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Abstract. The paper is devoted to the investigation of one of the basic boundary value prob-
lems of Riemann’s type for bianalytical functions. In the course of work there was made out
a constructive method for solution of the problem given in a plane with slots. There was also
found out that the solution of the problem under consideration consists of consequent solu-
tions of two Riemann’s boundary value problems for analytical functions in a plane with slots.
Besides, a picture of solvability of the problem is being searched and its Noether is identified.
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1. Statement of the problem

Let us exclude from a full complex plane segments of a real axis L., = [am, b
(m =1,2...,n), and let D be the remaining domain. The boundary L of the domain

D is understood as the thrown out segments (slits). Thus, L = U L,and D =
m=1
C\ L. Further we shall use terms and definitions accepted in [3].
As it is known, a function F(z) = U(x,y) + iV (x,y) is called bianalytical in
the domain D if it belongs to the class C%(D) and satisfies in D the condition
O*F(z) 0
0z2

where
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is the Cauchy—Riemann operator in D.

DEFINITION 1. A bianalytical function F'(z), which is defined in domain D, be-

longs to the class A»(D) () I (L) if it can be prolonged to the contour L together
at+p
with the partial derivatives 0 8’(52) (a=0,1; 8 = 0,1) so that boundary values
2402
of this function and all specified derivatives satisfy the Holder condition everywhere,
may be except for points a,,, b, (m = 1,...,n), where the reversion at infinity of

the integrable order is possible, when o + 8 < 2.

Let us consider the following boundary value problem.

It is required to find all bianalytical functions F(z), belonging to the class
Ao(D)(N I®(L), vanishing on infinity, limited near the extremities of the contour
and satisfying at all internal points of L the following boundary conditions:

OFT(t) OF~(t)
e 1(07 +g1(t), (1.1)
OF*t(t) OF~(t) |
5y = Galt) =5 = +igalt), (L2)
where
OF*(t) OF~(t) ,
ox o z—>t}%z>0 F(Z)’ ox o z—»t,111;1n1z<0 F(Z)
OF*(t) ) OF~(t) .
83} o z—>t}%z>0 F(Z)’ 8y o z—»t,III7I711z<O F(Z)

and Gy (t), gr(t) (k = 1,2) are given on L functions of the class H®~*)(L), and
Gr(t) #0o0n L.

Here, in equality (1.2), the factor i at g»(¢) is put for convenience of notation. The
formulated problem is called the first basic boundary value problem of Riemann’s
type for bianalytical functions in the plane with slots or, shortly, the problem R .
The appropriate homogeneous problem (g1(t) = g2(t) = 0) will be denoted as
problem RY ,.

Let us notice, that the problem R » represents one of the basic boundary value
problems of Riemann’s type for bianalytical functions. It was formulated in the well-
known monograph of Gakhov (see, for example, [1], p. 316). In case of arbitrary
smooth closed loops the considered problem was explicitly investigated in the work
of Rasulov (see, for example, [3]).

In the present work for the first time we investigate a more general problem R; .

2. On the solution of the problem R, -

It is known (see, for example, [1, 3]), that any vanishing on infinity bianalytical
function F'(z) with a line of saltuses L can be represented as:
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F(z) = ¢o(2) + Zp1(2), (2.1)

where @ (z) are analytical functions in domain D (analytical components of the
bianalytical function), for which the following conditions are fulfilled:

I{pp,00} >14+k, k=0,1;

here IT{y, oo} means the order of the function ¢ (=) at the point z = co.
Let us search for the solution of the problem R, » given by:

F(z) = fo(2) + (2 = 2) f1(2). (2.2)

Then the functions fx(z) (k = 0, 1) will be connected with analytical compo-
nents of the required bianalytical function F'(z) by formulas:

wo(2) = fo(2) —2fi(2), ¥1(2) = fi(z). (2.3)
As known (see, for example, [1], p. 301)

9_0.,9 9_,(2_2

oz 0z 0z’ 8yl<8z82)’

then taking into account (2.2) and the fact that the equality ¢ = ¢ is fulfilled on L, the
boundary conditions (1.1) and (1.2) can be written as:

B (t) = G1()P; () + g1(1), (2.4)
S () = Ga(t) f (1) + Qa(t), (2.5)
where &y (z) = dfzi’z), Qa2(t) = % (B¢ (t) — G2(t)Py (t) — ga(t)).

The equalities (2.4) and (2.5) represent boundary conditions of usual Riemann’s
problems for analytical functions in a plane with slots (see, for example, [1] or [2]).
Thus, as a matter of fact, the solution of the initial problem R; , is reduced to se-
quential solution of two auxiliary problems of Riemann (2.4) and (2.5) in classes of
analytical functions in domain D with a line of saltuses L. But as in the problem R; o
we search for the solutions, limited close to extremities of the contour and vanishing
on infinity. There arises the necessity to define classes of analytical solutions of aux-
iliary problems (2.4) and (2.5). Therefore, at first we shall find out in what classes it
is necessary to search for solutions of boundary value problems (2.4) and (2.5).

From equalities (2.3) we can see, that the functions @4(z) and f1(z) on infinity
should have zero not below than the second order. Let us study the behaviour of the
function F'(z) near the extremities of the contour L. Let ¢ be any of extremities, then
¢ = c¢. We have the following series of inequalities:

[F(2)] = [fo(z) + (2 = 2) [1(2)] < [fo(2)| + | /1 (2)]|Z — 2]
= o)+ [z -+ c— 2|
<[fo2) + 1Az = el + [f1(2)llz = ¢
= [fo(2)| + 2| 1(2)l|z — ¢ - (2.6)
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For function F'(z) to be limited close to the extremities of the contour L, it is
necessary and sufficient, that the functions @((z) and f; (z) satisfy the estimates:

const const

|€I)()(Z)| < m, |f1(Z) < R 0< ap, 1 < 1. (27)

Really, if functions @((z) and f1(z) satisfy the condition (2.7), then the required
bianalytical function F'(z) will be limited in a neighbourhood of c.

And if the function F(z) of the class Ay(D) (" I® (L) is limited close to the
extremity ¢, then the functions &, (=) and f1(z) satisfy (2.7) (otherwise all solutions
of the problem R, » will not be found).

Thus it is required to find a solution of boundary value problems (2.4) and (2.5),
belonging to a class of functions, having on infinity a zero of the second order and
infinity of the integrable order on extremities of the contour L.

Let us solve the boundary value Riemann problem (2.4). Let

Gl(am) = ra,lmeielmv 0 < alm < 27T7
Gl(bm) = Tb,lmei(elerAelm); Aelm = [aTgGl(t)]Lm )

then, following Gakhov (see, for example, [1], p. 448), we define integer numbers
k1m by the following formulas:

|:91m + Aolm
Kim = |——F——

1.
2m ]Jr

The index of the problem (2.4) is represented by the following formula

n
K1 = E Kim -
m=1

Hence, if k1 > 2, a general solution of problem (2.4) is set by the formula (see,
for example, [1, 2]):

1 gi(t) dr
211 X1+ (ryT—=2
L

Do(2) = X1(2) + Py —2(2) |, (2.8)

where X (z) is a canonical function of the problem (2.4), P., —2(z) is the polyno-
mial of a degree not higher than (x; — 2) with arbitrary complex coefficients.

In case when k1 < 1, the solution of problem (2.4) also will be expressed by
formula (2.8) with only one modification, that P, _2(z) = 0, and if k1 < 0 then
|x1] + 1 conditions of solvability should be satisfied:

g1(7)

k—1
" dr =0, E=1,...,|k|+ 1L (2.9)
X ()

L

dfo (Z)

Using the function @y (z) = 0 after integration we obtain
z
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folz) = / (O,

~

where ~ is an arbitrary smooth curve, completely laying in the domain D and con-
necting the infinite point with arbitrary point = of the domain D.

Let us take in expression (2.8) z — t & L. Then, using the formulas of
Sokhotzky-Plemelj (see, for example, [1, 2]), we get

1 d
o () = X (t) (2—7” )‘?1(2) - _Tt + ng(t)) n 912@, (2.10)
1
L
1 d t
oy (1) = X (1) (% )‘?}(2) — +Pm_2(t)) = 221((1), (2.11)
L
here in equali i X/ (®) =
quality (2.11) we have taken into account, that X G1(t).
1

Remark 1. Functions digf (t), given by formulas (2.10) and (2.11) satisfy the Holder
condition everywhere on L, may be except the extremities, where they may have a
singularity of the integrable order.

Now we will solve the boundary value Riemann problem (2.5). Let
Ga(am) = Ta12m€w2m, 0 < oy < 2m,
Ga(by,) = Tb,2m€i(92m+A92m)7 Aboy, = [argGa(l)]L,, -
Then following Gakhov (see, for example., [1], p. 448) we define integer numbers:

|:92m + A92m
e

o= } +1. (2.12)

The index of the problem (2.5) is represented by the following formula

Ro = Z Rom,- (213)
m=1

As it is known (see [1, 2]), if ko > 2, a general solution of problem (2.5) is
represented by formula:

F1(2) = Xa(2) (L Q2(1) dr

2mi ) XS(r)T—=2
7

+ PMQ(,Z)) : (2.14)

where X5 (z) is a canonical function of problem (2.5), P..,—2(z) is a polynomial of
a degree not higher than (k2 — 2) with arbitrary complex coefficients.

If ko < 1, the solution of problem (2.5) can be expressed by formula (2.14) with
only one modification, that Py, _2(z) = 0, and if k2 < 0, then |x2| + 1 conditions of
a solvability should be satisfied:
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Q2(7) 41
dr=0 k=1,.. 1. 2.15
/X;(T)T T ) ) 7"‘{/2|+ ( )
L

Remark 2. Generally speaking, absolute term Q2(t) of problem (2.5) satisfies the
Holder condition everywhere on L, except for, possibly, the extremities of the con-
tour, where it may have the integrable singularity. But, as we search for the solution
of the boundary value problem (2.5) in the class of functions, having infinity of the
integrable order on the extremities of the contour L, the density of the integral in
the formula (2.14) has the singularity on the extremities of the contour, which is not
higher than the integrable one.

After finding functions fy(z) and f1(z), we use formulas (2.3) and restore an-
alytical components of the required bianalytical function. Then using formula (2.1)
we restore the bianalytical function F'(z) itself. Thus, the following basic result is
valid.

Theorem 1. Let .
L= |Jlam,bm], D=C\L.
m=1

Then the solution of the problem R; - is reduced to a sequential solution of the two
scalar Riemann problems (2.4) and (2.5) in classes of analytical functions in the
plane with slots, having a zero of the second order on infinity and infinity of the
integrable order on the extremities of the contour L. The problem R; - is solvable
if and only if problems (2.4) and (2.5) are simultaneously solvable in the specified
classes of functions.

3. Investigation of a solvability of the problem R, -

As the solution of the problem R, > is reduced to the sequential solution of the
boundary value Riemann problems (2.4) and (2.5), solvability conditions of the prob-
lem R; 2 can be developed from the solvability conditions of boundary value prob-
lems (2.4) and (2.5).

The number k = k1 + k2 is called the index of the problem R; 5, and numbers
k1 and ko are its private indexes. For a full investigation of the solvability of the
problem R; it is necessary to consider 9 cases.

Casel. Letky > 2, ko > 2.

In this case boundary value problems (2.4) and (2.5) are solvable and have «; — 1
and k2 — 1 linearly independent solutions, respectively. Thus, in this case problem
R, 5 is solvable and by virtue of formulas (2.1) and (2.3) its general solution linearly
depends on k1 + ko — 2 arbitrary complex constants.

Case2. Letk; > 2, ko = 1.
In this case boundary value problem (2.4) is solvable and has x; — 1 linearly
independent solutions, and boundary value problem (2.5) also is solvable and has a
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unique solution. Hence, in this case problem R » is solvable and its general solution
linearly depends on «; — 1 arbitrary complex constants.

Case3d. Letk; > 2,k <0.

In this case boundary value problem (2.4) is solvable and has «; — 1 linearly
independent solutions, and the boundary value problem (2.5) has a unique solution
if |k2| + 1 conditions of the solvability (2.15) are satisfied.

Remark 3. We shall notice, that some conditions (2.15) can be satisfied at the expense
of a choice of values of arbitrary constants, which are included in expression Q2 (¢).

Thus, in this case problem R; 5 is solvable if ||+ 1 conditions of the solvability
(2.15) are satisfied and its general solution linearly depends on [ arbitrary complex
constants, where 0 <7 < xk; — 1.

Cased. Letky =1, ko > 2.

In this case boundary value problem (2.4) is solvable and has a unique solution,
and the boundary value problem (2.5) is solvable and has x5 — 1 linearly indepen-
dent solutions. Thus, in this case problem R;  is solvable and its common solution
linearly depends on x5 — 1 arbitrary complex constants.

Caseb. Letk; =1, ke = 1.

In this case boundary value problems (2.4) and (2.5) are solvable and each of
them has a unique solution. Hence, by virtue of the Theorem 1, the problem R; o is
solvable and has a unique solution.

Caseb.Letk; =1, ko <0.

In this case boundary value problem (2.4) is solvable and has a unique solution,
and the boundary value problem (2.5) has a unique solution if |x2| 4+ 1 conditions of
the solvability (2.15) are satisfied. Thus, problem R; 5 is solvable and has a unique
solution.

Case7.Letky <0, ko > 2.

In this case boundary value problem (2.4) has a unique solution if |« | + 1 condi-
tions of the solvability (2.9) are satisfied. Boundary value problem (2.5) is solvable
and has ko — 1 linearly independent solutions. Thus, in this case problem R; o is
solvable if |x1| + 1 conditions of the solvability (2.9) are satisfied and its general
solution linearly depends on x2 — 1 arbitrary complex constants.

Case8. Letk; <0, ke = 1.

In this case boundary value problem (2.4) has a unique solution if |x1| -+ 1 condi-
tions of the solvability (2.9) are satisfied. Boundary value problem (2.5) is solvable
and has a unique solution. Thus, problem R; 5 is solvable if || + 1 conditions of
the solvability (2.9) are satisfied and it has a unique solution.

Case9. Letky <0,k <0.

In this case boundary value problem (2.4) has a unique solution if |<1| 4+ 1 con-
ditions of the solvability (2.9) are satisfied, and boundary value problem (2.5) has a
unique solution if | k2| + 1 conditions of the solvability (2.15) are satisfied. Hence, in
this case problem R » is solvable if |x1| + 1 conditions (2.9) and |x2| + 1 conditions
(2.15) are satisfied and it has a unique solution.
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From the analysis given above we obtain the following statement.

Theorem 2. For any values of the index k = k1 + k2 the number p of conditions of a
solvability of inhomogeneous problem R; » and the number [ of linearly independent
solutions corresponding to homogeneous problem R%2 are finite, i.e. the problem
R, - satisfies the Noether conditions.
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Apie pirmojo pagrindinio krastinio Rimano tipo uzdavinio bianalizinéms funkcijoms
plokstumoje su jtrukiais sprendima

I.B. Bolotin, K.M. Rasulov
Siame darbe tyrinéjamas uzdavinys, kai ieSkoma dalimis bianaliziniy funkcijy, nykstan&iy be-
galybeje, apriboty greta konturo trukio tasky ir Siame konture tenkinanciy dvi krastines saly-

gas. Parodoma, kad sprendZiamas uZdavinys suvedamas j sprendima dviejy Rimano uzdaviniy
analizinéms funkcijoms.



