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1. Introduction

1.1. Mathematical model of the problem

Perona-Malik problem discussed in [3] has the following form

Ou—V - (g(|VGs *u|)Vu) =0 in Qr=1x £, (1.1)
Oyu=0 onl x 2, (1.2)
w(0,:) =ug in 2, (1.3)

)

where 2 C IR? is a rectangular domain, I = [0,T] is a scaling interval, g(s
is a Lipschitz continuous decreasing function with Lipschitz constant L,

g(0)=1, 0<g(s)—0 fors— oo,

G, e C*® (le) is a smoothing kernel with compact support K, such that
Go(x)dx =1, Gy(x) — 0§, for o — 0,
Bd

0, is the Dirac function at point x, initial condition ug is such that regularity
stated below is fulfilled.
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We can rewrite the partial differential equation (1.1) in the form
O — V.(9(|J(u)(z))Vu) =0 in Qr =1 x {2, (1.4)

where J(u) : Ly(2) — (C>(£2))?. In our case we use J(u)(t,-) = VG xul(t, -)
for ¢ fixed, but we can choose any smoothing operator with these properties.

Let us define a weak solution of the problem (1.4),(1.2),(1.3). Equation
(1.4) is multiplied by a test function ¢ € ¥, where ¥ is the space of smooth
test functions

v ={pecC"*0,T] x 2), Vo-ii=00n (0,T) x 92, ¢(T,-) =0}.

Integrating over [0,7] x {2 and applying integration by parts and properties
of a test function, we come to a definition of the weak solution.

DEFINITION 1. The weak solution of the regularized Perona-Malik problem
(1.1)-(1.3) is a function u € Lo(I, W12(£2)) satisfying the identity

T
//u%—f(t,a:) dxdt+/u0(a:)<p(0,x) dx
0 N 2
T
—//g(|J(u(t,x))|)Vu(t,x)Vg0(t,x)dxdt:O (1.5)
0 N
for all p € U.

It is well known from the regularity theory of such solutions [6] that, due
to given properties of the operator J(u), the weak solution of our problem is a
function u € La(I,W?2(2)) for initial condition ug € Luo(£2). Moreover it fol-
lows from the embedding theory for dimensions d = 2 and d = 3 that u € C(2)
for almost all ¢ € I. To obtain our error estimates we need further regular-
ity of the solution, more precisely u € Lo(I, W%2(£2)) N Lo (I, WH2(£2)),
Opu € Ll(I, Ll(Q)) and V(&tu) S Ll(I, Ll(Q))

1.2. Formulation of the finite volume scheme

Let 7, be a uniform mesh covering 2 with cells p of measure m(p) (we assume
rectangular cells here). For every cell p we consider a set of its neighbours N (p)
consisting of all cells g € 73, for which the common interface of p and ¢, denoted
by epq, is of non-zero measure m(ep,). We denote the set of all these edges for
all volumes p € 7, by £ and by e/ we denote the edge which connects the
volumes p and ¢ (clearly epq = eqp = epgl).

It is assumed that for every p, there exists a representative point z, € p,
such that for every pair p,q,q € N(p), the vector \ZZZI is equal to a unit
vector n,, which is normal to e, and oriented from p to ¢. We denote d,q :=
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|zp — z4]. In a simple case of a uniform grid z,, is just the center of the pixel.
Then, let x,, be the point of e,, intersecting the segment z,z,. We define

m(€pq)
Thy == Paz
prq dpq
Moreover there exist constants T, T, such that for all mesh 7, it holds
T <Ty<T.

Remark. It is obvious that if we consider a uniform mesh, there are only
several types of the values for d,q, Tpq and m(epq). For example if all volumes
are squares, then dpq, Tps and m(e,q) have the same value for all volumes,
for rectangles they have two different values etc. We will use the notation
introduced above in accordance with the notation used in the cited articles.

Discrete approximation of a solution of partial differential equation is con-
sidered to be piecewise constant on control volumes ([4]). Let uj; be the value
of the numerical solution in the n-th scale step on a volume p. The finite
volume explicit scheme is then written as follows:

Let 0 =ty < t1 < ... < tpeeee < tnpnws Nmaxk = T denote the scale
discretization steps with t; = t;—1 + k, where k is the discrete scale step,
l=1,2,...Npax. For n =0, ..., Npax — 1 we look for u;}"’l, p € Th, satisfying
the identities

(urtt —u)m(p) =k Z 95 Tpq (ult —ult) (1.6)
gEN (p)
1
0= _— _ d o= u(ty
= iy Lo e o= (Gt 20 )

where 4 is a periodic extension of the discrete image computed in the n-th
scale step. For computation details see [1].

Its Ly norm can be estimated with constant B by Lo norm of the function
u. uy is a value of the numerical solution on the volume p in the n-th scale
step. Let us denote by @p, 1 the finite volume numerical solution for some fixed
space and scale mesh h and k. This solution is piecewise constant on each finite
volume and in each scale step as is usual for finite volume numerical schemes
of a parabolic type. By %' we denote the function piecewise constant on each
finite volume in the [—th scale step.

1.3. Previous results

In [2] error estimates for similar but implicit numerical scheme based on the
finite volume space discretization were proved in the form:

Theorem 1. Let the relation between scale and space discretization is given
as follows k = Ch. Then the following error estimates hold for Perona-Malik
weak solution and numerical solution obtained via finite volume method
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Nmal

Z //W nt1,0) — Uk (tny1,s z)|? dedt < Ch

n=0 I, @

and
uZJrl _ u;erl 1 9
pa)dp ( - /vu-n ds) " dt < Ch.
nZ()/ZI ) dpq m(epq) i
Ly €pq

Similar results will be now proved also for the explicit numerical scheme.

2. Stability and Convergence Results

We briefly mention results of Kriva obtained for the explicit finite volume
scheme concerning the stability and convergence properties for explicit finite
volume numerical scheme for the Perona - Malik problem (see [1]). We need
these results to prove error estimates for numerical method presented in this
article. First we introduce the following stability assumption:

E<(1-=9) __mp) for all p e, and € € (0,1). (2.1)
D 9T

gEN(p)

Under this stability condition stability estimates for the explicit scheme are
proved in [1] and for the semi-implicit scheme they are derived in [5]. These
estimates are of the following type:

Lemma 1. (A priori estimates in Lo(Qr)) There exist positive constants
C1, Cy which do not depend on the h, k, such that

(7) max Z (ui,)Qm(p) < Ch,

0<I<Nmax

PETH
Nmax )2
(#i Z k Z ————m (epq) < Cs.
=0 (p,9)€€ pq

Lemma 2. (Convergence of Uy .) There exists u € L*(Qr), which is the
weak solution of (1.5) such that U, — u in L?(Qr) as h,k — 0. Further-
more, the convergence is pointwise.

3. Error Estimates

3.1. L stability for a discrete solution

We rewrite the original discrete equation (1.6) in the following way:
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up = UZ( - — Z pq ) Z 9o Tyl (3.1)

qGN(p) qGN (p)

From stability condition (2.1) we immediately can see, that both coefficients
of uy and uy; on the right hand side are positive. So, we have

UZH <"z o)
for all p € 7. Then it holds also:
17" () < T2 o)-

Recursively we get
@Y. < ll@°lr. = C. (3.2)

3.2. Error estimates

The method how to obtain the error estimates is similar to one given in [2],
but there are some new terms and some terms must be estimated in different
way so we describe the whole proof. Let now ¢t € (¢, t,+1). Multiplying PDE
(1.4) by U;}*l and then integrating over volume p and using integration by
parts, we have:

/ Byult, z) v+ di — / (1T (@))Vult,z) - npu™™ dz =0, (3.3)
dp

where Op is the boundary of the volume p and np, is the outward unit normal
vector to the boundary of volume p and further analogously npq will be the
outward unit normal vector to the edge e,,. We can write dp = Ugen(p)€pq-
For the discrete scheme we have
n+1 n n+1
D Y L U P S CY)
qEN(p)

Now we denote e = u(tn,rp) — uy,
volume p, p € 7.
Then posing v, = e}y and subtracting (3.4) from (3.3) we obtain:

where z, is a representative point of a

P
(e;lJrl n n+1 om q ntl
. oS (o = gDV ipg ) € do
P qgeEN P)epq
U(t71+1;m )—U(tn,ﬂf) n4+1
:/( pk P2 — uu(t, ) | eptt da.
P

Now after summation over all volumes p € 7, and integration over I, =
(tnytns1) for alln =0,1,...,m — 1 , where m is arbitrary number from the
set {1,..., Njmas} and rearranging the equation we obtain:
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/|e |2dac+2/|e”Jrl ”|2d;v+22/z Z

n=0 ¢ n= OI PETH gEN(p)
u, —u
[ (5 5 = @ mpe ) ot = / PPdr (35)
n 9 tn7
+2 Z / Z /< +1 xp)k ( xp) _atu> €Z+1d$dt.
n= OI perh

The third term on the left hand side of the last equation can be expressed as
usually in the finite volume theory (see [4]):

" Third” = 22/2 Z (ggq" 7 _ —g(|J( )|)Vu-npq) e;“lea:dt

n=0; PETH gEN(p

epq

% / > J (a5 = @D mpe ) (67 = e+,

n=0p & .1

After rearrangement we get:

m—1 n+1 en+l)2
“Third” =2y [ > [ a5t d—dxdt
n=0p & .1 b

n+1 — e — en+1 —en
( ) (

+2Z/Z/ |J qdpqp =

entl _ ”*1) dxdt

P
n= OI
u? — m—1
=y 3 [ o - a0 S g a2
n= OI e 0

tn7 tn7
/Z / (|J(u < %)d ulbn, Tp) _ Vu - npq) (eZ*l - eZ*l)dxdt.
Pq

Substituting these terms into equation (3.5) we obtain:

m—1

/|€’”| dx+2/|e“+1 | da:+2z/z/ (1 (u

n= OI enal

( n+1l _ nJrl)
x ~2 4 7 dydt = / [e%12 d
dpq

+22/Z/< "H’xp — ultn, 7p) —3tu) eg+1dxdt

n= OI pE‘rh
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n n

+2Z/Z/ gpa" = 9(17 (u)])) uil;uq(@frl n+1)dwdt

n= OI rq
m—1
u(tn,a: )—u(tn,a: ) n n
#2352 [52 [ol71(Tu-m - Myt v
n=0
I, epql

n+1 — e — enJrl —en
( ) (

+2Z/Z/ |J Pdpqq .

entl — "H) dxdt,

p
n= OI
or briefly
m—1
/|€m|2dx+ 2:/|6”Jrl ”|2d;v+22/z / (|J (u
n= OI epgl
( n+1 n+1)
X d—dxdt /|‘02dx+I+II+III+IV.
Pq

Now we must estimate each of the four terms on the right hand side. The
estimation of the first term is different from that given in [2] due to different
stability condition (2.1), so further regularity of a solution is required. First we
use L stability of discrete and continuous solutions and a Taylor expansion
for the inner term. We obtain

I—2Z/Z/( n+laxp — ultn; 2) —8tu> ept! ddt

PETH

m—1

_22/2 /( /3tu 5 3y) — atu(t,x))ds>ez+l ddt.

n= OI PETH
Now we estimate |I| from above, as:

S/z/fi/

n= 0 perh

|| < 2(||Uh kL) + ||U||LOO(QT)

X (/&m(mx) dz + V(9u) (s, zp + n(zp — ) |2 — x|> dsdxdt|,
t

for some n € (0, 1), or

Il <C Z Z // |5ttu z,x)dzdz| + h|V (Ou) (s, zp + n(z)p — gc))|) dsdzx.

n=0 ;DGTh

Finally we get the estimate
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1] < 2C ([@h kl e @) + Nl L (@ry) (BllOseull Ly + PIV(O:0) | Ly (@) -

We estimate the second term IT as in [2]. First we get the estimate

953" — 9170 = 919Gy » i, 7)) — 91V Gy * 1, ))|
<Lyl [ VGG —ninsttimdn— [ VGo(s—wilt.mdi)
<Ly [ 96y = 1) = V6o (s = i slts. )|
4Ly [ VG s =) s (ta.n) = it 2) .
We obtain

h
955" —9(IJ(w)])| <Ly B <7||D2Go||Loo(0>|Uh,k||Loo(QT)m(Ko)+||VGo|Lm(!?)
—n|2 3u t,y)
X [e™| dz |3tusx|dsdx+z | ——| dydx
0 PETH

where m(K,) is measure of the compact support K,, o is fixed, B is the
estimation for mirror reflexion function. We denote

Cs = 2Ly B||D*Go |1 (2 ltn il e (@) MUK 5).
Cy =2L¢B||VGsl||1.(2), Cy is such that g(|J(u)|) > Cy.

The last estimate can be established using the properties of the solution wu.
Hence the term I1 can be estimated as follows:

n| m—1 |en+1 _ en—!—l|2
1< Gy ZkZ/ ZkZ/%dm
Pq
m—1 um 2 3 n+1l _ _n+12 3 2
—|—C’4Z k /|u | Z/Mdm /|E"|2daj
n=0 gepql dpq 2
m—1 u™ 2 % n+1l _ ,n+1|2 %
+C4Z/ /|u | Z/—'ep | dx
£ i dpq
Ou(t
//|8tusx|d$dm+2//‘ ‘dd

=
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272 n+1 n+1\2
Him EZ/Z/ (1J (u d—e)dxdt
Pq

nOI
4 Qm 1 n __ ,mn|2
% [kZ/W dx/||da:+/2/|u 4l
g n=0 epgl equ
auty
|v 9(|7(w)|Vu) | dsda + > \ ‘dd
PETh Y 4,
_4CQC§h2

2 + 1L+ 11y + 113,
g

where the inequalities (3.2), (i) and equation (1.1) have been used. The last
term can be estimated using the properties of the exact solution:

8C2L,Co

II5< (#
O3

8C3L,Cy

\Ta

4C32Cy
Ci

1D°Call s |Vl 1)+ |Au||L2<I,L2<Q>>)k

||DGU||LOO<Q>||Vu||Lw<I,L2<Q>)) h

The third term can be estimated as in [2], but here we present a more
accurate estimate:

111_22/2/ (17 (u t”’%)d wtn, ) —VU(tn,x).npq)
Pq

n= OI

X (en+l — emt) dmdt+22/2 Z/ (1J(u

n= OI PETH gEN(p
X (Vu(tn, T) - Npq — Vu(t, z) - npq)‘e;ﬁ1 dxdt = I1T1 + I11s.

We get immediately that

=2y / > [ (Vo7@DVutn,a) - Vol @) Vult. o)) ey decs

n= OI perh

_22/2//6ttsxdse"+ldxdt

n= OI perh

<2k(ull o) + @ o @) 100l 2y (1,20 (2)) = Cok

In order to estimate term I1I; we introduce the following notation
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1 tna B tnv
Ryy= —— / Vu(tn, ) - npq + u xq)d u xp)m(epq)> dz.
Prq

m(epq)

Applying the properties of function g, this term can be estimated as

m—1

|IHl|<2Z/Z / | Rpgllett — em+| dadt.

n=0p & .1

Now using the regularity of a weak solution and the well known estimates of
the finite volume method (see [4], chapter 3.1.6) we get

I <—h2 2 dzdt
|

m—1 n+1 en+1)2
+ - Z/Z/ (1 (w d—dwdt.
n= OI epql Pq

d
Here |H(u)(2)|> = > |D;Dju(z)* and D; denote the weak derivative with
ij=1
respect to the component z;. Since u € Lo(I, W?2(£2)) we can denote a con-
stant Cs5 = &||H (u )||L and we have
9 2(Qr)

n+1 en+l)2

\IIL| < Csh? + Z/Z/ (17 (u —dxdt.
dpq

n=0p & oI

Finally we can estimate the last term as follows:

n+1 n __ n+l _ _n 2
|IV|<—Z/Z/ (17 (u — % d(e” D) g
Pq

nOI

3 n+1 en+l)2
+5 Z/Z/ (| (w d—qudt
. Pq

n= OI
39 n+1 n + (enJrl _ en)2
§3Z/Z/ dpq” P2 dadt
n=0p & .1

2
n+1 €7L+1)

+22/2/ (1 (u d—qudt
Pq

I/\
OJ
o
/—\
3
+
=
3
+
—
SIS
+
=
a
hS]
S~—
[ V)
N——
N
S}
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3 m—1 (enJrl _ en+l)2
n=07; £ epql Pq
m—1
128 k . 2
= 3 m(p) (5™ =€) Tpgm(p)
n=0 PETH
i (ept! — ent1)? 1287 &
+ - / / Jw)|) 22— L dedt < ——
12 [E [ st T
I, epql
m—1 n+1 en+1)2
—n+1 _ n
xZ/|e Pdz+ Z/Z/ (17 (u —dpq dxdt.
epgl

We now choose the following relation between scale and mesh size

3

= mm(p)- (3.6)

This relation is correct also for (2.1) for some ¢ € (0,1). Putting all these
estimates together and taking into account the relation (3.6), we obtain:

1 n+1)2

/|em| dx+Z/|e"+1 | dx+z /Z/ ()

n=0 n= O I dpq
€pq

dxdt

<4 [@°Pdr+2([Tnkll Lo (@) + 1ur @) (BllOetll Ly (@r) PRIV (0wl Ly (@r))
(9]

4CyC 8C?L,C
+ < o+ 205) h? + <407292|DGallLoo<n>|VUlILoou,Lg(n))) h
g g

8C3L 4C3Cy
+ (SEID G o 9l + Co+ 2 N Al 1y )

n+1 _ n+12
4O4<Zkz/ |U |d /|€n| dx)

We conclude the proof as in [2]: if we realize, that the first term on the
right hand side with €° is less then Ch because of the properties of the exact
solution and the definition of ug, we are prepared to use Gronwall’s lemma in
the following form.

Lemma 3. If u(t) and v(t) are non-negative measurable functions for t > 0
and ug s a non- negative constant, then the inequality

t

u(t) <wug + /v(s) u(s)ds

0
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u(t) < wug exp </v(s) ds).

0

implies that

To estimate the last term of the previous inequality let us denote for

tel, = <tn,1,tn)
|un+1 n+1|2
/ u(t) :/|E”|2 dx.
epq 2

All the terms on the left hand side of the obtained above inequality are non-
negative, so we can omit all terms except the first and the inequality still will
be valid. On the right hand side of this inequality we estimate the first term:

‘4/|—0 2dx‘ < Chn?,

where C' depends only on the measure of {2 and the norm of initial condition.
From now we denote by constant C' the estimations of all norms of the exact
solution on the right hand side this inequality, so we obtain

|un+1 _ un+1|2
/| e"*dz < C(h*+h+k)+ Z kz /%dw/ﬁ"ﬁdw :
Pq
pal 2

If we use the properties of function v (see relation (ii) of Lemma 1), then we
obtain the following inequalities

m—1 |un+1 n+1|2
/|€m|2dx§0(h2+h+k)exp ZkZ/ dx
0 n=0

< Cexp(Co)(h* + k+h),

where C' is a generic constant depending only on domain {2, time T" and some
norms of the exact solution.

Theorem 2. Let the relation (3.6) between scale and space discretization be
valid. Then the following error estimates for Perona-Malik weak solution and
numerical solution obtained via finite volume method hold

Z //W 41, ) — Un i (tns1, ) > dadt < Ch,

n=0 I,

N 2

max un+1 _ un+1

> /Z m(epg) dyq | ———"— = e /Vu npgdr | dt < Ch.
n=0  epql Pq pq
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Proof. 1t is easy to see that

Nmax

Z //W i1, T) — Th g (tng1, @) |* dadt

nOIn

Noax

< 20|Vl py(1,La(0) + 2 Z // |e" |2 dadt < Ch,

nOIn

and the first inequality is proved. Now we get

2
Noax unJrl _ unJrl 1

q P
E / E m(epq) d ( i - m(ens) /Vu-npq d;v) dt

n= OI epql

Nmaz (en+1 _ €7L+1) Nmaz

<cy /Z/g(.](u)) dedt +C > /d,,q

n=0 I,
2
t 1
o Z n+1; qu ( n+1, pr) _ /VU . npqu dt < Ch7

dpq m(epq)
€pq

where we have again used the estimate of the finite volume method for the
second term. W

Remark 1. We note that error estimates in the L, norm for a linear problem
and for an exact solution u € C%(Qr) are of order O(h + k) (see [4]). The
estimates obtained in this paper are only of order O(hz), when the specified
above relation between the scale and mesh size is satisfied. We have not ob-
tained such a quality of the estimates due to the lack of regularity of the exact
solution and the strong nonlinearity in the elliptic term.

4. Numerical Example

The following example shows the work of the algorithm on an image of the
size 480 x 540. This image represents a good input for this algorithm based on
the Perona-Malik equation, since for edges the large gradients are typical and
noise can be characterized as having small gradients. The setting of parameters
was the following: K in Perona - Malik function g was set to 150, h was equal
to 1, T to 25 and scale step k£ to 0.011.
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a) b)

Figure 1. Example. a) the original image, b) the smoothed image.
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