asymptotic
property y (t) = ct? + o (tﬁ) as t — oo, for some c € R.

In this paper, we will generalize the results in [3,4,5,6,23] to problem (1.1)-
(1.2). Our results will also extend the results obtained for equations (1.3) and
(1.4) with & = 8 = 1. In particular, the problems treated in [20,21] become
special cases of (1.1) corresponding to y (0) = ¢’ (0) = 0. Moreover, by the
same occasion, we improve several results found in the literature, concerning
the integer order, where the authors have been forced to work away from zero.
This difficulty will be solved.

We shall establish some conditions under which all solutions of the fractional
differential problem (1.1)—(1.2) have the following property: lim; o y (t) /t* =
a, for some real number a. The proof of this result is based on the Gronwall-
Bellman inequality and its generalization due to Bihari [2].

The rest of the paper is divided into four sections. In Section 2, we present
some definitions, notations, and lemmas which will be needed later in our
proof. In Section 3, we give some properties and inequalities for some classes
of functions. In Sections 4 and 5 we present the asymptotic behavior results
for non-fractional and fractional source term, respectively.

2 Fractional calculus and preliminaries

In this section we present some definitions, lemmas, properties and notation
which will be used in our results later. Also we prove results regarding the
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asymptotic behavior of fractional integrals. For more details concerning frac-
tional derivatives, we refer the reader to [14].

We denote by L; (a,b) the space of Lebesgue integrable functions on (a,b).
Let C'[a,b] and C™ [a,b] denote the spaces of continuous and n times continu-
ously differentiable functions on [a, b], respectively.

DEFINITION 1. We define the weighted spaces of continuous functions

Cyla, bl ={f: (a,b] > R: (t —a)” f(t) € Cla,b]}, 0<vy<1,
Cy[a,b) = Cla,b],

C fa,b] = {fec"—l [a,0] : f™ € C, [a,b]}7 neN, b =C,lab].

The left-sided Riemann—Liouville fractional integral and derivative are de-
fined as follows.

DEFINITION 2. The Riemann-Liouville left-sided fractional integral IS f of or-
der o > 0 is defined by

« . 1 !
Iaf(t)'_ F(Oé)/L (t—S

)
provided that the integral exists. Here I'() is the Gamma function. When
a =0, we define IV f = f.

DEFINITION 3. The Riemann-Liouville left-sided fractional derivative DS f of
order >0, n—1<a<n, n=[a]+1, is defined by

DO (£) = DM IMO f(t) = ﬁ (i) / (t_‘g?_nﬂds, t>a,

provided that the right hand side exists. In particular, when o = n we have
D2 f =D"f and when a = 0, DOf = f.

From Definition 1 we have the following characterization of the space C7 [a, b].

Lemma 1. [14] The space C% [a,b],n € N, consists of those and only those
functions f which can be represented in the form

n—1
—_Jn § : k
f(t)—[a@(t)-i- k:ock(t_a) )
where ¢ € C, [a,b] and ¢y, k=0,1,...,n—1 are arbitrary constants. Moreover,

s =50, =TT

Remark 1. Note that C7 [a,b] C AC™ [a,b], n > 1.

k=0,1,...,n—1.

Lemma 2. [15] Let a > 0 and 0 <y < 1. Then I$ is bounded from C, [a, b]
into C, [a, b)].
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Lemma 3. Let g be a continuous function on (a,b]. Then g™ € C, la,b] if
and only if g € C [a,b], 0 < < 1.

Proof.  Given € > 0, then g™ € C[a+¢,b] and thus by the Fundamental
Theorem of Calculus, we get

n—1 (k)
g(t)zz%(t—afs)kJrLﬁ_sD g(t), tela+eb]. (2.1)
Since g™ € C, [a,b] C Ly (a,b), then I}g(™ (¢) is bounded on [a, b] and

a+te

g™ 0 - g™ 0] < [ =07 |- a7 g™ )] ds

a

a-+te M
§M/ (sfa)_wds:lislfwﬁ()assﬁ().
a -

Therefore
lim 13, g™ (t) = I;g™ (1), t € [a,1].

e—0

Thus by taking the limit of (2.1) we obtain
_ g k n myn
o)=Y 4wy prg ).

Now clearly ¢*) (at), k = 0,...,n — 1 are finite and the result follows from
Lemma 1. The other direction follows directly from the definition of C7 [a, b].
O

For power function we have the following property.

Property 1. [14] If « > 0 and 8 > 0, then

(Igé (S — a)Bfl) (t) = F‘(Fﬂ{f)a) (t _ a)ﬁJrafl ,
I'(8)

(D2 (s—a)’~) (t) = FEoa -

Next, we have the semigroup property of the fractional integration operator
IS

Lemma 4. [1}] Let « > 0, >0 and 0 < v < 1. If f € C,[a,b] then the
equation
ISf =170 F

holds at any point t € (a,b]. When f € C [a,b] this relation is valid at any point
t € [a,bl.

Another composition property between the fractional differentiation opera-
tor and the fractional integration operator is given next.

Math. Model. Anal., 21(5):610-629, 2016.
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Property 2. [14] Let 0 < f < cand 0 < v < 1. If f € C,[a,b], then the
relation D? I f = 128 f holds at any point t € (a,b]. When f € C [a,b] this
relation is valid at any point ¢ € [a,b]. In particular, when 8 = k € N and
a >k, then DF[of = o=k f.

The following result provides another composition of the fractional integra-
tion operator I with the fractional differentiation operator D.

Lemma 5. [14] Let « > 0,0 <y <1, n=—[-a]. If f € Cyla,b] and
;=2 f € C[a,b], then the equality
n (anilnfaf) (a) iy
I1¢D¢ = - 4 —a)*" 2.2
aDf () =1 () Z; oy 9 (22)
holds at any point t € (a,b]. In particular, if 0 < a < 1 then
Il—ozf (a) 1
IEDSf(t)=f(t) — 2=—~2(t—a)" . 2.
aDa f(t)=f(t) o) (t—a) (2.3)

Lemma 6. Let 0 < o <1 and0 <~y < 1. If f € C, [a,b] and I,~“f € C] [a, D],
then for 0 < 8 < a < 1 we have

1 af( ) a a—p—1
Ta—g

Proof.  Since I;~*f € C! [a, b] then by Definition 1 we have Dg f = DI, = f €
C., [a,b]. Applying D? to both sides of (2.3), then using Properties 1 and 2, we
obtain

DEF(t) = I8P Do f (1) + - , t € (a,b].

1,7 f (a)

ca T g)@ Al a, b].
e L e (o

Dif (t) = I27°Dgf (t) +
O

The following lemma describes the asymptotic behavior of the Riemann-
Liouville fractional integral of a summable function.

Lemma 7. Let f € L; (0,00), then

Jm I () = a+1/‘f - FEphle). a0

Proof. Indeed, in view of the Definition 2, we have

1
— IS (t) /
wlo S () @ +1 f(s

:’F(alJrl)/O (t;f fls)ds = a+1/ I
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- | (- st s
:ﬁ /OOOX[O,t](S) (1—i>af(s)ds—/ooof(s)ds
F(al—l—l)/o [X[O,t] (s) (1*§)a*1}f(s)ds

<rarn ) eae(=3) < 1irele

where
_ | 1 selod],
X0 ()= 0 s ¢ o,1].
Since s a
lim x[o,4 (5) (1 - ¥> =1, s<t,

t—o0
then, using the Dominated Convergence Theorem (continuous version) [7], we
obtain
oo

tim [ o () (1= 2)" = 1] 17 (5)1ds

t—00 0
:/Owtgrgo\x[o,ﬂ () (1-2)" 1|17 () s =o0.
O

Lemma 8. Let 0 < o < 1 and 0 < v < 1. Assume that y € C,[0,00) and
I %y € C2[0,00). Then

im L) _ gy D08 @) (2.4)
t—oo & t—00 F(a + 1)

Proof.  Since y € C,,[0,00) and I; "y € Cs [0,00), then we can apply Lemma
5, with « replaced by 1+ a and n = 2, to get

Ié-i—aDé-i-ay (t) =y (t) _ (IOFQ(ZZ)) (0) ta—l _ If)(g;ly—i_(ooz) s (25)

Dividing both sides of (2.5) by ¢t* and taking the limit as ¢ — oo, we obtain

. y(t) . Dgy(o) . 1 1+a nl+a
A 7F(1+a)+thﬁrg>lot7ao Doy (®)
Dgy (0 1
_ Doy © 13Dy (00) (2.6)

I'l4a) TI'(ax+1)
where we have used Lemma 7. On the other hand, we have
IgDy™y (t) = D§y (t) — D5y (0) (2.7)

and (2.4) follows directly from (2.6) and (2.7). O
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3 Inequalities

In this section we establish inequalities that involve special classes of functions.
These inequalities will be used to obtain our main results. But first we cite
here the Bihari inequality.

Theorem 1. ( [2], Bihari inequality) Let u and f be nonnegative continuous
functions defined on Ry (Ry = [0,00)). Let w(u) be a continuous nondecreas-
ing function defined on Ry and w(u) > 0 on (0,00). If

u(t)ék+/0 £ (s)w (u(s)) ds,

fort € Ry, where k is a nonnegative constant, then for 0 <t <tq,

u(t) < G? (G(k)+/0tf(s)ds>,

where

" d
G(r):/ Wz), r>0, 179>0

and G~ is the inverse function of G and t, € R, is chosen so that
¢
G (k) +/ f(s)ds € Dom (G™'),
0

for0 <t <t.

Theorem 2. ( [2], Gronwall-Bellman inequality) Let u and f be continuous
and nonnegative functions defined on Ry and let ¢(t) be a continuous, positive
and nondecreasing function defined on Ry. Then fort >0

u(t>§c<t>+/0 £ (s)u(s) ds

implies that

w) < cew ([ 16)ds).

Now we define the following classes of functions:

® = {p € C(0,00) : ¢ is positive and nondecreasing on (0,00),

up (v) < @ (uv), 0 <u <1}, (3.1)
¥ ={F:R;y xRy — Ry such that 0 < F (t,u) — F (t,v) < N (t) (u —v),
t>0, u>wv >0, for some continuous function N on R }. (3.2)

The class of functions @ defined above has been widely employed in the liter-
ature, see for instance [8]. Two simple functions belonging to spaces ¢ and ¥
are

w(s) = Zso‘i, a; <1,i=1,2,..,n, and F (t,u) = ue,
i=1

respectively.
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Remark 2. If ¢ in the space @, then fmooo ds/e (s) = 00, g > 0. (take u = 1/v,
then § (v) < ¢ (1)).

In what follows we give some properties and inequalities that involve these
classes of functions. Clearly we have

Lemma 9. The spaces @ and ¥ are closed under addition and scalar multipli-
cation.

Lemma 10. Let z (t) be a positive solution of the integral equation
t
z(t) =c1 + cot + 63t/ h(s)p(z(s))ds, ¢; €R, i=1,2,3, t>0, (3.3)
0
where @ in the space @ defined in (3.1) and h : Ry — R is a continuous

function such that th (t) € Li(1,00). Then

G 1K), 0<t<1,
Z(t)<{ 1G-L(H), t> 1,

where G~1 is the inverse function of G (z) = f;o w%i)’

(3.4)

1 [e%e]
K:G(|cl\+|02|)+|03|/ h(s)ds, H:G(A)+|C3\/ sh(s)ds,
0 1

1
A= e1| + |ea] + |es| ¢ (GTH(K)) /0 h(s)ds.

Proof.  We begin by noting that from the definition of @ the functions G
and G~! are increasing, continuous and defined on (0,00) and (G (07),0),
respectively. For 0 <t < 1 we have from (3.3)

2 () < lea] + lea] + [es| / h(s)p (= (5)) ds

and the first inequality of (3.4) follows directly from Bihari’s inequality (The-
orem 1). For ¢ > 1 we have from (3.3) the estimate

@ < |C1|+|02|+|C3|/0 h(s)p (z(s))ds

< Jex] + Jeal + e / h(s)p (= (s)) ds + |es| / W(s)p ((s) ds.  (3.5)

Therefore, from the first inequality of (3.4) and (3.5) we have

z(t)

t

§A+|03|/1 h(s)e (= () ds, t > 1. (3.6)

From (3.1), we can write (3.6) in the form

2O cavle [ ohiste (H2) as, 121

Now the second inequality of (3.4) follows immediately from Bihari’s inequality
(Theorem 1). O

Math. Model. Anal., 21(5):610-629, 2016.
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Lemma 11. Let z (t) satisfy

z(t) < czt—i—(:gt/o [F1(s,c1+2(8)) + Fa(s,e1 +2(8)) + h(s)]ds, t >0, (3.7)

where c; > 0,1=1,2,3, h: Ry — R is a continuous function and F;, 1= 1,2,
belong to the space ¥ defined in (3.2). Then

z(t) <tg(t), t>0,

where
g(t)= |:C2 +c3 /Ot [F1(s,c1) 4+ Fo(s,c1) + h(s)] ds}

X exp <c3 /O "SIV (3) 4 Na (5)] ds)

with N1 and Na are the functions in the definition (3.2), corresponding to Fy
and Fy respectively.

Proof.  From (3.7) we have
W e Rl ta() + R+ z() +h(s)]ds
0
=co + 03/0 [F1(s,c1+2(s)) — Fi(s,c1) + Fi (s, c1)
+ Fy(s,c1 4+ 2(s)) — Fa(s,c1) + Fa(s,c1) + h(s)]ds

=c+ 03/0 [F1(s,c1) 4+ Fa(s,¢1) + h(s)]ds

+C3/O [F1(s,c1+2(s)) — Fi(s,c1) + Fo(s,c1 +2(s)) — Fa(s,c1)]ds, t > 0.

By (3.2) we obtain

z it) <cy+ 03/0 [F1(s,c1) + Fa(s,c1) + h(s)]ds
+ 03/0 [N1(s) + N2 (s)]z(s)ds, t>0. (3.8)
Put .
g1 (t) =co+ 03/0 [F1 (s,c1) + Fa(s,c1) + h(s)]ds. (3.9)

Then from (3) and (3.9) we obtain

W cpra M) 2D rs0 @)
0 S
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Clearly g7 is a continuous, positive and nondecreasing function defined for all
t > 0. Applying Theorem 2 to (3.10), we get

z (t)

t

< g1 (t) exp <C3 /Ot s[N1(s) + Nz (s)] ds) , t>0.

We designate by go (t) the expression

92 (1) = exp (Cs /Ot s [N1 () + N2 (s)] dS) :

Therefore
z(t) <tg(t), gt)=g1(t)g2(t), t>0.
O

4 Problems with a non-fractional source

In this section, we study the asymptotic behavior of solutions of (1.1) when
f=0and0<a<l1:

Dyty () = ft,y(t), 0<a<l, t>0 (4.1)
with initial conditions
Dgy () |¢=0 = by and I;™y (t) [t=0 = b1, b1, by €R (4.2)
in the space C]12[0,00) defined by
C11210,00) = {y € C1_4[0,00) : D§T*y € C1_4[0,00)} . (4.3)

In the sequel, we suppose that the function f(¢,y) satisfies the following
conditions

(A) f(t,y) : (0,00) x R — R such that f(.,y(.)) € C1_4[0,00) for any y €
Cl,a[O,oo).

(B) There exist continuous functions h, ¢ : Ry — R, such that
[ty @) <h@e (" y@)), t 20, (4.4)
where ¢ in the spase @ defined in (3.1) and th (t) € L1(1, 00).

The next result provides useful estimates for solutions of Problem (4.1)-
(4.2).

Lemma 12. Assume that y € C1_4[0,00) is a solution of (4.1)-(4.2) and f
satisfies (A) and (B). Then, for allt > 0, we have

oy ()] <z (1),
where

(1) = |by | |ba| ¢ t
() I(a+1) I'(a+1

] /0 h(s)e (5170‘ |y(5)\) ds, t > 0.

Math. Model. Anal., 21(5):610-629, 2016.
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Proof. Applying I;+* to (4.1) we find
I DYy (1) = I f (Ly (1), ¢ > 0.

Since f € C1_4[0,00), (4.1) implies that DiTy = D2I; %y € C;_4[0,0),
then by Lemma 3, we have I;~“y € C?__[0,00). As the hypotheses of Lemma
5 are fulfilled, we infer that

b o1, b

I(a) Tl T ty®), t>0. (45

y(t) =

where b; and ba come from the initial conditions in (4.2). In view of (4.5) we
deduce

ly ()] < SUTWS bol _jay 1 /|f(s,y(s))|ds, t>0. (4.6)
0

r'a)' T+ Tty

Multiplying both sides of (4.6) by t!1=% and using (4.4), we obtain the result.
O

Theorem 3. Let y € C1_4[0,00) be a solution of problem (4.1)-(4.2) and f
satisfies (A) and (B). Then

lim y (t)/t* =a € R.

t—o0
Proof. 1t follows from Lemmas 10 and 12 that
ly (t)|/t* < Hy =: G™' (H), t>1. (4.7)

By (4.4), we see that

/fsy ))ds /Ifsy |ds</h (512 Jy(s)]) ds

s/o hs)p (5 ly(s) ds+/ B(s)p (51 ly(s)]) ds
< [ heonds+ [ o) (1) as. (48)

0 1 S

Therefore from the first inequality of (3.4), (4.7) and (4.8) we obtain that

/fsy )) ds /h ))d5+/1t5h(8)<ﬂ(Ho)d5

< ¢ (G (K)) ; h(s)ds + L,Q(HQ)/1 sh(s)ds < 0.

Thus the integral fot f(s,y(s))ds is absolutely convergent and consequently

tlirgo/(J f(s,y(s))ds < oo. (4.9)
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Integrating both sides of (4.1), we find

t
DEy () =bat [ flsy(s)ds. t>0.
0
In virtue of (4.9) we deduce that there exists ¢ € R such that
Jim DGy (1) = c.
Further, by Lemma 8, we can write

lim y(®) = lim 7D0y(t) =a
t—oo 1 t%oof(a—i—l)

and the proof is now complete. O

Ezxzample 1. Consider the equation
Dgtey(t)=te" (y(t)", t>0, (4.10)

where 0 < o < 1,0 <r <1, and v+ 1 > (1 —a)r. Then all solutions
y € C1-4]0,00) of (4.10) enjoy the property lim;_,o y (t)/t* = a for some real
number a.

Proof.  We can rewrite (4.10) as follows
DéJrozy (t) _ t’y+(a—1)7“e—t (tl—ay (t))r )

Let h(t) = t7t(@=Dre=t and ¢ (t) = t". Then

/ sh(s)ds < / sh(s)ds = / gYHar+le=s g
1 0 0

=I'(v+(a—1)r+2) < cc.
 is positive, continuous and nondecreasing function such that

up (v) =" < (w)" = (w), v>0, u<l

/°° ds /°° ds
= - =00, Tp > 0.
T0 SO(S) T0 S

Consequently, ¢ in the space @. Clearly, all conditions of Theorem 3 are satis-
fied and the result follows. 0O

and

Remark 3. When o = 1 in (4.1), we have

y' (t) = f(t,y(t)), t>0
with initial conditions
y' (0) = by and y (0) = by

in the space C?2[0, 00), space of twice continuously differentiable functions, and
the function f(¢,y) satisfies the following conditions

Math. Model. Anal., 21(5):610-629, 2016.
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(A”) f(t,y) : [0,00) x R — R such that f(.,y(.)) € C[0,00) for any y €
C10, 00).

(B”) There exist continuous functions h, ¢ : Ry — Ry such that

[f(ty ()] < h@)e (Jy®)]), t > 0.

Note that in this case, these assumptions are analogous to those of Philos
[26]. On the other hand the function f(t,y) = t=1%(y (t))l/2 satisfies the
assumptions of Philos [26] but not ours.

Remark 4. When by = 0 in Theorem 3, then the condition (B) is replaced by

(B) There exist continuous functions &, ¢ : Ry — R, such that

£ty (0)] < Ay ('y“)') >0,

tOé

where ¢ is positive and nondecreasing and h is such that
o0
/ h(s)ds < co.
1

5 Equations with fractional source term
Now we consider (1.1), with 0 < f < a <1
Dgty (1) = f(ty(t), Dgy (), >0 (5.1)
with initial conditions
Dgy (t) lt=0 = by and I3~y (t) [i=0 = b1, b1, by €R (5.2)

in the space C]12[0,00) defined in (4.3).
In the sequel, we suppose that the following conditions hold:

(A1) f(t,u1,u2) : (0,00) x R? — R such that f(.,u; (.),u2(.)) € C1_4[0,00)
for any wuy,us € C1_4[0,00).

(A2) There exist continuous functions h: Ry - Ry, F; : Ry xRy —» Ry, i =
1,2, such that

F (b, uz)| < Fy (620 Jun (O])+Fe (667D us (8)]) +0(1), (5.3)
where F; in the space ¥ defined in (3.2), ¢ = 1, 2.

The next result provides useful estimates for solutions of problem (5.1)—
(5.2).
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Lemma 13. Assume that y € C172[0,00) is a solution of (5.1)-(5.2). Then,
for allt > 0, we have

|b1] n t
Ia=p)  I'(l+a=p)

Proof. Note that Dyt*y=D?I;"“ycC_,[0,00) implies I;~*yeC?_,[0,00),
see Lemma 3. Since 0 < g < a < 1, by Lemma 6, we see that

£=09 |Dy (1) < (bl + 13 £ty (1) . DGy (1))

Ilfa 0 . o N
DSy (t) = [?(ay_(ﬁ))ta Bt L 1978 Dy (1), t>0. (5.4)

Integrating both sides of (5.1), we find

D§y (t) = by + I3 f(t.y (t), Dyy (), t>0. (5.5)

Let us insert the expression (5.5) into (5.4), use Property 1, we have

DYy (0 = gt + 1 (4 B (539 DGy (9)) 0
by

bo
— 7ta—ﬁ—1 T e R—
I'(a—B) I'l+a-p)
‘We deduce the bound

by [to=B=1 |y t*—P o=
SF(c%ﬁ) T (+a—B) T (ita—p) ‘f(fy Doy())’

P 18I (Ly (), Dy (1) ¢ > 0,

Diy (1)

Multiplying both sides of this inequality by ¢'~(®=#) and the result follows. O

Lemma 14. Assume that y € C1_,[0,00) is a solution of (5.1)-(5.2), f satis-
fies (A1), (A2) with

/Ooo ( |(1|>ds<oo / s)ds<oo, i=1,2  (5.6)

and h € Ly (0,00) where Ny, i = 1,2, are as in (3.2). Then

t
lim f (s,y (s), Dgy (s)) ds < oo.
0

t—o0

Proof. Let, for t >0

0= Frza g (Bl [ [ G

+ F (5 gt=(a= ﬁ)‘D’B D—l—h( )})ds. (5.7)
Then from Lemma 13 and the assumption (5.3) we get
by
tHa_B)’Dﬁ t’<|71+z t), t>0. 5.8
Jo)] < 7t (5.9

Math. Model. Anal., 21(5):610-629, 2016.
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From (5.8) and (3.2), with 5 = 0, we have
By (67 ly @)]) < Fy (4 b1l /T () +2(t), t>0 (5.9)

and for ¢ > 0

Py (t,tua—a) ’Dgy(t)‘) <P (L F(Otbl_| 5+ (t)) <P (t, F“Z;') +z (t)> .

(5.10)
Taking into account (5.7), (5.9) and (5.10) we are lead to
" t
205 g (el [ [RGInlT@ 42 )
+ By (s, b1/ T(@) + 2 (5) + 1 (s) ds).
Therefore, by Lemma 11, we have
2(t)<Ct, t>0, (5.11)
where
B 1 - [b1] [01]
e AT S G CF ) R ) EXCIEY
X exp (F(l—|—1a—ﬁ)/0 s[N1 (s) + Nz (s)] ds) < 00.
It follows from (5.8) and (5.11) that
b
A-(a=B) ‘Dgy (t)‘ < F(clyl—lﬂ) +Ct, t>0. (5.12)

On the other hand, again by our assumption (5.3) we see that

/Otf(&y(s),Dgy(s)) ds S/Ot‘f (s,y(s),DO’By(s))‘ds

< /Ot {Fl (S,sl_a ly (s)]) + F» (Sl_(a_ﬁ) ‘Dgy (S)D + h(s)} ds. (3.13)

Therefore from (5.12) and (5.13) we deduce that

|1 (s 08w @) ds| < [ 17y sl @) + )
+F5 (s, |b1]/ () + Cs ) + h(s)]ds

=/0 [F1 (s, b1 ]/ T (@) + Cs ) = F1 (s, [ba]/T'(@)) + F1 (s, [ba| /()

v (s ) - (LY (o LY o] s e
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As the functions F;, i = 1,2, satisfy (3.2), we can write

[ 1 (5260 0w ) s

+/0 [F1 (s, [ba] /() ) + Fa (s, [ba] /T'(@)) + B (s)] ds.

< C/O s[N1 (s) + No(s)]ds

That is
< oo, t>0.

[ 1 (5008 5)) s

The integral fot f (s,y (s) ,Dg Yy (s)) ds is therefore absolutely convergent and
the result follows. O

Theorem 4. Under the same hypotheses as in Lemma 14 any solution y €
C1_a[0,00) of problem (5.1)-(5.2) has the following property

t
lim&:a, a € R.

t—oo X

Proof. It is clear, by virtue of (5.5) and Lemma 14, that there exists b € R
such that
Jim DGy (t) = b.

Noting that Lemma 8 remains true for the new problem, we conclude that

D
S Dy
t—oo & t—>ooF(1+a)

for some a € R. 0O

Remark 5. If b = 0 in Theorem 4, then we replace (5.3) and (5.6) by

|f(t,u,v)| < Fy (t u')—i—Fg (t, to|zv—|ﬁ>’ / N; (s)ds < o0,
0

,ta

respectively.
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