MATHEMATICAL MODELLING AND ANALYSIS Publisher: Taylor&Francisand VGTU

Volume 22 Number 2, March 2017, 228-236 http://www.tandfonline.com/TMMA
https://doi.org/10.3846,/13926292.2017.1291455 ISSN: 1392-6292
© Vilnius Gediminas Technical University, 2017 eISSN: 1648-3510

Local Convergence of Jarratt-Type Methods
with Less Computation of Inversion Under
Weak Conditions

Ioannis K. Argyros® and Santhosh George’

¢ Department of Mathematical Sciences, Cameron University

Lawton, 73505 OK, USA
b Department of Mathematical and Computational Sciences, National Institute
of Technology Karnataka

757 025 India
E-mail(corresp.): sgeorge@nitk.ac.in

Received September 23, 2016; revised January 30, 2017; published online March 1, 2017

Abstract. We present a local convergence analysis for Jarratt-type methods in order
to approximate a solution of a nonlinear equation in a Banach space setting. Earlier
studies cannot be used to solve equations using such methods. The convergence
ball and error estimates are given for these methods. Numerical examples are also
provided in this study.
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1 Introduction

Let X and Y be Banach spaces and F' : {2 C X — Y be a nonlinear con-
tinuously Fréchet-differentiable operator defined on a non-empty open convex
subset of X. We are concerned with the problem of approximating a locally
unique solution z* of the nonlinear equation

F(z) = 0. (1.1)

Higher order methods like Jarratt method [2,6,7] and fifth order method
[10,11] are considered for approximating the solution z* of (1.1). But, for the
convergence analysis of these methods, in addition to the assumptions on F’
and F”" assumptions of the form (see [2,6,7,10,11]):

I1F"(z) = F"(y)ll < Lllx = yll, =,y €2, L=0 (1.2)

or

1F"(z) = F" ()l < w(llz = yll), 2,y €2 (1.3)
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are required, where w(z) is a nondecreasing continuous function for z > 0 and
w(0) = 0 (see [10]).

A typical example of (1.1) that does not satisfy (1.2) or (1.3) is the mixed
Hammerstein type equation defined on X =Y = C[0,1] by

m(s):/o Q(s,t)(x(t)%—i—%x(t)Q)dt,

where the kernel @ is the Green’s function defined on the interval [0,1] x [0, 1]
by

Qs,t) = { 211_— t), i <t (1.4)
Define F' : C[0,1] — C[0,1] by
F(z)(s) :== z(s) —/0 G(s,t) (x(t)% + %x(t)2)dt

and consider

F(z)(s) =0. (1.5)
Notice that z*(s) = 0 is one of the solutions of (1.1). Using (1.4), we obtain
1
1
H / Q(s,t)dtH <= (1.6)
0 8
Then, by (1.4)—(1.6), we have that
’ / 1/3 1
- < (2z - —y|).
1F'(2) = F'W)ll < 5 (Gl = yl? + =~y

Note that, F"”’ is not Lipschitz. Hence the results in [2,7,8,10,11] cannot be
used to solve (1.5).

It is known ( [1]- [10]), that computational cost of inversion is very large, so
many authors considered iterative methods with less computation of inversion
[1]- [10].

In this paper we study the local convergence of the three-step method de-
fined for each n =0,1,2... [10] by

2

Up = Tp — gFl(xn)_lF(‘rn)a
on = — [~ Z(I - gA(xn) 61 A(2)2) Az ) (1)~ F (),
P = 2= (= S Aw) + B2 A2 () F (), (1.7

where z is an initial point, 61,2 € R and A(x,,) = F/(z,) 1 (F' (un) — F' (1))

The almost sixth semilocal convergence order of method (1.7) was shown
in [10] using the preceding Lipschitz-type conditions. However these results
cannot apply to solve (1.5). The idea used in this paper can be used on other
iterative methods [1]- [9].

The rest of the paper is structured as follows: In Section 2 we present the lo-
cal convergence analysis. We also provide a radius of convergence, computable
error bounds and uniqueness result not given in the earlier studies [10,11]. Spe-
cial cases and numerical examples are presented in the concluding Section 3.
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2 Local Convergence
The local convergence of method (1.7) that follows is based on some scalar

functions. Let wg, w : [0,400) — [0,+00), v : [0,+00) — (0,+00) be
nondecreasing, continuous functions with wg(0) = w(0) = 0. Define parameter

ro = sup{t > 0: wo(t) < 1}. (2.1)

Moreover, define scalar functions on the interval [0, 1) by

a(t) = %ﬂ}o(t) (/01 w((1— 0)£)d6 + % /01 v(9t)d9) ,

Jow((1=0))do 3 3 wo (g1 (1)t) + wo(t)
) +4K1+2 1= wo(d)

+m(wwwm+mwf>m@a>+m ]k

92(t) =

1 —wo(t) L —wo(t) 1—100(75) 7

wo(g1 (1)) + wo(t)\ ) Jy v(g2(H)1)
”M(01—<w0>>ohww>”@

and h;(t) = g;(t) — 1, i = 1,2,3, where 1,02 € R. Suppose that

v(0) < 3. (2.2)

We have that h;(0) = =1 <0, j = 2,3, 71 (0) = “2 —1 < 0 and hy(t) — +o0
as t — 1y . It follows by the intermediate valuc theorem that functions h;
have zeros in the interval (0,7¢). Denote by r; the smallest zeros of functions
h;, respectively. Define the radius of convergence r by

r=min{r;}, i=1,2,3. (2.3)

Then, we have that for each ¢t € [0,7) 0 < g;(¢) < 1.

Let U(y, p), Ul(y, p) denote respectively the open and closed balls in X with
center y € X and of radius p > 0. Next, we present the local convergence
analysis of method (1.7) using the preceding notation.

Theorem 1. Let F : 2 C X — Y be a continuously Fréchet differentiable
operator and &1,02 be two real parameters. Suppose: there exist x* € (2 and
wp : [0,4+00) — [0,+00) nondecreasing with wo(0) = 0 such that for each
reD

F(z*)=0, F'(z*)"'eL(Y,X), (2.4
1F/ (%) " (F () = F'(2"))|| < wol[le —2*|)); (2.5)

~—
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there exist functions w : [0,400) — [0,400), v : [0, +00) — (0, +00) with
w(0) = 0 such that for each xz,y € 2y := 2NU(x*, ro)

1F" (@)~ (F (2) = F' ()l < w(llz = y])), (2.6)
1F" (@) 7 F (@) < v(lle = 27 ]) (2.7)

and (2.2) holds, U(x*,r) C §2, where ro,7 are defined by (2.1) and (2.3),
respectively. Then, the sequence {x,} generated by method (1.7) for zo €
U(z*,r)—{x*} is well defined, remains in U(z*,r) for eachn =0,1,2,... and
converges to x*. Moreover, the following estimates hold

lun = 27| < g1(l2n — 2" [)llen — 27| < [lan — 2™ <7, (2.8)
lzn — 2| < ga(llzn — " [Dllen — 27| < [lzn — 27| (2.9)
[2n1 — 2| < gs(llzn — 2" llzn — 27| < fl2n —27]. (2.10)

Furthermore, the point x* is the only solution of equation F(x) = 0 in {1 =
2nU(x*,r).

Proof. 'We shall show using mathematical induction that the sequence {z,}
is well defined in U(z*,r) and converges to z* so that estimates (2.8)—(2.10)
are satisfied. By hypothesis zo € U(z*,r) — {z*}, (2.1), (2.4) and (2.5) we get
that

1F" (@)~ (F (wo) — F' (")) I| < wo(llzo — 27[|) < wo(r) < 1. (2.11)

It follows from (2.11) and the Banach perturbation lemma [1,3, 8] that
F(wo) " € L(Y, X),

1
<
I e =)

| F' (z0) L F' () (2.12)

and ug is well defined by the first substep of method (1.7) for n = 0. In view
of (2.4) and (2.7), we get that

F(xo) = F(xo) — F(z*) = /0 F'(z* +0(xg — 2*))(z0 — 2*)db

S0,

IF (@) F(zo)|| = H/ F/(a) " F/ (" + 0o — ) (o — )|

IN

[ 0l )10 — a0 (2.13
0

where we also used that x* + 6(xg — z*) € U(z*,r), since
|lz* 4+ 0(zo — ") — ™| = O|lxo — z™|| < 7.

Using the first substep of method (1.7) for n = 0 and (2.4), we can write
1
ug — x* =z — F — F'(20) F(20) + gF'(:zro)*lF(xo). (2.14)

Math. Model. Anal., 22(2):228-236, 2017.
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Then, by (2.3), (2.4), (2.6), (2.12), (2.13) and (2.14) we obtain in turn that
1
luo — 27| < HF'(CUO)_lF’(w*)llHF'(CU*)_l/ [F' (@™ + 6o — 27))
0

1
— F'(@0))(wo — @)d]| + 5I|F" (o) F' (@)1 (%)~ F (o))
1 1
w((1 —0)||lxg — 2*|NdO|| 2o — =*
< T T (= Ol — = ol — 7|
Jy v(6llz0 — 2*||)d]lwo — 2|

3(1 = wo([[wo — 7))

= g1(|lwo — *[|)[|zo — 2| < o — || <, (2.15)

which shows (2.8) for n = 0, and up € U(z*,r). By the second substep of
method (1.7) we can write that

20 —x* =20 — 2 — F'(20) ' F(20)

+ %(I - gA(I'[)) + (51A(.’to)z)A(l’o)F/(xo)ilF(ito). (216)
We get that
1Al = |[F" (o) ™ (F' (u0) — F' (o))

< F (o) F @I (@) THE (uo) — F ()]
HIF (@) THF (o) — F' ()]

< Wwollluo — &™[}) + wo(llzo — ™})

- 1 —wo(flzo —z*])

< wolgr(flzo = 2" |Dllwo — 2™}}) + wolllzo — 2*[I)

[N —y 217)

Then, by (2.3), (2.4), (2.15)—(2.17) we have that
lz0 — || < |0 — 2™ — F'(x0) ™" F (o)l
3 3 _
+ U+ S 1A + 181l [|A(zo) ) 1A (o) [ F (z0) ~ F (o)l

1
~ L= wo([lwo — =]

1
j /0 w((1 = 0)|zo — 27[)db|zo — 27|

+

3 <1+ 3 wo(g1([lzo — 2" ) [lxo — =) + wo([lxo — z”|))
4 2 1—wo([|lzo — z*|))

I&(wdmﬂm—wWWm—zﬂrﬂme—ﬁm>v

1 —wo([|zg — z*|)

wolg1(llzo — &*|)llwo — 2*[1) + wollleo — 2*|I)
1— wo([lzo — 2*))
Jo v(@llzo — a* |||z — 2* |0
1 —wo([lxo — x*])
= ga(llzo — 2*|)llzo — &*|l < llzo — 2*|| <,

X
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which shows (2.9) for n = 0 and zy € U(z*,r). Similarly, by (2.4) and the last
substep of method (1.7) for n = 0, we get that

[ =2 < flzo — 27
3 _
+(1+ S [ A(o)ll + 102 A(wo) )| F" (o) ™" F'(z0)]

ga([lzo = z*|)flxo — 2|
n ( 3 wo(g1 ([lzo — 2™ [)[lxo — =) + wo([lxo — =”|))

IN

14
2 1 —wo(flzo — 2*])

H&(wdmﬂ%—xwmm—x*%Hme—ﬁm)v

L —wo([|zo — z*|)

1 * * *
o Jo v(ga(llzo — &~ IDllzo — 2 [Ng2(llzo — z*[)d6

To — x*
T wo(lzo —2°|) o =]

= g3(llxo — @"[Dllwo — 2™ < lao — 2™ <,

which shows (2.10) for n = 0 and x; € U(z*,r), where we also used (2.13) for
zp = . By simply replacing ug, ug, 20, 1 by xg, uk, 2k, Tx+1 in the preceding
estimates, we arrive at (2.8)—(2.10). Then, from the estimate

ek = 27| < ellay — 2™ <7, ¢ = gs(llzo —27[]) € [0,1),

we deduce that limz, = 2* and xg41 € U(x*, 7). Finally, to show the unique-
ness part, let T = fol F'(z* + 0(y* — x*))df, where F(y*) = 0 and y* € (2.
Using (2.5), we get that

1F" (@) ~H(T = F'(a"))] < /0 v(0ll2" —y*[)do < 1.

That is T~! € L(Y, X). Then from the identity
0=F(y") - F(z") =T(y" — ")

we conclude that z* =y*. O

Remark 1.
1. In view of (2.5) and the estimate
IF" (@) F (@) = [ (2") " (F' (@) = F'(a")) + 1|

< L+ IF@)THE (@) - F'(2")] < 1+ wo(llz — 27)
condition (2.7) can be dropped and v can be replaced by v(t) = 14+wq(t).

2. Let wo(t) = Lot, w(t) = Lt, v(t) = M for some Ly > 0,L > 0 and
M > 1. In this special case, the results obtained here can be used for
operators F' satisfying autonomous differential equations [6] of the form

F'(z) = P(F()),

where P : Y — Y is a continuous operator. Then, since F'(z*) =
P(F(z*)) = P(0), we can apply the results without actually knowing x*.
For example, let F'(z) = e¢* — 1. Then, we can choose: P(z) =z + 1.

Math. Model. Anal., 22(2):228-236, 2017.
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3. The radius r* = 2/(2Ly + L) was shown by us to be the convergence
radius of Newton’s method [4, 5]

Tpi1 = Tn — F'(2,) ' F(x,) for each n=0,1,2,... (2.18)

under the conditions (2.4)—(2.7). It follows from the definition of r that
the convergence radius r of the method (1.7) cannot be larger than the

convergence radius r* of the second order Newton’s method (2.18).
As already noted in [4,5] r* is at least as large as the convergence ball
given by Rheinboldt [8] rg = % In particular, for Ly < L we have that
rr < r* and

TR 1 Lo

— = = — = 0.

3 %L
That is our convergence ball 7* is at most three times larger than Rhein-
boldt’s. The same value for rr was given by Traub [9].

4. It is worth noticing that method (1.7) is not changing when we use the
conditions of Theorem 1 instead of the stronger conditions used in [2,7,10,
11]. Moreover, we can compute the computational order of convergence
(COC) defined by

[ n — =] [ €01 — =]
or the approximate computational order of convergence
& =In <||1'n+1 - xn) /In ( [Zn — Tn-1l| ) )
[2n — zn—1]l |Tn—1 — pn_2]
This way we obtain in practice the order of convergence in a way that

avoids the bounds involving estimates using estimates higher than the
first Fréchet derivative of operator F.

3 Numerical Examples

The numerical examples are presented in this section.

Ezample 1. Let X =Y = R3 D = U(0,1),2* = (0,0,0)T. Define function F
on D for w = (z,y, 2)T by

e—1
F(w)= (" —1,—y* +y,2)".

2
Then, the Fréchet-derivative is given by
e 0 0
F'vy=1] 0 (e—1y+1 0
0 0 1

Notice that using the (2.5)-(2.7) conditions, we get Lo = e —1,L = eTo = M,
1 1

so wo(t) = Lot = (e — 1)t, w(t) = Lt = eTot and v(t) = M = eTo. Then for

01 = 02 = 0.5, the parameters are

r1 = 0.1544, ro = 0.1422 = r,r3 = 0.1592.
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Ezample 2. Let X =Y = C[0, 1], the space of continuous functions defined on
[0,1] equipped with the max norm. Let D = U(0,1). Define function F on D
by

Flo)(@) = p(z) — 5 / 200(0)d0.

We have that
1
F'(o(8))(z) = &(x) — 15/ 0o (0)%€(0)df, for each & € D.
0

Then, we get that * =0, Lo = 7.5, L = 15, M = 2 so wo(t) = 7.5, w(t) = 15¢
and v(t) = 2. Then for §; = J; = 0.5, the parameters are

r1 = 0.0219,r = ry = r3g = 0.0002.

Ezample 3. Returning back to the motivational example at the introduction of
this study, we have wo(t) = w(t) = £(3v¢ +t) and v(t) = 1 4 wo(t). Then for
61 = 03 = 0.5, the parameters are

ry = 2.1863,r = ry =1r3 = 0.1297.
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