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Abstract. The propagation of monochromatic electromagnetic waves in metal cir-
cular cylindrical dielectric waveguides filled with inhomogeneous medium is consid-
ered. The physical problem is reduced to solving a transmission eigenvalue problem
for a system of ordinary differential equations. Spectral parameters of the problem
are propagation constants of the waveguide. Numerical results are found with a pro-
jection method. The comparison with known exact solutions (for particular values of
parameters) is made.
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1 Introduction

A large class of vector electromagnetic problem concerns electromagnetic wave
propagation. In radioengineering and electronics the use becomes waveguide
structures of complex cross-sections and with inhomogeneous filling require
the construction of mathematical models of the propagation of electromagnetic
waves in such structures. It becomes necessary to study a new broad class of
problems in electrodynamics, characterized by boundaries with delete, give rise
to complex geometry, surfaces, uneven dielectric filling and the presence of thin
metal ribs (plates) in the structure. The primary goal here is to construct a
numerical method to determine the spectrum of normal electromagnetic waves
that propagate in such structures.

The study of the wave propagation in a waveguide filled with inhomoge-
neous medium are arise a boundary eigenvalue problems for systems of elliptic
equations with discontinuous coefficients. On the surfaces of discontinuity are
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set additional conditions, called transmission conditions. In the simplest for-
mulations the spectral parameter is present only in the equations, and is not
included in the transmission conditions. However, in rather complex models a
spectral parameter is included not only in the equation, but also in the trans-
mission conditions.

This class of problems has been developed for many years [3,7,12]. The main
attention was paid to practical outcomes of the calculation of the characteristics
of the main mode of waves which has a greatest interest from the physical point
of view, as well as several higher modes. Numerical methods for calculating
the parameters of various types of waveguide structures are described in the
monographs and review papers [1,4,6,15]. However, it should be said that most
of the methods applied to homogeneous waveguides, are not common and are
difficult to implement and apply for specific inhomogeneous structures.

In this work the wave propagation in inhomogeneous metal-dielectric cylin-
drical waveguides is studied numerically using the modification of the projection
methods. We consider two types of waveguides: a two-layer dielectric waveg-
uide covered by metal where one of the layers is filled with nonlinear medium
and a perfectly conducting cylinder covered by a nonlinear dielectric layer. The
obtained numerical results are compared with the data available in the linear
theory.

2 Statement of the problem

Consider three-dimensional space R? with a cylindrical coordinate system Oppz
filled with isotropic medium having constant permittivity ¢ = e¢ (g9 > 0 is the
permittivity of free space), and constant permeability © = pg ( where pg > 0
is the permeability of free space).

A metal dielectric circular cylindrical waveguide X filled with inhomoge-
neous medium is placed parallel to the axis Oz.

5 5

Figure 1. The perfectly conducting Figure 2. The circular hollow metallic
cylinder covered by the dielectric layer. layered waveguide.

In Figure 1 a perfectly conducting cylinder covered by a dielectric layer,
known as Goubau line (GL) is shown. In Figure 2 a circular hollow metallic
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layered waveguide (HW) is shown.
We will consider monochromatic waves

Eeiiwt - 67iwt (Epv E«Pv EZ)T ’ Heiiwt = eiiwt (Hpv H%’v HZ)T ’

where ( - )T denotes the transpose operation. Each component of the field E,
H is a function of three spatial variables. Complex amplitudes of the electro-
magnetic field E, H satisfy the Maxwell equations

{rotH = —iweE, (2.1)

rotE = iwpH,

subject to the following boundary conditions. The tangential components of
the electric field vanish on the metal surface p = hg; tangential field components
are continuous on the media interface p = h; the complex amplitudes obey the
radiation condition at infinity: the electromagnetic field decays as O(|p|~!)
when p — oco. The dielectric permittivity inside a ring (segment [hg, h]) is
described by a smooth function € (p).

The surface waves propagating along the axis Oz of the waveguide X have
the form [11]

Ep — Ep(p)eimtp-&-i'yz, Hp _ Hp(p)eimga-&-ifyz7
E, = E (p)e™#7, H, = H,(p)eme+7, (2.2)
L. =E, (p)eimg0+i'yz’ H,=H, (p)eimtp—&-i’yz’

where « is the real propagation constant (spectral parameter of the problem)
and m is an angular integer parameter (which assumed to be known). In what
follows we often omit the arguments of functions when it does not lead to
misunderstanding.

3 Differential equations
Substituting E and H with components (2.2) into equations (2.1), we obtain

i%HZ —iyH, = —iweE,, ivH,— H, = —iweE,,
%(pH@' - i7me = —iwek,, z%EZ —ivE, = iwpH,, (3.1)
ivE, — E. = iwpH,, %(pEy,)’ — %nEp = iwuH,,
where the prime denotes differentiation w.r.a p.

Expressing the functions E,,E,, H, and H, through E, and H, from the
1st, 2nd, 4th and 5th equation of system (3.1), we find

ivpE, — mwuH, mweE, + iypH.,
E, = 2 5y 0 Hp = 2 2
p(w?pe —42) p(w?pe —~?)
ymE, + iwupH, iwepE, —ymH,
By = - sy o He = 2, 2
p(w?pe —~?) p(w?pe —~?)
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Substituting the expressions for E,, E,, H, and H, into the 3rd and 6th
equations of system (3.1) and introducing the notation wuy := iE,(p), uy =
H,(p), we obtain

d du
Loug - = Ip(phT;) — QglUp = fqu
d duy, (32)
Lyuy : = Ip (panp) — qulUn = fub:7
where
wep wiLp we [ m? 5
pE:F’ pM:?, QE:? ﬁ_p )

2
G = wf: <7;32 - PZ) CF=-TR0e R =P -2

Remark 1. For m = 0 system (3.2) splits into two independent equations, which
corresponds to two independent wave propagation problems: for TE and TM
guided waves. These problems are well studied (analytically and numerically)
e.g. in [8,9,10,13,14,16].

Outside the ring, where p = g and € = g, system (3.2) takes the form of
Bessel’s equations
plpuy) — (p°kg +m?) uy =0,
plondy) — (k3 +m?) uy, = 0
with general solutions

Uy = CIIm(kOP) + O2Km(k0p)a Uy = C3Im(k0p) + C4Km(koﬂ), (33)

where k3 = 72 — w?poeo, I, is the modified Bessel function and K, is the
Macdonald function [5]. There C4, ..., Cy denote arbitrary constants.
For HW solutions (3.3) takes the form

up = C1Im(kop), p < h, wuy=Calp(kop), p<h, (3.4)

where boundedness of the field at zero is taken into account.
For GL solutions (3.3) takes a form

ug = C1 Ky (kop), p>h, uy=CaK,(kop), p>h, (3.5)

where the radiation condition at infinity is taken into account.

4 Transmission conditions and transmission problem

Tangential components of the electromagnetic field are known to be continuous
at the interface. In this case the tangential components are E,, E., H, and
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H,. Thus we obtain the following transmission conditions for u, and wu,

ug(ho) = 0, ul,(hg) =0,
[U/E”p:h = 0, [uMHp:h — 07
P / = 4.1
m [ﬁ} o=h - [pMuMHp:h =0, (4.1)
Ut , B
m [ﬁ} p=h - [pEuE”p:h =0,

pms = pggiov(p) - pgg}rov(p) is the jump of the limit values of the

function at the point s.

The main problem (Problem P,,) is to find 4 such that for a fixed value
of angular parameter m # 0, there exist non-trivial functions u;(p;4) and
uy(p;4) that satisfy system (3.2), transmission conditions (4.1), and inside the
inhomogeneous layer they have the form (3.4) for HW or outside the layer the
form (3.5) for GL.

where [v]|

5 Variation formulation

Let us give the variational formulation of the problem P,,. Using the first
Green’s formula, we obtain

h h
/ vLudp = / v ((pu’)/ - qu) dp
h h

0 0

h / h h
:/ (pu'v) dp—/ pu’v'dp—/ quudp
ho ho ho

h h
= pu’v|ZO —/ pu'v’d,o—/ quvdp. (5.1)
ho hg
Taking into account the right-hand side of (3.2), we obtain
h h
/ vLudp = fu*vdp, (5.2)
ho ho

where u* denotes a replacement by the rule u} = uy.
Let us consider the smooth test functions v, and v,,.

Remark 2. We assume that the test functions vy and v, satisfy the following
conditions
vg(ho) =0, wvg(h) =1,

vl (ho) =0, vy(h) =1,
which coincide with conditions for functions u; and w, at the boundary hg.

Multiplying the left and right sides of equations (3.2) by the test functions
v and vy, respectively, and applying (5.1) and (5.2), we obtain

h h h

pEu;v;dp—/ QupUpdp = Funvedp (5.3)
h

0 ho

PRt (Yo () — /

ho

Math. Model. Anal., 22(3):271-282, 2017.
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and

h h h
p]\{(h)ugl(h)vm(h) - / PMUII\[UK[dP - / QMUMUMdP = qudep- (54)
h h

0 0 ho

From (4.1) we determine pyu. and pyu!, at the point h

RS P whg'(h)
(i + ) 00 = S g
)

(
/ wh
pu(h)uy (h) =ym (k;?th) T kl(z)) us(h) - k(z) i]((}]z)

pe(h)uy(h) = ym
(5.5)

u(h),

where function g(p) = I, (kop) or g(p) = K, (kop) are solutions outside or
inside the ring as appropriate.

Summing up (5.3), (5.4) and substituting (5.5) for ps(h)ul,(h), pu(h)ul,(h),
we obtain the variational equation

1 1 wh ¢'(h)
ym (sz(h) + k3> (uy (h)vg(h) + ug(h)vy(h)) — k‘% o (uE(h)vE(h)
h h
+ uM(h)UM(h)) - / (pEU;U;: + pMu;\lUi{) dp — / (q}ZuEUE + QMUMUM) dp
h h,
h ’ ’
f (uMUE + UE’UM) dp =0, (5.6)
ho

which hold for any test functions v and vy. The solution of (5.6) is equivalent
to the original problem P,,.

6 Projection method

Using the projection method [2] let us reduce the variational equation (5.6)
to a system of algebraic equations. Firstly, split an interval [hg, h] into n
subintervals with the length [ = |hg — h|/n. Let us define a set of n subintervals

Qpi = [ho + (Z — ].)l, ho + (’L+ 1)”, 7= ]., ey — ]., @n = [ho + (TL — 1)1, h]
and set of n + 1 subintervals

U, = [h()7 h0+l]7 &p [h0+(l—2)l h0+ll] ji=2,..,n,
Wny1 = [ho + (n — 1)L, h].

These subintervals we call base finite elements. Denote by a, b, and ¢ an initial
point, midpoint and endpoint of subintervals, respectively.

In accordance with the scheme of the projection method, it is necessary to
introduce basis functions ¢; and 1; in order to approximate the solution. The
basis functions are defined on each subinterval @; and ¥; (¢; and 1; vanishes
outside the intervals @; and ¥;, respectively).
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The basis functions ¢; defined on &;, are

(p_a)a p<ba 1
¢i: 7;:1377'717 ¢n:
! (p—oc) >b
[ P P )

(p—a).

c—a

The basis functions v); defined on &; are

—ﬁ (0* —2ap+a® = (c—a)?),

1

L wpra), pe
(c—a)?

Py = 1 Yy = 1

b_c(p_c)’ p>ba b

(G

(p—a), p<b,

(p—C), P>b»

where j = 3,...,n and ¥,11 = Cia (p—a).

0.8

0.6

0.4+

0.2+

0.6
0.4
0.2

10 P h
Figure 3. The basis functions ¢; and 1;, defined on [ho, h].

Such defined basis functions takes into account the physical nature of the
problem under consideration (see Remark 2 and Figure 3).

We assume an approximate solution with real coefficients «; and 3; such
that
n+1

up =Y i, uy = Bijv;. (6.1)
i=1 =1

Substituting functions u; and u,; with representations (6.1) into the variational
equation (5.6), we obtain a system of linear equations with respect to «; and
B; (for fixed value of )

Ax =0,

Math. Model. Anal., 22(3):271-282, 2017.
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where matrices A and x have the form

11 1 11 1,n+1
AEF_ e A]"ltl Arm to AE\I (o1
1 1 n n+1 .
Alllr e AI@IP A?M to AE\I Qp,
A= , L = )
11 1 11 1,n+1
A\lh T AMZ AMM T Ay 51
n+1 1 n+1 n n+1 1 n+1 n+1
AI\IE e AME A\IM e AM\I Bn—i—l

with elements

wh g'(h)
Al =
kZ g(n)

i(h)*/q5 (Pe(99)® + 497 dp,
where used vy = ¢; and i =1,...,n

Alz"]M =oym <k’2th) ) ¢z( / f@%dpa

where used vy, =¢j; and i =1,...,n, j=1,...,n+1;

i 1
A= m (g * g ) s [ gown

where used vy = ¢; and i =1,...,n, j=1,....,n+ 1;

- hg'(h ,
Al = _(Z'gf]((h)) ’(/J?(h) — [I/j (pm('(/Jj>2 + Q\ﬂﬁ) dp,

where used vy =9, and j =1, ...,n+1. Thus Aisa (2n+1) X (2n+1) matrix.
Let us denote by A the determinant of A

A7) = det A.

Remark 3. If there exists v = 7 such that A(¥) = 0, then ¥ is an approximate
spectral parameter of Problem P,,. In other words, if an interval [y, 7] is such
that A(y) x A(F) < 0, then this means that there exists v = 7 € [y, 7] which
is an spectral parameter of Problem P,,. This value can be calculated with any
prescribed accuracy.

7 Numerical results

Numerical results are obtained with the help of the shooting method for GL
(see Figure 1). For the inhomogeneity €(p) of the waveguide the following
functions are used to specify the permittivities e = ¢ + 45 and ¢ = &, + %2 in
the layer hg < p < h, where ¢, is a positive real constant.
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The dielectric constant determined by the expression 5&—% defines a weakly

inhomogeneous medium, which can be compared with homogeneous. The func-
tion e, + %2 defines a filling considerably different from the homogeneous
waveguide.

In the figures below the profiles of dielectric permittivity, the spectral pa-
rameter v with respect to angular parameter m and to angular frequency w,
and functions E, and H, are shown.

The following values of parameters are used for calculations in Figures 4-13:
g0 =1, 5524, h()=27 and h = 4.

In Figures 4 and 5 are presented the permittivity profiles. The red and blue
curves correspond to inhomogeneous and homogeneous waveguide structures.

ENY

N

dielectric permitivity
w

-

o

radial coordinate

Figure 4. The profiles of dielectric
permittivity: e. + % (red curve) and e,
(blue curve).

spectral parameter

2) 3 4 5
angular parameter

Figure 6. The dependence of spectral

parameter v with respect to m in case of

w = 1. Red and blue colours corresponds
to ec + % and e, respectively.
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it

spectral parameter
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o

Figure 8. The dependence of spectral
parameter vy with respect to frequency w
(dispersion curves) in case of m = 1. The

permittivity is specified by e, + 2—'”0.
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Figures 6 and 7 are graphs of the spectral parameter depending on the an-
gular parameter. The color of curves for the homogeneous and inhomogeneous
waveguides coincides with the colors for the dielectric permittivity profiles in
Figures 4 and 5. As one would expect the graphs of the homogeneous and
weakly inhomogeneous waveguides differ only slightly.

Only integer values of the angular parameter m are physically meaningful.
But we can investigate this problem numerically for any values of the angular
parameter m (for non-integer, too). When m is equal to 0, the problem splits
into two well-studied problem - propagation of TE and TM polarized waves.
In these, the first and third black dots correspond to the spectral parameters
of the TM waves, where as the second black dot is the spectral parameter of
TE waves. These graphs show the connection between the TE and TM waves
(m = 0) and hybrid waves (m # 0).

For the value of the angular parameter m equal to 1 and 3, the dispersion
curves were plotted in Figures 8 and 9. The interior of the dashed region
determines the area of the parameter space where the homogeneous problem
has a solution.

For the value of the frequency w = 1 the graphs of the tangential compo-
nents E, and H, of the electromagnetic field in Figures 10-13 are presented.
Color of curves in Figures 10-13 corresponds to the color of spectral parame-

ter in Figures 8 and 9 (points of intersections of vertical dashed line with the
dispersion curves).

' ;
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0.5 }
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!
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tangential electric field
tangential magnetic field
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1 3 L”S—’E e 1 3 } 6
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Figure 10. The tangential components Figure 11. The tangential components
E, of electric field in case of H, of electric field in case of
m =1, w = 1. The permittivity is m =1, w = 1. The permittivity is
specified by ec + &5 specified by ec + 45
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s 05 ! g os i
E { T I
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g 1 R 6 2 0 1 3 4 5 6
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Figure 12. The tangential components Figure 13. The tangential components
E, of electric field in case of H, of electric field in case of
m =3, w = 1. The permittivity is m =3, w = 1. The permittivity is

specified by e, + %_2. specified by e. + %2.
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Graphs of the tangential components of the electromagnetic field (Fig-
ures 10-13) consistent with the physical formulation of the problem, namely
the component E, vanishes on the boundary of the metal, both of components
FE, and H, are continuous at the interface and decays when p — co.

8 Conclusions

The propagation of monochromatic electromagnetic waves in metal circular
cylindrical dielectric waveguides filled with inhomogeneous medium was con-
sidered. By applying methods of the theory of integral operators, we gave a
rigorous mathematical description of the problem, substantiated and imple-
mented a numerical method for its solution.The method allows us to determine
approximate eigenvalues with any prescribed accuracy. The approach described
in this paper can be applied to other problems, e.g., to multilayered opened
waveguides.
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