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Abstract. This paper deals with the development of the R-functionsotkfor construction
of equations describing a boundary of locus in the case dfcaysymmetry. The proposed
method is based on transformations of coordinates and t=aidocus.
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1. Introduction

A wide range of boundary value problems is connected to ohétetion of physical-

mechanical fields in domains possessing a translation symniésually solution

of such problems is reduced to finding a field in the domainariglation element.
However, in order to take a symmetry into account, we shaddire a symmetry of
the field as well. Otherwise, the problem consists in findirsplation in the whole
symmetrical domain. Application of the R-functions mettfod solution of such

problems leads to the increased number of R-operations asid domains, that
are used to construct the symmetrical domain. As a resulipotation costs are
increased essentially.

Thus it is important to develop a general modification of thiiIRctions method
which can be used to describe the boundary of complex syrnmaklocus. This
methodology will increase the accuracy of approximatiorwill simplify the pro-
cess of solution of boundary value problems by the R-fumstimethod.

2. The Function for Description of Symmetry

First this problem was solved in the case of domains posgpagranslation symme-
try [1]. A canonical locusyy = (og (x,y) > 0) and transformation of coordinates
were used in this method.
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Let us consider alocu® = |J X;, which consists of loci:
i€z

Ui(xay)zo—o(x_hiay)7 ZEZa

whereh is the step of translations. The loEi;, Y; 1, ¢ € Z can be separated by a
periodical system of bands, which are perpendicular tortrestation axis.

Let us construct a functiop,, (x, h) such thatu,, (z,h) € C™(R) and itis a
linear function(—1)" (x — kh), k € Z in (kh — a, kh + a). Moreoveru,, (z, ) is
periodical with the basic periozh. We defineu,, (x, h) in [kh + a, (k+ 1) h — a,

k € Z assuming that it is continuously differentiable and peidatl In addition we
have that|u,, (z,h)| > a forthez € [kh+a, (k+1)h —al, k € Z. Thus we
obtain:

n . sin (%) (a,h) St (a,h)
pn (@, 1) = E"‘mm{sl (@, 1) C (a,h) + [1 — S1 (a, h)] p* L (z, 0, h)
2.1)
here
aTm

Sy (a,h) = sin (F + ﬁ) Sy (x,a,h) = sin? (Q%T) — sin? (%T) ,

p(x,a,h) =|S2 (z,a,h)| + Sz (x,a,h), Cp(a,h)= 2" H 1 g2 (nt1) (%T) )

The plot of function (2.1) is presented in Fig. 1 foe= 2, a = 0.5.

Figure 1.Functiong, (z,2), a = 0.5.

According to theorem [1], the boundady? of locuss? = |J X; s described by
i€z

W(Iay) =00 (,Ltn (Iah)vy) =0.

3. Cyclically Symmetrical Loci

Let us construct the equation which describes the locusegesyy a cyclical sym-
metry. In this paper we continue development of methodsgsegin [3, 4, 5].
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Suppose thatp, 6) are polar coordinates arid = %’T herem is a number of
cyclically translated elements. Then function (2.1) canvbigen as:

9 sin (%9) S1(m, o) Cyp, (m, o)
Hn (07 m) = - arcsin { S, (m, @) Cy (m, a) + [1 ) (n, a)]pn+1 (9’ m, )
(3.1)
here
S1 (m,«) = sin <7T +4ma> , S5 (6,m,a) = sin? <m79> — sin? (%) ,

mao

Cp (m,a) = 2" cog?(n+ D) ( 5

). pO.m ) = [S; (.m. )| + 2 (6,m, ).

The plot of function (3.1) is shown in Fig. 2 fon = 3.

1,48, m)

27 ]

i
w5

Figure 2. Functionu, (0, 3).

Theorem 1.If the canonical locus
EO:[UO(x_Tan)ZO]a ao(x,y)EC”(Q),

is symmetrical with respect 102 axis and it can be placed inside the sectar <
0 <a,0<a< X, andallloci

Y= [00 (pcos (9— @) — 1o, psin (9— @)) 20}
m m

are received by turning the locus, around the center of coordinates by angles
i ;= 0,...,m — 1, then the equation, which describes the bound#®yof locus

m?
m—1

2= |J X, canbe written as
=1

7=

w(z,y) = 0g (pcos (1t (8,m)) — 10, psin (un(ﬂ,m))) =0. (3.2)



76 Yu.S. Semerich

. . o o 2k 2mk
Proof. Since functioru,, (8, m) is linear in intervalg) € il Q, L, a),
m m

k=0,...,m— 1, then equation (3.2) has the following form

w(z,y) = ao(pcos ((—1)k (6‘ - 2Lk)) — g, psin ((—1)k (6‘ - %))) =0.

m m

Locusoy (z,y) € C™(£2) is symmetrical with respect t®z axis, thus this
expression defines the boundary of dom&ip, which is received by turning the

2rk .
locus Xy by anglei, k = 0,...,m — 1. Since|u, (0,m)| > « for 6 €
m

2k 2m (k+1 .
{L + a, M —«al, k =0,...,m — 1, then function (3.2) has no zero
m

m
values. So, equation (3.2) is satisfied only on the bound&rpf locus(2. B

Let us use Theorem 1 and construct the equation, definingatinedary of locus
2, which possesses a cyclical symmetry. As a canonical laGusve choose the
following locus

Yo = [ao(x, y)Ez—jﬂl(rl—(x—roy—yz) 20},

which defines a circle of radius with the center ir{ry, 0). Also we define elemental
loci :

Y= [01 (z, y) = % (T% B y2) > O] , (3.3)
Xy = [02 (x, y) = i (7“32) — 22— yz) > 0} . (3.4)

Locus Xy defines a circle of radius, with the center in(0,0) and locusYs is a
circle of radius; with the center in(0, 0).

Then boundary equation of loctis possessing a cyclical symmetry can be writ-
ten as:

w(x,y) = oo (pcos un (0,m) — ro, psin pu, (6,m)) No o1 (z,y) No 02 (x,y) = 0.
(3.5)

Here we useR-operations with index 0:Ay" is the R-conjunction and "™ " is th&-

negation. HoweveiR-operations with indexes 1 eor are also used frequently [1].

Contour lines of functiow (x, y) for parametersn = 5,8 are shown in Fig. 3.

Thus, the unique logical expression (3.5) and parametaifows us to construct
various variants of equations, defining the boundary oficsity symmetrical locus.

Let us consider a case, when loctgis not symmetrical with respect tdx axis.
Then application of (3.2) to such a locus yields elementschwvare mirror images of

elements defined by (3.1) in intervalss 2k o, 2k + a) for odd numbers
m m

k. In this case the following method can be used.
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Figure 3. Contour lines of functions (3.5) forp = 5,71 = 1,12 = 2,73 = T.

Theorem 2.If canonical locus
20 = [UO (JJ - Tan) Z O] , 00 (‘T?y) € c (Q)

is not symmetrical with respect 02 axis and can be placed inside the following
sector—a<f0<a, 0<a< 1, and loci
m

2mi 2mi
2= {%(Pcos(ﬁ—ﬂ)—Toapsm(e_ﬂ)) 20}’ i=0,....,m—1
m m

are received by turning the locus, around the center of coordinates by angfe@,
m

m—1
i=0,...,m—1,thenthe equation, defining the boundary of locus? = | X~;
i=1

can be written as:

w(z,y) = {Uo(TCOS/Ln(G,m) — 70, Tsin i, (0, m)) Aq cOS (m_&)}

2
Ve {ao(rcosun((H — %),m) - 70, rsinun((e — %),m))
Aq COS (%(6‘ — %))} =0. (3.6)

Proof. The proofis based on results of Theorem 1. Note that the éirst bf (3.6)
defines the boundary equation of cyclically translatedsogithout mirror elements,
the second term defines the boundary equation of the same Vdtigh is turned
around by the anglén’l and put into the place of its mirror image. The union of these
loci defines the boundary equation of locusll

Let use Theorem 2 and construct boundary equation of l6ughich is cycli-
cally symmetrical. We define a canonical locugin the form of a predicate:

o= Zo[ ) Zoz,

by using simple domains
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EOI = [001 (IE, y) = (a’_y) > O]v
1
Yoo = [002 (x, y) = 2—(7‘(2)2 — (z — 7“0)2 — y2) > O} .
T02
Locus Xy, defines a half-plane below the lige= a and locus¥y, defines a circle
of radiusrgs with the center ir(ry, 0). Also, we will use simple loci (3.3), (3.4), then
boundary equation of locu? possessing cyclical symmetry can be written as:

wl@y) = {UO (rcos pin (0,m) =0, 7sin i, (6,1m)) Ag cO8 (mTG)}

ol (0~ ) o) (0 Z)m)

Ao €OS (% (9 — %))} No o1 (z,9) No o2 (x,y) = 0. 3.7

Contour lines of functiow (z, y) are shown in Fig. 4.

Figure 4. Contour lines of function (3.7) farp = 5, 702 = 1, a = 0.3, m = 10.

We note that application of the proposed method for the coatsvn of boundary
equations of cyclically symmetrical loci is not always pbs For example, such
situation arises when two neighbour locj, X, ; can not be separated from each

otherby sectorsa <6 < a,0 < a < T Thenthe following method can be used.
m
Theorem 3.Let consider a canonical locus
Yo = oo (x —r0,y) 2 0], oo(z,y) € C"(£2),

which is not symmetrical with respectd: axis and can be placed inside the sector
—a <6< aq, O<a<1andloci
m

2mi 2mi
Y= [Uo (pcos<9—ﬂ)—7”o,ﬂsin<0—ﬂ>) 20], i=0,...,m—1,
m m

which are received by turning the locus, around the center of coordinates by
2mi .

anglesﬂ, 1=0,...,m—1.Ifloci X;, X;11 can not be separated from each other
m
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bysectors-a < <a, 0<a< i, but loci X;, X, 2 can be separated, then the
m

m—1
equation defining bounda®y? of locus? = J X, can be written as:
1=1

w(z,y) = {[ao (08 fin (8, m) — 70, 78D iy (8,m)) Ag cOS (mTe)]
ol (0 2)om) s s (5 4. )
o (20 )] e (0 2).)
(- ) ) o (2o )
ol (5 5)om) < (0 ) m)

Aacos(%(o—%”))”:o. (3.8)

. . . 4
Remark 1Functionu,, (8, m) in (3.8) was constructed assuming that Sl
m

Proof. The proofis based on results of Theorem 1. Note that the érst in (3.8)
defines boundary equation of cyclically translated locussehelements don't con-

tain mirror elements and are divisible by the ané@. The second term of (3.8)
m

) . 4
defines boundary equation of the same locus but turned atmyutie angle—ﬂ. The
m

third term defines the boundary equation of the first locusckvis turned around by
the angle%”. Elements of this locus have replaced mirror images, whietdavisi-
ble by angle%’f. The last fourth term of (3.8) defines the boundary equatiche
same first locus but turned around by the arﬁleNow its elements have replaced
mirror images, which are divisible by angf‘;g. Thus the union of these loci defines
the boundary equation of locus. l

Theorem 3 can be used to construct the boundary equatiorcas {0 possess-
ing cyclical symmetry. Canonical locus, is defined in the form of the following

predicate:
2 = (201 U 202) ﬂz—o&

here we use simple loci

r 1

o1 = |oo1 (z, y)ETOl(T&—(I—TO)Q—yQ)ZO},
r 1

Yoo = |o02 (z, y) = 702 (7”(2)2 - (510—7°0)2 - (y—kl)Q) = 0},
r _ 1 2 2 2

Yoz = _003(30, y):%(r%—(x—ro) = (y+ k2) ) ZO]
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Locus Xy, defines a circle of radiugy; with the center in(r,0), locus Xy, also
defines a circle of radius), with the center ir(ro, k1) and finally locus¥y; defines

a circle of radiusrgs with the center in(r, k2). Also, we use simple loci (3.3),
(3.4). By substituting the expression defining locusinto (3.8), and applyingr-
operation A" for loci oy (z,y) andos (z,y) we obtain the boundary equation of
locus{? possessing cyclical symmetry. The contour lines of thisidoare shown in
Fig. 5a.

Figure 5. Contour lines: a) function (3.8) foty = 5, 701 = 1,702 = 0.5, 703 = 1, k1 = 1,
ko = —1, m = 15, b) function (3.9) .

If canonical locusY, is not symmetrical with respect ©©x axis, but a cycli-
cal translation should preserve its orientation relagitel the Cartesian system of
coordinatesOy (see Fig. B), then the following method can be used.

Theorem 4.Let assume that a canonical locus
Yo = [oo (¥ —10,y) 2 0], o0 (z,y) € C"(£2)

is not symmetrical with respect 0z axis and it can be placed inside the sector
~a<60<a,0<a<— andloci
m

2mi 2mi
X = [Uo(pcos@—ﬂ) —7‘07PSiH<9_ﬂ)> 20}7 i=0,....m—1
m m

are received by turning the locus, around the center of coordinates by angge@,
i=0,...,m—1, preserving its orientation relatively teOy coordinate system, then

m—1
the equation, which defines bound@s of locuss?2 = J X, can be written as:
i=1

7=

w(z,y) =0, (3.9)
where

)= o) pcon ()} e {7 e (20 25))),

m
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a’ = (rcos iy (0, m) — ro) cos ag, — rsin p, (6, m) sin ay,
(3.10)

Yy = (rcos p, (6,m) — ro) sin oy, + rsin wy, (6, m) cos ay,

2 = (TCOb,LLn (( _ %’) ,m) —7"0) €08 Bk — rsin puy, (( — %T) ,m) sin O
y" = (rcosp, ((6 —2Z) ,m) — ro) sin By, + rsin p, ((6 — 2Z) ,m) cos B

Qg :9—un(9,m), O =9—,un((9— 2EW),m).

A proof of this theorem is again based on results of Theorefrel .us note
that coordinate transformation (3.10) keeps orientatibthe canonical locus’,
relatively to the Cartesian coordinate systemy. We chooseX, as a canonical
locus, which defines a triangle, then contour lines of fuortty (x, y), defined by
(3.9), are shown in Fig.Ib

In conclusion we note that contour plots were built by usiygtem of engineer-
ing computations Polye-RL [2], which is developed at theatapent of Applied
mathematics and computational methods of the InstitutBifoblems in Mechanical
Engineering of the National Academy of Sciences, Ukraine.
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Hodografo su cikline simetrija konstravimas R — funkcijy metodu

Yu. Semerich

Darbe pateiktas b'udas, kaip pritaikyti R-funkciju metegip vadinamy ciklias simetrijos
sri¢iy kontury lygtims sudaryti. Pasi ulytasis metodasjgtas loordinéiy transformavimu,
pasinaudojant kanoniniu hodografu.



