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Abstract. In this paper we introduce the concept of strongly A(p) convergence
of fuzzy numbers with respect to an Orlicz function and examine some properties
of the resulting sequence spaces and )\(p) — statistical convergence. It is also shown
that if a sequence of fuzzy numbers is strong )\(p) convergent with respect to an
Orlicz function then it is /\(p)— statistically convergent.
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1. Introduction and Preliminaries

The concept of paranorm is closely related to linear metric spaces.It is a

generalization of an absolute value definition. Let X be a linear space. A

function ¢ : X — R is called paranorm, if

i) g(0) =0,

ii) g(x) >0, for all z € X,

iii) g(—2z) =g(), forall w € X,

iv) g(z+y) <g(z) +g(y), for all z,y € X,

v) if (an) is a sequence of scalars with a;,, — o (n — oo) and {z,, } a sequence
of vectors with g(z,—z) — 0 (n — 00), then g(anzn,—az) — 0 (n — o).

The last property is called continuity of multiplication by scalars. The space
is called the paranormed space X with the paranorm g.

A function M : [0,00[ — [0,00][ is an Orlicz function if it is continuous,
non-decreasing and convex with

M(0)=0, M(z)>0 for >0, M(x)— oo as x — oo.
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An Orlicz function is said to satisfy As-condition for all values of u, if there
exists a constant K > 0, such that

MQ2u) < KM(u), u>0.

Lindenstrauss and Tzafriri [5] used the idea of Orlicz function to construct
the sequence space

||
Iy = = : M(—) < o, f > 0.
M {x (xk) ; (p) 00, for some p }
The space [y with the norm
Ha:||:inf{p>0:ZM(@)§l}
k

becomes a Banach space which is called an Orlicz sequence space. The space
lar is closely related to the space [, which is an Orlicz sequence space with
M(a:) =zP, 1 <p<oo.

In the later stage different Orlicz sequence spaces were introduced and
studied by Parashar and Choudhary [10], Esi, Isik and Esi [4], Esi [2], Esi and
Et [3], and many others.

The purpose of this paper is to introduce and study the concepts ofA(p)—
strong convergence of fuzzy numbers with respect to an Orlicz function and
)\(p)fstatistical convergence and some relations between them.

Let p = (pk) € loo, then the following well-known inequality will be used
in the paper: for sequences (ay) and (by) of complex numbers we have

bl < K (a4 i)

where K = max (1,2771) and H = sup;, pi-

We now give here a brief introduction about the sequences of fuzzy num-
bers (see [1] and [12]). Let D denote the set of all bounded intervals A = [A, A]
on the real line R. For A, B € D, define

A<B ifandonlyif A< B and A< B,

Then it can be easily seen that d defines a metric on D and (D,d) is a
complete metric space [1]. Also the relation < is a partial order on D.

A fuzzy number is a fuzzy subset of the real line R which is bounded,
convex and normal. Let L(R) denote the set of all fuzzy numbers which are
upper semicontinuous and have compact support, i.e. if X € L(R) then for
any « € [0, 1], X% is compact, where

d(A, B) =max{|A- B|.|[A- B

X*={t:X(t) >a, if ac(0,1]}
oncl({tER:X(t)>a, if a:()}),
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where cl(A) is the closure of A. The set R of real numbers can be embedded
in L(R) if we define 7 € L(R) by

_ 1, if t=mr,
(=10
0, if t#nr.
The additive identity and multiplicative identity of L(R) are denoted by 0

and 1, respectively. Then the arithmetic operations on L(R) are defined as
follows:

(XEBY)(t) = sup{X(s) /\Y(t— s)}, teR,
(X@Y) (t) = sup {X(s) A Y(s — t)}, teR,
(X ® Y) (t) = sup {X(s) A Y(t/s)}, teR,
(X/Y) (t) = sup {X(st) A Y(s)}, t € R,
These operations can be defined in terms of a—level sets as follows:
[(XoY]" = [af +b5,a5 +b5],
[xXOY]" = [af — b, a5 —b5],
(X ® Y]a = min_afb}, max_af'by],

7 71

ie{l,Q} ie{l,Q}
(X7 = [(0) ™" () g >0

for each 0 < o < 1.
For r € R and X € L(R), the product rX is defined as follows:

X(r=t), if r#0
TX(t):{o( ) if =0

Define a map -
d:L(R) x L(R) — Ry U {0}

by d(X,Y) = supy,<; d( X, Y?). For X, € L(R) define X <Y if and

only if X* <Y for any a € [0,1]. It is known that (L(R),d) is a complete
metric space [6].
A metric on L(R) is said to be a translation invariant if

d(X +2,Y +Z) =d(X,Y), for X,Y,Z € L(R).
Lemma 1. [7]. If d is a translation invariant metric on L(R) then
i) d(X +Y,0) <d(X,0) +d(Y,0),
i) d(AX,0) < |A|d(X,0), |A]>1.
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A sequence X = (X k) of fuzzy numbers is a function X from the set N of
natural numbers into L(R). The fuzzy number X}, denotes the value of the
function at k € N.

A sequence X = (X;) of fuzzy numbers is said to be bounded if the set
{Xi : k € N} of fuzzy numbers is bounded.

A sequence X = (Xj) of fuzzy numbers is said to be converge to a
fuzzy number X if for every € > 0 there is a positive integer N such that
J(Xk,XO) <efor k> N.

2. Some New Sequence Spaces

Recently, Nuray and Savag [9] have defined the following space of fuzzy num-
bers:
l(p) = {X = (Xk) : ZCZ(X;@,()):D’C < OO},
k

where p = (pi) is a bounded sequence of strictly positive real numbers. If p, =
p for all k, then l(p) = lp, the space due to Nanda [8]. Lately, Mursaleen and
Basarir 7] have defined the following spaces of sequences of fuzzy numbers:

F(p) = {X = (X;) : lim 3 d(X5. X)"™ =0},

and called them the spaces of sequences of fuzzy numbers which are strongly
convergent to X, strongly convergent to zero and strongly bounded, respec-
tively.

In this paper, we define the following spaces:

DEFINITION 1. Let A = (\,) be a non-decreasing sequence of positive real
numbers tending to infinity and A\; = 1 and \,41 < A\, + 1 and let M be an
Orlicz function, p = (px) be any sequence of strictly positive real numbers
and X = (X k) be sequence of fuzzy numbers, then for some p

FIM A p] = {X = (X) - 1171111% 3 [M(M)rk o},

" kel, P
Fo[M,\,p] = {X = (Xp) : lién% Z [M(@)rk = 0},

kel,,
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Fo [M,)\,p} = {X = (Xk) : S%p)\—ln Z [M(@)rk < oo},
kel,

where I, = [n — A\, + 1,n].

We denote F[M, \,p], Fo[M, \,p] and Fu. [M, X, p] as F[M, ], Fo[M, ]
and Foo [M,\] when p, =1 for all k. If X = (X;) € F[M, A, p|, we say that
X = (Xy) is strongly A(p)—convergent to fuzzy number X, with respect to
the Orlicz function M. If M(x) =x and \,, = n then

F[M,\p| =F(p), Fo[M,\,p| =Fo(p), Fso|[M,\p|]=Fx(p),

which were defined by Mursaleen and Basarir [7].

3. Main Results

In this section we examine some topological properties of spaces F [M A, p},
Fy[M, X, p] and Fo [M, X, p]. If d is a translation invariant, we have the fol-
lowing theorem.

Theorem 1. For any Orlicz function M and any sequence p = (px) of strictly
positive real numbers, F[M, /\,p] , Fo [M, )\,p} and Fy [M, /\,p] are linear
spaces over the set of complex numbers.

Proof. 'We shall prove the theorem only for Fyy[M, A, p]. The other cases can
be treated similarly. Let X = (X}), Y = (Y) € Fo[M,\,p] and o, 3 € C. In
order to prove the result we need to find some p3 > 0 such that

T [y (LoXet YOy,

n
" kel, P3

Since X = (Xj),Y = (Vi) € Fy[M, A, p|, there exist some p; > 0 and pz > 0
such that

i (D) o L [ (L2R0)]" —

™ kel P1 ™ kel P2

Define p3 = max (2|c|p1,2|3|p2). Since M is non decreasing and convex, we
get

%kezln [M(w”ﬁz ik; {M(d(a.;ik,m . d(ﬁ;f;wo))}pk
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1 [M(d(Xk,O)) +M(d(Yk,0)):|Pk

A
=

Pk

P1

p2

e
m
~
3

1 [M(d(Xk,O)) +M(d(Yk,0)):|pk

p2

A
=
Bl

2Pk

n

P1

~

€

£ DO 5 ()

kel, kely P2

IN

Pk
)} — 0 asn — oo,

where K = max (1,2771), H = supy, py, so that aX +8Y € Fy[M, X, p|. This
completes the proof. B

Theorem 2. For any Orlicz function M and o bounded sequence p = (pi)
of strictly positive real numbers, F[M, X\, p| and Fy[M, X, p| are paranormed
spaces with

R TN Cop ol G D KT}

" kel, P1
where M = max (1,H).

Proof. Clearly g(0) = 0 and g(X) = g(—X). Since d is a translation invari-
ant, it can be seen easily that

g(X +Y) < g(X) +g(V), for X = (Xy), Y = (Vi) € Fo[M, \,p].

Since M(0) = 0, we get inf {pP»/#} = 0 for X = 0. Conversely, suppose that
g(X) =0, then

inf {ppn/H : ()\i Z [M(J(le())):r’k)l/M <1 n> 1} o

" kel, P

This implies that for a given ¢ > 0, there exists some p. (0 < p. < ¢) such
that

(L5 () <

Thus for each n we get

(L5 (D)™ < (3 pu(RER ) e

" kel, " kel,

Suppose that J(Xnm, 0) % 0 for some m € I,,. Let ¢ — 0, then (M) —
oo. It follows that

(o 3 [ (HEllyy
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which is a contradiction. Therefore X, # 0. Finally, we prove that scalar
multiplication is continuous. Let v be any complex number. By definition

g(vX) = inf{pp"/H : (/\in Z [M(M)rk)lﬂw <1, n> 1}.

kel, P
Then
1 1(X}, 0 /M
s = (5 [P <1, )
" kel,
where t = ﬁ Since |v|”* < max (1, MH), we have

g(vX) < (max (1, |7|H))1/M inf {tp"/H :

(5, X pr(F2)]) T s tonzn),

kely

So, the fact that a scalar multiplication is continuous follows from the above
inequality. W

Theorem 3. Let 0 < h = infypr < supypr = H < oo. For any Orlicz
function M which satisfies Ax—condition, we have F[\,p] C F[M, X\, p|, where

FAp) = {X = (X) : hmAi 3 [M(M)]pk o}

n
" kel, P

for some p > 0.

Proof. Let X = (X},) € F[A,p] so that

lign )\i Z [M(@)rk =0, for some p > 0.
" kel,

Let ¢ > 0 and choose § with 0 < J < 1 such that M(t) < e for 0 <t < 4.

d( Xk, Xo)

Denote y;, = and consider

)\i Z [M(yk)rk < A max (e,e")

" kel,

by using continuity of M. For the second summation, we will make the fol-
lowing procedure. We have

Yk Yk
<= <1+ =
yk_5 +5

Since M is non-decreasing and convex, it follows that
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Yk 1 1 2y
==/ )< - — — .
M (yi) <M(1+ 5) < ZM@)+ 2M( : )
Since M satisfies As—condition, we can write
L Yk L Yk Yk
< — == —_— = —_— 2.
M(yk)_2 5M(2)—|—2 (5M(2) LéM()

We get the following estimates

> [M(ye)]™ < max (1, [LM(2) 5—1}’{)%% > Lw)]™,

kel, " kel,
Y >0

1 . L Hy 1 .
3 Z [M(yx)]"™ < max (g,e") + max (1, [EMQ)] )x Z [(yr)] ™"
kel, kel
Taking the limits ¢ — 0 and n — oo, it follows that X = (X;) € F[M, X, p].
[ |

Theorem 4. Let 0 < pr < qr and (q—k) be bounded. Then
Dk

F[M,\,q| C F[M, X p].

Proof. The theorem is proved by using the same technique as in the proof
of Theorem 3.3 by Murseleen and Basarir [7]. B

Now, we give some well-known definitions:

DEFINITION 2. A sequence X = (Xk) of fuzzy numbers is said to be statisti-
cally convergent to a fuzzy number X if for every ¢ > 0,

tim - |{k < n: (X, Xo) > <}| =0.

We note that if a sequence X = (Xj) of fuzzy numbers converges to
a fuzzy number Xy, then it statistically converges to X(y. But the converse
statement is not necessarily valid.

DEFINITION 3. A sequence X = (Xj) of fuzzy numbers is said to be A(p)—
statistically convergent or S, convergent to a fuzzy number X, if for every
e>0

lim 1 {k €I, [d(Xk, X0)]"" > s}‘ =0,

non
where the vertical bars indicate the number of elements in the enclosed set.
In this case, we write

o1
Sxp) = {X = (Xk) : hm)\—

no An

{ke L [d(X0 X0)]™ = e} =0},

In the case pr = 1 for all k, we obtain A—statistically convergent sequence
spaces Sy, which was defined and studied by Savas [11].



On Some New Paranormed Sequence Spaces of Fuzzy Numbers — 387

Theorem 5. The following statements are valid:
a) F[X\,p] C S\
b)if X = (Xi) € loo(p) N Sxp)s then X = (X3) € F[\,p],
¢) loo (P) N Sxp) = loo (p) N F[A, ],

where I (p) = {X = (X) : supy, [d(Xk, Xo)]"* < K, K > 0}.

Proof.
a) Let e > 0 and X = (X}) € F[\,p]. Then we have

D d(Xk, X0)|" = M {k € I+ [d(Xy, X0)]™" > €}|.
kely

Hence X = (Xk) € S)\(p)
b) Suppose that X = (Xi) € Sy and X = (Xj) € lso(p). Since X =
(Xk) is bounded, we write [ (Xk, 0)} < T for all k. Given € > 0, let

Apn={kel,: [d Xk,Xo} F>e},
=|{k €L, : [d(Xy Xo)]™ <}

Then we have

1 _ | . .
- Z (Xk, Xo)] :E > [d(Xk, Xo0)]” 5 > [d(Xk, X0)]”
kEIn keA, keB,
T H
< x}An|+s :

Hence X = (X) € F[\,p].
¢) This proof follows from (a) and (b). B

Theorem 6. If liminf, % > 0, then S(,) C Sx(p), where
1 _
Sy ={X = (Xi) : Im —[{k € I,,: [d(Xk, Xo)]™* > c}| =0}

Proof. Let X = (X},) € S,). For given £ > 0, we get
{k<n: [d(Xk X0)]" >} D A,

where A,, is the same as in Theorem 5. Thus,

1

Sk < s [A00, X)) 2 e} 2 2 [An] = 22 A,

An

Taking limit as n — oo and using liminf, == > 0, we get X = (X)) € Sy(p)
n

|
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