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ABSTRACT

Using the Fourier series method for the analytic functions, we obtain a result characterizing
the behaviour of the integral means of Blaschke product logarithms. Namely, if the zero
counting function n(r, B) of the Blaschke product B satisfies the condition

n(r,B):O((l—'r)*l/ql(r)), r—1, ¢>1,

where [ is a positive function on (0, 1) such that

1
I(t)
——dt
/17t < +o0,
0

1/q
27 3
then the g-integral mean mq(r,log B) = % J |log B(re’o)qdé?} is bounded on (0, 1),
0

where log B is a branch of the logarithm of B.
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1. INTRODUCTION

Let D be the unit disk centered at the origin, {a,} be a sequence of points
ay = |ayle* from D, a, # 0, such that

+oo

> (1 —a]) < +oo, (1.1)

v=1
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and

ay —z
€D
H s av| 1 —ayz ? ’
be the Blaschke product. Let us denote by D* the domain
D* = D\ U/ [a,,e).

Let us consider the function

log B(z) = log B(0) + z € D*,
8B(:) =logBO) + | Z&
where the integral is taken along the segment [0, z]:
1
log B(0) = log |B(0 |—Zlog|a,,| —/ log tdn(t, B), (1.2)
0

and n(¢, B) is the number of zeros of the function B(z) in the closed disk of
radius ¢, 0 < t < 1, centered at the point z = 0.

It follows from the Blaschke condition (1.1) [4] that
(1-t)n(t,B)=0(1), t—1.

Then integrating by parts in (1.2) we get

1
log B(0) = — / n(t, B)t—Ldt.
0

Let also

1 2w . 1/(]
my(r,log B) = {%/0 |10gB(re’9)|qd0} , 1<g<400, 0<r<1l,

be the integral means of the logarithm of the Blaschke product.

A. Zygmund [9] stated the following problem: to describe such sequences of
zeros {ay }, that the function ma(r,u), u = log|B| be bounded on (0,1) .

By using the Fourier series method for the analytic functions [6; 10; 11]
G. R. MacLane and L. A. Rubel [9] solved this problem in 1969. In particular,
they found that the condition

n(r,B) =0((1 —r)"Y?), r—>1
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is sufficient for achieving the relation
ma(r,u) =0(1), r—>1,
while being also necessary for the Blaschke products B(z) with zeros concen-
trated at the finite system of beams. Some results characterizing the behaviour

of integral logarithmic means of order ¢, 1 < ¢ < 400, of Blaschke products
were obtained by C. N. Linden [7; 8].

Recently, A. A. Kondratyuk and V. V. Yeyko [12] stated that for arbitrary
g € (1,+00) there is a constant A, > 0 such that

1
(1= )Y/ o (r, ) < A,,/ nt, Byt-Ydt, r € (0,1), 1/q+1/¢ =1. (1.3)

2. MAIN PROBLEM
The main problem we solve is to find the conditions under which the Lebesgue
means of the logarithm of the Blaschke product modulus and some branch of

its argument are bounded.

Proof of the main result

Here, the following result will be established.

Theorem 2.1. Let B(z) be the Blaschke product, 1 < ¢ < +o0. If
n(r,B) =0 ((L-n~"uw), ro1, (2.1)

where I(r) is some positive on (0,1) function, such that

1
/ (1 — )~U(t) dt < +oo, (2.2)
0
then the function mg(r,log B) is bounded on (0,1).

Proof. Denote by u(re??) = (H % u)(re?) for any fixed r € (0,1) the convo-
lution of Hilbert’s distribution [2]

+oo )
H= Y —i(signk)e™,  sign0=0,
k=—oc0

with the function u(re®®) = log |B(rei)|, i.e.

cr(r,u) = —i (signk) cx(r, u), ke Z, (2.3)
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where

2
ek (ryu) = %/0 u(re'®)e*0dp, keZ.

Let also

. T At . .
p(rei®) = /0 ) |<tP(r,te’(9*°‘))du(a), a=lale®, 0<r<1, (2.4)

where P(r,w) = Re[(r + w)(r — w)~!] is the Poisson kernel, u(a) = Y~ d(a—
ay), 6(€) is the Dirac measure. According to [5]

CO(Ta IOg B) = Co(T, U),

f)k ni(t, B)

Ck(T;IOgB):’Yka‘F/ ( —2—7dt, keN,
o \t t

k
" _ B
c,k(r,logB)z/ (E) %dt, keN,
0

(2.5)

r

where 7y, are determined from the development

+oo
log B(z) =log B(0) + Z Y2
k=1
in the vicinity of the point z = 0, and
m(B)= [ e *dua),  keZ  na(r,B)=n(rB)
lal<r

Taking into account the relation (2.4) and the development

) 400 + k| _
P(r, tez(a—a)) — Z (;) ezk(@—a)7
k=—o00

we will get

1 2 ) . r |k‘ .
atrp) = o [ preteman= [ [ (1) eteaua)
2 0 0 t la|<t r

r
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The relations (2.3), (2.5) and (2.6) as well as the formulas for the Fourier
coefficients cg(r,u), k € Z, (see [9], or [6; 10; 11]) will give us the equality

c(r,log B) = cx(r, u) + ick(r, u) — ick(r, p),
which will hold for any k € Z, r € (0,1), i.e.
log B = u + iu — ip.

Then, by applying the Minkowski inequality, we will get for the arbitrary
g€ (l,400), r € (0,1)

my(r,log B) < mg(r,u) + my(r, @) + mgy(r,p). (2.7)
By virtue of the theorem of M. Riesz [1] we obtain

mq(r, ) +mq(r,p) < Cylmq(r,u) + my(r, p),
where C; = tg%, ifl<g<2o0rCy= ctg2—7;, if 2 < ¢ < +o00. Taking into
consideration the inequalities (2.7) and (1.3) we find that

1
mg(r,log B) < A,(1+ C,)(1 —r)~1/7 / n(t, B)t~'dt + Cymgy(r,p), (2.8)

where 1/g+1/¢' = 1.

To estimate the last term on the right-hand side of (2.8) let us apply the
integral Minkowski inequality ([3], p.24) twice as well as substituting the vari-
able t = r7. Then, we will get

rag (12 Ve
mg(r,p) < / — = / P(r,te"=*)dpu(a) | d
o t |27 la|<t
r 2 1/q
S/ ﬂ/ d,u(a){i/ (P(r,tei(a_o‘)))qdé?}
o b Jja<t 27 Jo

1 27 1/q
~[E [ w@{g [ eareeyas)
o T Jia|<rr 2m 0

0<r<1, 1<qg<+o0o, a=|ale™.

Note that the inner integrals in this relations do not depend upon «. There-
fore, taking into consideration the inequality ([13], p. 288)

1 1/q

2w
{ﬂ/ (P(l,tei’”))qu} <A1 - )~/ 1< g<+o0,
0
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where 1/¢ +1/¢q' =1, A}, is some positive constant, we get that

1
mgy(r,p) < A;/ (1—=t)"Y"n(rt, B)t~'dt, 0<r<l,
0
which, in combination with (2.8), gives

1
mg(r,log B) < Ag(1+ Cy)(1 — r)-1¢ / n(t, B)t 1 dt

1
+Agcq/ (1 — )Y n(rt, B)t dt,
0

0<r<i, 1< q < +4o0.

Then the statement of the theorem follows from its assumptions, the monotony
of the function n(r, B), the relations

1 1
(1 —r)—l/q'/ n(t, B)t~'dt 5/ (1—t)"Y9n(t, Bt 'dt,

1—t)"Yn(t,B) =0 (1 -t)~U(®F), t—1,
and the inequality (2.9). B

The Blaschke products, for which (2.1) follows from the boundedness of
my(r,log B), with some positive on (0,1) function [ satisfying the relation
(2.2), will be considered in the separate paper of the first author of the present
work.

3. CONCLUSION

The results of MacLane and Rubel [9], Linden [7; 8], Yeyko and Kondratyuk
[12] characterizing the behaviour of the logarithmic means of Blaschke prod-
ucts are generalized. The main result is Theorem 2.1. The proof is based on
the M. Riesz theorem on conjugate functions and a new representation of the
considered branch of argument of the Blaschke product.
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Apie Blaschke sandaugos logaritmuy integraliniy reik$miy apréZztuma

Ya. Vasylkiv, A. Kondratyuk, S. Tarasyuk

Siame straipsnyje Furje eilu¢iy metodu gauta analitiniy funkcijy Blaschke sandaugos logaritmy
integraliniy reik§miy elgsenos charakteristika. Jeigu Blaschke sandaugos B nuliy funkcija
n(r, B) tenkina salyga n(r, B) = O ((1 — r)*l/ql('r)) , r—1, g¢>1,d&alyraneneigiama

1
funkcija intervale (0, 1) ir [ i(—_tidt < 400, tuomet g-integraliné reik§meé
0

1/q
27 .
mgq(r,log B) = {% J |log B(rew)|qd0} yra apréZta intervale (0, 1), kai log B yra B
0

logaritmo Saka.





