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Abstract. This work consists in the asymptotic analysis of the solution of Poisson
equation in a bounded domain of R” (P = 2,3) with a thin layer. We use a method
based on hierarchical variational equations to derive an explicitly asymptotic expan-
sion of the solution with respect to the thickness of the thin layer. We determine
the first two terms of the expansion and prove the error estimate made by truncating
the expansion after a finite number of terms. Next, using the first two terms of the
asymptotic expansion, we show that we can model the effect of the thin layer by a
problem with transmission conditions of order two.
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1 Introduction

This paper deals with the study of the asymptotic behavior of the solution
of the Poisson equation in a bounded domain 2 of RY (P = 2,3) consisting
of two sub-domains separated by a thin layer of thickness § (destined to tend
to 0). The mesh of these thin geometries leads to systems with a condition
number that increases significantly (cf. [27]). To overcome this difficulty, we
adopt asymptotic methods to model the effect of the thin layer by problems
with appropriate transmission conditions. These methods are widely used in
different frameworks (cf., e.g., [1,2,7,9,10,12,17,18]). Especially, effective
boundary conditions have been obtained for the Helmholtz and Maxwell equa-
tions in [3,4,15,16] in smooth geometries and in [11] for Poisson problem in a
polygonal domain. The case of approximate transmission conditions has been
studied in [6,13,21,25,26] for thin layer and in [13,22,23] for rough and pe-
riodic thin layer. In [24, Part II] Schmidt derived an approximation of the
solution inside the thin layer based on families of functions called optimal basis
functions.
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Our motivation comes from [20,25], in which the authors have worked on
problems of electromagnetic and biological origins. Our Problem is inspired
from the thesis of Poignard [20, Chapter 2]. He considered a cell immersed in
an ambient medium and studied the electric field in the transverse magnetic
(TM) mode at mid-frequency.

Let us give now precise notations. The domain (2 is composed of smooth
sub-domains: an open bounded subset (2. s with regular boundary I ;, an
exterior domain (2. s with disjoint regular boundaries Is5o and 92, and a
membrane {25 (thin layer) of thickness ¢ separating f2ins from ey s (see
Fig. 1).

Figure 1. Geometric data.

Define the piecewise regular function « by

o, if ¢ € (2oxs 5,
a(z) =< as if z e (2,
Q; ifx e Qint,&a

where a., as and «; are strictly positive constants satisfying «; < ag < a. or
ae < a5 < a; which correspond to the case of mid-diffusion. For a given f in
C>°(£2), we are interested in the solution us of the following diffusion problem

{—div (aVug) = f in £, (1.1)

Us|a02 =0 on 0f2.

The main result of this paper consists of an asymptotic expansion of the
solution us of Problem (1.1) in presence of a thin layer in terms of its thickness
6 and the derivation of the associated approximated model of order 1. The
position of the limit interface I" (see Fig. 2 and Fig. 3) for § tends to 0 is
varied and a particular choice of I' leads to a simple problem involving the
Poisson equation with transmission conditions of order two on the interface I”
which lies betweenls; and [ 2.

We use an approach based on variational equations (cf. [3,6]) to derive
transmission conditions with tangential derivatives of order two on I', mod-
eling the effect of the thin layer. However, it seems that the existence and
uniqueness of the solution of this problem is not obvious. Therefore, we rewrite
the problem as a pseudodifferential equation (cf. [5]) and show that in the
case of mid-diffusion, we can find the appropriate position of the surface I’
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Figure 2. Geometry of the studied
problem. Figure 3. The thin layer 25.

to solve this equation. The problems are similar in 2D and 3D. We treat the
three-dimensional case and we give a remark to the two-dimensional case.

The present paper is organized as follows. In Section 2, we give the state-
ment of the model problem considered. In Section 3, we collect basic results of
differential geometry of surfaces. Sections 4 and 5 are devoted to the asymp-
totic analysis of our problem. We present, in Section 4, hierarchical variational
equations suited to the construction of a formal asymptotic expansion up to
any order, while Section 5 focuses on the convergence of this ansatz. With
the help of the asymptotic expansion of the solution us, we model, in the last
section, the effect of the thin layer by a problem with appropriate transmission
conditions.

2 Problem Setting

We consider a parallel surface I to Is; and Iso dividing (25 into two thin
layers 251 and (252 of thickness respectively pid and p2d, where p; and po
are nonnegative real numbers satisfying p; + po = 1 and such that p; and ps
belong to a small neighborhood of 1/2 (see Fig. 2 and Fig. 3). The term small
neighborhood means that the constants p; and ps are not too close to 1 or 0,
in order to avoid having a layer too thin compared to the other because the
following analysis does not lend itself to this case. Let us denote by uext,s,
Udy,5, Udy,s and Uing,s the restrictions of us respectively to the domains (2.« s,
252, (25,1 and (2 5. Under the aforementioned assumptions, we investigate
in H'(§2) the solution us of the following problem

—div (e Vext,s) = f|0en.s in Qext,s, (2.1a)

—div (Oé(svud275) = f|9572 in 9572, (2.1b)

—div (a(;VudM;) = f|95,1 in 251, (2.10)

—diV (aivuinw;) = f\Qint,é in Qint,57 (2.1(21)

Uext, 5002 = 0 on 012 (2.1e)

with transmission conditions

Udy 5|55 = Uext,5| s, on I, (2.1f)

{ Q50n;s ,Udy 86|50 = YeOns ,Uext 8|5 0 on [, (2.1g)

Math. Model. Anal., 20(1):53-75, 2015.
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Ud, 5| = Udy,8|T on I, (2.1h)
asOnla, 5|1 = AsOnUd, 5|1 on I, (2.17)
Uint,5| s,y = Udy,8| s, on Iy, (2.13)
Oziané’luim’gwéJ = ()456n571ud1’5‘p571 on I, (2.1k)

where On; ,, On, On;, and On, denote the derivatives in the direction of the
unit normal vectors n,ns;,n52 and n. to Is1, I, 52 and Of2 respectively
(see Fig. 2). The following theorem gives the existence and uniqueness of the
solution us to Problem (2.1).

Theorem 1. Problem (2.1) admits a unique solution us in H(2). Further-
more, there exists a constant ¢ independent of § such that

||U6||H1(n) <c Hf”L?(.Q) :

Proof.  Existence and uniqueness of us follow from Lax—Milgram lemma [8].
O

3 Recalls of Differential Geometry

The goal of this section is to define and to collect the main features of differential
geometry [14] (see also [19]) in order to formulate our problem in a fixed domain
(independent of §) which is a key tool to determine the asymptotic expansion
of the solution us. In the sequel, the greek indice 3 takes the values 1 and 2.
Let I51 = (—0,0) and Is2 = (0,6) . We parameterize the thin shell (25 3 by the
manifold I" x I5 g through the mapping 13 defined by

FXI&@ % 95”3
(m,ng) — x:=m+ pgngn(m).

As well-known [14], if the thickness of (253 is small enough, g is a C°°-
diffeomorphism of manifolds and it is also known [21, Remark 2.1] that the
normal vector ns g to I's g can be identified to n. To each function vg defined
on {25 g, we associate the function vg defined on I" x I5 g by

{5/3(7”’77[3) = U5($),
T = 1/}5 (mﬂ?ﬁ) 5

then, we have

_ - 4,0V
Vg = (I +psnsR) ! Vrug +p61Jn,
g
where Vvg(m) and R are respectively the surface gradient of v at m € I" and

the curvature operator R of I' at point m. The volume element on the thin
shell {25 g is given by

dQ(;”g =pgs det (I +pﬁ7]ﬁ'R) d]_‘dng.
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Now, we introduce the scaling sz = n3/d, and the intervals I; = (—1,0) and
I, = (0, 1) such that the C*°-diffeomorphism @4, defined by

Q’Btszlg 913) 95”3
(m,sg) — x:=m+Jdpgsgn(m)

parameterizes the thin shell {25 3. To any function vg defined on (255, we as-
sociate the function vl defined on 2° through

{vw](m,%) = vg(x),
x = Pg(m, sg),

then the gradient takes the form

_ ovlPl
Vg = (I +6pasgR) " Vol +p§15*1  n (3.1)
88,@
The volume element on the thin shell 25 3 becomes
df2s.3 = pgddet Js g dl'dsg, (3.2)

where J5 8 := I + pgdsgR. Let ug and vg be two regular functions defined on
25.3. From (3.1) and (3.2), we get the change of variables formula

Vug. Vg d2s5 = ppd / J5 3V rull.V poll det J5 g dlMdsg
25,3 08

+p51571 /QB 856u[ﬁ]685v[5] det Js5 g dl'dsg.  (3.3)

Remark 1. For any function w defined in a neighborhood of I', we denote, for
convenience, by u|p the trace of u on I' indifferently in local coordinates or in
Cartesian coordinates.

4 The Asymptotic Analysis

This section is devoted to the asymptotic analysis of the solution of Prob-
lem (2.1). We show that the latter is equivalent to a variational equation
from which we derive the asymptotic expansion of us. We give a hierarchy of
variational equations needed to determine the terms of the expansion and we
calculate the first two terms of the expansion.

Let vy be in H*(£25). We denote by vq, its restriction to {25 5. Multiplying
Equation

—div (asVug,s) = flo, in s

by test functions vy, using (2.1g), (2.1i), (2.1k) and Green’s formula, we get
(@0iOng y Uint, 8|5y Vdy | Ts ) H-1/2(I's 1) x HY/2(I5.1) T a5/ Vug,s.Vogd§2s
025

— (QeOn; » Uoxt 5|5 25 Vda | Ty 2) H-1/2(Iy.0) x HV/2(Iy.5) = / f105va dS2s,
25
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in which (., ‘>H*1/2(F5,5)><H1/2(F5,5) denotes the duality pairing between

H=Y2(I's ) and H'/2(Is 3). We use the dilation in the thin layer and For-
mula (3.3), to obtain

1
<ai8n5’1uint,6|l“,s,1 o Py (m’ _1)7 U([i](m7 _1)>H*1/2(F><{71})><H1/2(F><{71})

[2]
<aean5 zuext 5\F§ 2 o @2(7’2’1 1) (ma 1)>H*1/2(F><{1})><H1/2(F><{1})

2
Z a(;éa[ﬁ] ut[fgg,vdﬁ] / f10sva d825, (4.1)

which is the starting point for the asymptotic analysis, where the bilinear form
a([;ﬁ] (.,.) is defined by

ol (], 017 = g / J5 2Vl ol det Jy  dTds

+p5'6” /asﬁu Ao, det J5 5 dTdsg — (4.2)

for every ul®! and vl in H'(027).

4.1 Hierarchy of the variational equations

In the spirit of [21,25], we will consider two asymptotic expansions. Exterior
expansions corresponding to the asymptotic expansion of us restricted to 2ext,s
and to (2in s characterized by the ansatz

Uext,§ = Uext,0 T 5uext,1 +- (43)
Uint,6 = Uint,0 + OUing,1 + -+, (4.4)

in which the terms ing,, and Uext,n (n € N) are independent of § and defined
on 2, where (2, is a bounded domain of RY (P = 2,3) with boundary I
(see Fig. 2) and on ey := 2\ Qine. They are respectively the limits of iy s
and (2ex¢,s for § — 0. They fulfill

—div (0; Vtint,n) = 00,0 fl2e 0 Qings
—div (e Vext,n) = 00,0 floe, 10 ext, (4.5)
Uext,n|002 = 0 on 897

where dp ,, indicates the Kronecker symbol. And an interior expansion corre-
sponding to the asymptotic expansion of ug, s written in a fixed domain and
defined by the ansatz

uly =ul)l +5ul? o i 0P (4.6)
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where the terms u[f }, n € N, are independent of §. Using a Taylor expansion

in the normal variable, we infer formally

<Z 5nuim,n) o ®1(m, 81) = Uint,0/1 + 0(Uine, 1)1 + $1P10nUine,0/1) + -+

n>0

= Uint,0 + 0Uint,1 + 6 Uing2 + -+ (4.7)

<Z 6nuext,n) © @2(m7 52) = Uext, 0| T 5(uext,1\1“ + 52p2anuext,0\F) +oee
n>0

= Uext,0 + 0Ucxs,1 + 52Uext,2 + e (4.8)

Transmission Conditions (2.1f), (2.1h) and (2.1j) become

Uext,0| " + J(Uext,1|F +p28nuext70\1“) += U£)2|]S2:1 + 5u[12|152:1 +- (49)
(1] (1] _ 2] [2]

Ug|s,—0 T 5“1|51:0 to =Yg, —0 T 5“1|52:0 te (4.10)

Uing,0| 70 (Uing, 1|1 — P1OnUint,0|0)+ - = “([)1|]51:71 + 5“[11\151:71"’ e (410)

Inserting (4.3) in the second equation of (4.5) and using Green’s formula in
252, we get

<aean ( Z 5nuext,n|F) ) Ud2F>
n>0 H=1/2(r)xHY/2(I)
n
- <O‘ean5,2 ( Z 5 uext,n|F5,2) ) Ud2|F5,2>

n>0 H=1/2(Is )< HY/2(Is,1)

+ Q. / V(
252

Using the scaling sy = 12/0, we obtain

/ eOn ( Z 5”uext7np> v;] (m,0)dI" + aeéa?] ( Z 0" Usxt,ns v?)
r

> 5"uext,n) Nva, A2 = [ fla;,va, 425 2.
n>0 252

n>0 n>0
- <aean5y2 (Z 5nuext,nf‘5,2> o (152 (’ITL, 1); UC[ZQ] (m7 1)>
n>0 H-1/2(I'x{1})x H1/2(I'x{1})
2/ f|9572’Ud2 df2s . (4.12)
5.2

In the same way, we obtain the equation for a;On;,(> ., >0 0 tintn|rs,) ©
451(7’77,,—1) -

ai(sat[sl] ( Z 5nUint,nv ’UE]) - / aian ( Z 6nuint,n|F)vEdl] (m7 0) ar
r

n>0 n>0

+ <aian5,1 < Z 6nuint,n|F511) o gZ)l (m7 _1)7

n>0

Math. Model. Anal., 20(1):53-75, 2015.
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Ugl] m = f|95,11)d1 df2s,. (4.13)

( ,—1>>
H-1/2(Px{—1})xHY/2(I'x{-1}) /21

Inserting expansions (4.3), (4.4) and (4.6) in (4.1), using (4.7)—(4.8) and (4.12)-
(4.13), we get

/ aian ( Z 6nuint,nF> U¢[11] (m7 O) ar — Oéi&lgl] ( Z 5nUint,n7 ULI]>
r

n>0 n>0
-I-Z[a(;éaﬂ](Zd" [8] v ﬂ a5a5 (Zé” Cxtn,vd )
n>0 n>0
— / @eOn ( Z 6"uext’n|p) ng] (m,0)dI’ = 0. (4.14)
r n>0

Now, we use the identity (see [3, p. 1680])

J[;_)BQ =1 28[31)5573 +3 (p/;(Sﬂ(SR)2 4+ dn (—pgsgéR)"_l
+ (—s3pdR)" [ndy 5 + J5 5]

Since
det Js3 =1+ 2pgsgdH + (p,3355)2 K

where 2H := trR and K := det R are respectively the mean and the Gaussian
curvatures of the surface I', the bilinear form agﬂ ](. ,.) admits the expansion

agﬁ](.,.)zé +61[ﬁ a2+a )—l—éa[ﬁ]—i—

)

N R A L TR (4.15)

where the forms agf % are independent of § and are given by

alyh (ul, v) = /m p5'0,,u?0,, 017 drdsg,

ol (ul?, o) = /{ . 2H550,,ul? 0,07 dTds g,

ay’y (ul?, o7 = /Q ) pks30,,ul?,, vl dTds,

a([)/,g]l (u[ﬁl’v[ﬁ]) = /QB ngpu[ﬁ].va[ﬁ] dl'dsg,

o) (ulf), o19)) = /m 2355 (HI - R) Vpul? .V ol dlds,

)} (P, o) = /Q (KT — R + 3R?) 3V rul.V ol dlds,

al | | (o)) = /m Pil(n—2) KR — (n— 1) 2HR" >

+ R (=sp)" VrulLV poll drdsg,  n> 3.
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The form 7/ (6;.,.) is the remainder of Expansion (4.15) and is expressed by

rig1 (83 ul, o) = / (Bns +2HBn 16+ KBn_26) 5V rul’l.V polPldIds
0B

with
Bys =

)

(—R)" (ns 5+ J55) ifn>0,
J 5, g otherwise.

Inserting Expansion (4.15) in (4.14) and matching the same powers of ¢, we
obtain the following variational equations

agl]Q (atsug} — ;Uint,0, vm) + aE]Q (a(;ug] — aeUext,0, U[2]) =0, (4.16)

a[1 ]2(015u([)1] — a;Uint,0, ot ]) + a[l] (a5u[11] = @Uing 1, Um)

+alh (asuly) — @eUext,0,02) + alh (asul — @elex,1,0?)
= ae/ anuext,()|FU[2] (ma O) ar — ai/ anuint,(]\l_'v[l] (m7 0) ar (417)
r r

for all v1% in H' (I5; L3(I")) such that ol (.,0) = v (.,0),
abh (asul! — iU 2, 0M) + al'h (asul! — @;Use 1, 0lY)

+ (a[2.,]2 + at[)l]l) (0[5’[1,%1] - aiUint ,0 U[ ])

+ ag]g (CY&U[Q ] - anext 25 U[2]) [

+ (a3 + ag) (s = aelexe 0

al (asul! — U1, 01?)
2

)

= ae/ 8nuext,1\1“v[2] (mv 0) ar' — ai/ anuint71|1“v[1] (m,O) ar, (418)
r r

abh (asulll ) — aiUingngr, o) + ol (asulll — iU, 1Y)

[21]2 (a&u[ b a;iUintn—1,v [1]) [1] (aaup 1= OtiUint,n—h’U[l])

al'l (asulll, — QUi nz, oY) + a[l] (asullly — aiUinens, o)
+ Z a’l 1,1 O[5’U, - CVil'jint,nfl; [ ]) + a([)]g(aéuflrl - ancxt ,n+1s U[Q])
+ a[2] (Oééuq[f - ancxt,ny U[Q]) + a[Q] (QJU[Q] - ancxt,nfla 'U[Q])

ag]l (04 u»[,?] 1 anext n—1,7V [ ]) (aéugl] 2 = anext,n72; 'U[Q])
[2] ( §u[ ] -3 anext n—3,0 [ ] + Za[ ! aéup] - anext,n—laU[2]>
=4

= ae/ anucxt,n\l"v[g] (m7 0) al’ — ai/ anuint,n\FU[l] (m7 0) ar, n=>4
r r
(4.19)

for all vl in H' (I" x I5) such that vl (.,0) =2 (.,0).

Math. Model. Anal., 20(1):53-75, 2015.
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4.2 Calculation of the first terms

In this paragraph, we first recall some theoretical results needed for our cal-
culation. After this, we calculate explicitly the first two terms of Expansions
(4.3)—(4.4) and (4.6) in order to present a recursive method to define succes-
sively the terms of these expansions. We need the following theorem.

Theorem 2. Let Finy € L? (2int), Feat € L? (2ent), h € HY2(I') and ¢ €
H=Y2(I"). Then the following problem

—div (a;VUint) = Fint in e,

—div (aeVUeact) = Feyt in Qextv

Uint|F - Uea;t|[' =h on F7 (420)
aianUinﬂF - aeanUext\F =C onl,

Uertoo =0 on 0f2

admits a unique solution (Ui, Ueyt) in H' (24¢) X HY (2¢4t) . Moreover, for
ko € N, Fiy € H 2(241), Fowy € H 2 (20p), h € H"Y2(I), ¢ €
HF*o=3/2(I") and T'UON C* -continuous, let (Uit Uept) € H' (2in0) X H' (2t
be the solution of (4.20). For any positive integer k < ko, there exists a constant
¢ such that

1Uinill e 2,0y + WUestll vy < k(1 Fimtll g2,y + 1 Featll g2

cat)

+ Ilh”Hk—l/Q(F) + ||<||H’€—3/2(F))'

Proof. Applying the techniques of Lemma 2.6 and Proposition 2.8 in [24, p. 37]
we get the statement of theorem. 0O

We also need the following technical lemma. This construction was moti-
vated by [3] and its proof is not difficult.

Lemma 1. For 3 = 1,2, let k¥l be a vectorial function in L*(£2°,CF) such that
the partial application sg — k[ﬁ](. ,53) is valued in the space of vectorial fields
tangent to r and also
divpkPl € L2(02°). Then the solution h!P! of the variational equation

LPBl1ylA] ;:/ hlPlg,, vl d]“dsB—k/ kP polPl dldsg = 0
028

S B
028

volfl e H'(027), P(.,0)=0

is explicitly given by

(-1)”
AP (m, s5) = / div kP (m, \) dA.

s6
Moreover, if v1?1(.,0) # 0, we have
Byl — (_1),6’+1/ hw](m,O)v['B](m,O) dar

r
—1)8

)
:/ {(_1)%1/ div kP (m, s5) dsg | 0P (m,0) dI".
r 0
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4.2.1 Term of order 0
The choice of v?l = 0 in (4.16) gives

aél,]z (Oééu([)l} — a;Uint 0, Um) =0.
Applying Lemma 1 with
B = pi g0y, ul) — py i, Ueo = pias sl K =0,
(1] _

we obtain Js,u, = 0. Similarly, the choice of vl =0 in (4.16) gives

a([)zv]Q (a‘;u[OQ] - anext,07 UP]) =0.
We apply Lemma 1 with

h[2] = pz_laéasz u[02] - pz_laeasz Uext,O = pg_laé 33274)2], k-[2] =0

to obtain 652u([)2] = 0. Using (4.9), (4.10) and (4.11), we get

uint,O|F = u([)l] (mv 31) = u([)Q] (ma 82) = uext,0|f‘7 m e F? V(mv 8,3) € ‘QB (421)
In the same manner as above, using Lemma 1 and (4.17), we find
p1_1a5851 u[ll] - O‘ianuint,O\F = 07 (422)

p§1a55‘52u[12] — QeOnUext,o/r = 0. (4.23)

Moreover, for all v[%!, we have

Oéi/ 8nuint,0|[’v[1](m70)dp:ae/ anuext,0|f‘v[2](m70)dp'
r r
So
aianuint,o\l“ = Oéeanuext,mﬂ (4-24)

Let us define ay and u,, by

o ifx € Qexh . ) Uext,n in Qexta
ap(z) = . and  wu, = .
o; i x e Uint,p, 10 ing.

Therefore, with (4.5), (4.21), (4.24) and Theorem 2, ug is the unique solution
of the following problem

—div (apVug) = f in £,
Up|la = 0 on 0f2.

Note that ug is nothing but the solution of the initial problem without the thin
layer.

Math. Model. Anal., 20(1):53-75, 2015.
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4.2.2 Term of order 1

Integrating Relations (4.22) and (4.23) in sg and identifying terms of order 1
in (4.9) and (4.11), yields
(1] W o
Uy (m7 81) = Uy (mv 1) + (81 + 1)101041@5 nulnt,O\F
= Uiner +P1[(51 + Dyt — 1 Ontingor,  V(m,s1) € 2
and
ug (m, 52) = u? (m, 1) + (52— 1)pacee Outiess i
= Uext,1|I" + D2 [(52 - 1)aeagl + 1] 8nuext,0\F7 V(m, 52) € 22

The identification of first order terms of (4.10) gives the first transmission
condition on I

Uing, 1|17 — Uext, 1| = P1 (1 - aia(;_l)anuint,ow + D2 (1 - Oéeag_l)anuext,ow- (4.25)

The second one follows the same lines as for order 0. The choice of v[2l = 0 in
(4.18) gives

a(% (oz(;u[;] — a;Uiny, 2, vm) + a([i]l (a(;u[ol] — a;Uiny 0, vm) =0.

We apply Lemma 1 with
as 1 (67 a5 1
pltl = *55110[2} — —05,Uint 0 = 7631’“[2] — @ OnUing 1|1 — S1P10%0pUing 0|1
D1 b1 P1

Y =p Vi (Oéaugll — @iUint,0) = p1 (@05 — ) Virtling o1

to find

s (1] 2
;3S1u2 (m, 1) — QiOnUint, 1| — $1P10 0 Uint 0|7
1
= —(s1+1)p1 (a5 — @) Arting,o|r-

Moreover, for all v!*) we obtain
£yl = —/ p1 (as — 1) Apting o)r ol (m,0)dI.
r

Similarly, the choice of v =0in (4.18) gives
a([)%}Q (a5u[22] — eUext,2, U[Q]) + a[OQ,]l (Oé5u[02] — eUext,0, »U[Q]) =0.

We apply Lemma 1 with

2 a5 2] e s 2] 2
h[ )= ;852112 - ;astext,Q = 7882“2 - aeanuext,ﬂf - s2p2aeanueXt’O‘F’
2 2 2

K2 = pV i (asul! — acUeio) = po (a5 — @) V ptiestofr
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to find
s 2] 2
—Osyuy (M, S2) — aeanuext,l\r - Szpzoéeanuext,ow

D2
= (1 — s2) p2 (5 — ate) Artiext,o|r-

(2]

Furthermore, for all v'“! we obtain

LRy = —/ P2 (s — ae) Artiexs,o)r v (m,0)dI.
r

As a consequence,

Oéianuint,ur - Oéeanuext,ur =D (046 - ai)AFUint,o\F + p2(055 - ae)AFUext,mF'

(4.26)
It follows from (4.5), (4.25), (4.26) and Theorem 2 that u; is the unique solution
of the following problem

—div (; Vttint,1) =0 in i,
—div (aeVueXt,l) =0 in Qexta
Uext, 1|82 = 0 on 02

with transmission conditions on I”

(67 Qe
Uint,1|I" — Uext,1|I" = P1 (1 - )anuint,OF + P2 (1 — )anuext,OH—’?
o Qs
aianuint,1|F - aeanucxt,HF = pl(a6 - ai)AFUint,O\F +p2(a5 - ae>Afucxt,O\F

or

Qe 5

Q; Qg Q;
Uint, 1| — Uext, 1|7 = {pl (1 - ) + D2 < - ﬂ 3nuint,0|1“a
ags «

aianuim,ur - aeanuext,l\F = [pl(aa — ;) + pafas — Oée)]AFUint,O\F-

Remark 2. The determination of the first two terms of the asymptotic expansion
in the two-dimensional case does not differ from the case N = 3.

4.3 Existence and uniqueness of (Uint,;), (Uext,;) and (uEB])

Theorem 3. The sequences (Uint ), (Uex,;) and (ugﬂ]) exist and are unique.
Furthermore, for any k € N and j € N, we have iy ; € H* (2int) Uegt,j €
HF (2.44) and ugﬁ] € H*(0P).

Proof. In the previous paragraphs, we have determined the first two terms
of Expansions (4.3), (4.4), (4.6), and have shown, provided that f is C*, that

for j = 0,1 and for any k£ € N, there exists a constant ¢ independent of ¢ such
that ||Uint7j||H;€(nint) + ||ttext jll m#(0e) < ¢ Also, we have shown that ugﬁ] is

a polynomial of degree j in sg and using the regularity of («int,;) , and

0<j<
(Uext,j)g< j<1» We deduce that ||u£m | % (28) < c. Let us now present the general
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(8]

construction : Let us assume that the terms uine,j, Uext,; and u; " were built

(8]

for j < n. The construction of uin j, Uext,; and u; consists of four steps.

Step 1. We define 0, 5 from Lemma 1 and Problem (4.19) at rank (n —1).
Thus the jump Condltlon Uint,n| I — Uext,n| CaN be determined by the relation

anjj Zn (—1)jjj
Uint,n| I — Uext,n|I" *= ﬁpQa Uext,n—j|I" — ] 8 nWint,n—j|T

/ 851 n (m,s1)ds; — / 852 uy, m,Sz)dSQ.

Step 2. Lemma 1 and Problem (4.19) at rank n determine the transmission
condition @;OnUingn|r — QeOnlexs,nr in terms of the surfacic divergence of

Bsﬁuf] (j <n).

Step 3. Step 1, Step 2, (4.5) and Theorem 2 guarantee the existence, unique-
ness and regularity of wing,n, and Uext,n.
(8]

Step 4. The determination of u[’B } can be achieved by integrating Os,un ",

defined in Step 1, in sg and using transmission conditions (4.9) and (4.11). The

(8l O

smoothness of us* follows from the regularity of (wing ;). .. and (Uexs ;)

Jj<n j<n’

5 Convergence Theorem

The process described in the previous section can be continued up to any order
provided that the data are sufficiently regular. We can also estimate the error
made by truncating the series after a finite number of terms. Let n be in N,
we set

n
(n) ._§ : j '™ E :
uint,5 T 6Juint>j’ ext6 - 6]ueXt;]’
(n) n 5j i 0
(n) ) Udis = >0 07ud, 5 in 251,
d,6 " (n)

n y .
Ugy 5 7= Dj—0 07 Udy,j I (252,

where ug, () := g4, ;(m,dsg) := uEB] (m, sg); Yo = Pg(m, sg) € 253.

Theorem 4 [Convergence Theorem)]. For all integers n, there exists a con-
stant ¢ independent of § such as

[tines = w50 sl s sy + 0 s = w5 1

< n+1
Hl(Qea,L 5) - 05

+ H“m,ﬁ - “(6225|

Proof.  Since f is C*°, all terms in Expansions (4.3), (4.4) and (4.6) up to
order n + 1 may be obtained from Equations (4.16)—(4.19). Let us define the
remainders Rp, n, Rp,n, Ri, and Ry, of Taylor expansions in the normal
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(n) (n) (n)

variable with respect to é up to order n of umt 01517 Yoxt, 5Ty 50 Uint,s and Ui 5
respectively by
n n—j 1 5j+1
(=1
RDl,n = ui(r?t),éﬂ_}s‘l - Z Tpllafquint,ﬂfv (51)
j=0 1=0 ’
(m) LR
RDg,n = uext,5|1—‘5,2 - N an Uext,j| I (52)
§=0 1=0
n n— ]
n) A1 (s 5J+
Ri () = RE, (s = ()" = 305 S ot
7=0 1=0
= (ul(:t)é Z(S Umt g Vo = @1 (m Sl) € Qé 1, (53)
J=0
n n—j
w2 5J+
Rop (7) := R[Q] n(m, s2) i= (“éxz,(s)[ = Z PO Uext i1
j=0 1=0 !
n 2 - ;
= (W) ) =S Uy Vo = Bo(m, s2) € s, (5.4)
j=0

where sg € Ig. We shall rely on the following proposition to show the estimates
of the remainders Rp, , and Rg,. The steps of the proof are very similar to
those given in [25, Section 5]. We refer the reader to this paper. O
Proposition 1. There exists a constant ¢ > 0, independent of d, such as
1/2 j 1/2 .
HvRﬁm||L2(géﬁ) <"t / ) vaz)RDl%”HLQ(F) < o™t / , forj=0,1.

Moreover, there exists an extension PR of Rp, n into {25 with

PR g1 5y < 0™

Continuation of the proof of Theorem 4. Let r{i; s, 45 and 7, 5 be the
remainders made by truncating Series (4.3), (4.4) and (4.6)
Tint.s ‘= Uint,6 — ui(r?t),& Text,s -= Uext,d — “222,57 Tis = Uds — “51?5)

and L be the linear form defined on H}(£2)
Lsv = ai/ Vring.s-Vint,s A2int 5 + 045/ V(rgs — PR).VvgdS2s
Qing, s 25
+ e / Vet 5-VUext,s Aext,s5, (5.5)
Dext,s

in which PR is the extension function of Rp, , into {25 and vi,s, v4, and
Vext,s are the restrictions of v respectively to the domains 2 s, 25 and £2exs,5.
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Using Green’s formula in 2, and in (2ex¢ with the help of (4.5), we obtain

Lsv = / fvdf2 — al/ Vumt 5- VU2, A0 + Vumt 5-Vug1dfls
Oing 251

dQext

ext

— Qg i Vu&né) Vugdf2s — ae/ Vuext 5- VU0
[ ext

tae [ Vul 5. Vug1d2s1 — as / VPR.Vugdf2s
251 2s

= —qy / (OnUing,o|r + -+ + 0" OnUing,p ) Va, 11 AT
r

+ o Vumt 5 Vg1 ng 1— Qg Vu Vvd df2s
251 25

tae [ Va5 Voi2d2s0 —as | VPRNVvgds
252 25

+ O[e/ (anuext70|F + -+ 6nanuext’n‘p)’lld72|[’ drl’.
r
It follows, from (5.1)—(5.4), that
Lsv = _ai/ (Onttins,oir + -+ + 0" Onling,nir) Var I’
r

+ 0415(15 ( int,0 + -+ 6nUint,n7 'Ugl]) + oy vRl,n-vruol,l d-Qé,l
0251

2
— Z agéa([;m (u([)m +-+ §"u%ﬂ, vgﬁ]) + VR, Vvgadf2ss

25,2

+ 0005 (Uexo + -+ + 0" Uextns v ) — a5 | VPR.Vugdf2s

25

+ e / (8nuext70\1“ +oeee 4+ 5nanuext,n|l“)vd,2|l“ ar.
r

Now, we use the fact that u([)’@], e “Eﬁl (8 = 1,2) are solutions of Equations
(4.16)—(4.19), and obtain
E §n+1{6 1 [1] (C¥5UH+1 1Uint s U([il])

a + a a(;u[l] — a;Uine, n,vm
2 2 d

- a‘[l ]1 (Oéé’u,[ ] - aiUint n—-1+ 5a5u[1] - 6aiUint,n7 ’ULI])
a[2 ]1 (a5u£1] 2 — alUlnt n—2 + (SO[J’U,[ ] - 5aiUint,n—l
+ 82a5ull) — 620, Uiy 0l) — -+ i] L (asul! = QUi

4+ 40"t uLﬂ 1 (5n—1aiUint,n—17U£ll])

rl(8; asul’! — Ui + - - + 6" asul) — 6" Ui, 0]}

+46- 1ag2]2(ozgu[n_]~_1 ozeUext,n+1,vl[12])
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( 2 + a([)] )(OZMLE] - anext,na v([iQ])

- (1[12]1 (065’&,[”2}_1 - anext n—1 + 5065’&[2] - 6anext,na 'ULQ])
CL[22]1 (a(;uf} 9 — 0eUextn—2 + 5a5u[ - deUext,n—1
+ §2a5u[f] — 52 0eUcxt n, v([i ]) cee— af]fl’l (a(su[f} — @Uext 1

4+ .+ 5"_10z5u£12]_1 - 6n_1anext n—1, U52]>

(2]

— (85 a5ul — @ Uein + -+ + 6" asul? — 6" Uesi, v) }

+ oy VRl’n.V’UdJ d.Qg,l + Q. VR27n.V’l}d72 thg)Q
25,1 25,2

— Qg V’PR.V’UddQ(;.
25

By the estimates based on the explicit expressions of the bilinear form aEf %( ,-)
and those of Propositions 1, we have

2
[Lsv] < 6™ 1V rolf 289 +571||836U1[16]||L2(95 +[[oy” Iz (@s))
B=1

+ " H'UdHHl(Qé,B) :
This implies

2
|Lsv| < con e Z(é ||vad5
=1

+§%Hv([iﬂ]”L2(!25)) + " Hvd”Hl(Q&B) :

||L2(fo 57%H85ﬁ”dﬂ]||w(m)

Then
1L50] < 8™ 0]l grgy, Vo € Hy(2). (5.6)

We set in (5.5) vint,s = Thht.s» Vd =T s — PR and vext,s = iy 5, We obtain

(5.6)
Hrglt,rSHHl(nm,é) +ris - PRHHl(Qg) + HrgxtﬁHHl(Qext,é) < ot
Thanks to Proposition 1, we find
Hrmt 5HH1 Quns) T Hrd 6HH1(95) + Hrext <5H1L11(Qext 5 S e (5.7)

Moreover, since f is C*> and for every integer j, we have HuextijHl(Q ws) =
ext,

O(1), ||Uint7]‘HH1(Qint15) = O(1) and HU/dﬁ}jHHl(Qé’ﬁ) = 0(6_1/2)7 therefore (see,
e.g., [25])

7t ol i1 (e 5y = 10" tint s + 755

(5.7)
§ 65n+1 +C§n+1 S c(anrl’

int,5)
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Irécesll s e ) = 17 ttextinsn + 1885 a1 )
(5§7) 05n+1 +C5n+1 S C§n+1,
rn ) ,rn+1 +5n+1ud ntl " (5§7) Cé-n-i-l +C(5n+1/2 < C(Sn+1/2.
dollg (95) H'(£02s5)

This completes the proof. 0O

6 Approximate Transmission Conditions

This section is devoted to the approximation of us by a solution of a problem
modelling the effect of the thin layer with a precision of order two in §. We

truncate the series defining the asymptotic expansions, keeping only the first
two terms

~ D) ;
Uing,5 ™ Uipg 5 = Wint,0 + OUing,1 0 ing,
(1)

Uext,s = U = Uext,0 + 5uext,1 in 'Qextv
ext,d

Ug, s(x) =~ u((h)é(m, s1) = u([)l] (m,s1) + (5u[11] (m,s1) VYo =o1(m,s1) € 251,

Uy 5(2) = UG s (m, 52) == ul (m, s5) + 6ul® (m, s5)  Va = By(m, s5) € 252,

where
|
Uppyi 5 10 Ling,
is the solution of
_div(aivui(iz,é) = flom in 2,
—div(@.Vul) ;) = fio. in Qexs,
ul(it) or - “S()c o= 5A(“i(it),5) — 0% on I, (6.1)
@i0n “mt) Slr T 8nuex)t S|Ir = 53(“&2,5) —0%p; on T,
“t(ei)tman =0 on 92
with
() := [pr(1 = ases ") + pa(aias ! = qias )] (Oaur),
= [p1(as — o) + palas — )| Ay,
[Pl(l — o ) + D2 (aia ' (e71e7% )]anuint,lu"a
= [p1(as — ;) + p2(as — o) | Artiing 1)1
Let

ap - X
Uing,5 10 Lint

ap .
Uap L {uext,5 n ‘QeXt7
[
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be the solution of (6.1) with ps = 0 and & = 0. We obtain a problem (P;?)
with transmission conditions of order equal to that of the differential operator.
The new transmission conditions on I" are defined by

Uit sir ~ Yesrayr = 0 [P1(1 = iag ) + pa(@iag = asas ) [Onui 5 ps
O‘ianu?ri,a\r - O‘ean“gft,aw = 0[pi(as — o) + p2(as — ac)] Afu?ft,a\r-
(6.2)
However, it is not obvious if the bilinear form associated to Problem (P§?) is
positive or negative. Then the existence and uniqueness of the solution are
not ensured by the Lax-Milgram lemma. Therefore, we reformulate Problem
(P§?) into a nonlocal equation on the interface I" (cf. [5]). A direct use of
transmission conditions (6.2) leads to an operator which is not self-adjoint. So,
we choose the position of I" in such a way that the jump of the trace of the
solution on I" is null. We put

pl(l — aiagl) + po (aiagl — aiagl) =0

and obtain
pr = Qe o) g g,
as (e — )

ae (o5 — )
b
as (e — o)

which is valid only when a; < a5 < . or a. < as < «;. This corresponds to
the case of mid-diffusion. Transmission conditions (6.2) become

ap _,ap _
uint,(ﬂf uext,é\l—' =0,
Qe — X o; — &
) ap - ap _ ( e 6) ( i 6) ap
Oélanuint,(ﬂ[‘ aeanuext,é\[‘ =0 Aruintﬁ'

as

After, we remove the right-hand side of Problem (P§?) by a standard lift: let
G be in Hj(£2) such that —div (gVG) = f. Then the function ¥ = Ug? — G
solves the following problem

—div (a,»VWint) =0 in Qint;
—div (aevwext) =0 in cht,
q/intu—’ - wext|[‘ =0 on I,
i OnWing|r — QeOnWeoxt| — 5(% — aéc)kgai ) Ar¥inr =g onl,
Vextjon =0 on 942,

where g = (. — ;) OnG|p +5%AFG‘F, Uing := Y|, and Yoy :=
W| Qo -

We introduce the Steklov-Poicaré operators Siyt and Sext, (called also Dirich-
let-to-Neumann operators) defined from H'/?(I") onto H='/2(I") by Sing :=

OnUing >, Where iy is the solution of the boundary value problem

int

_Auint =0 in Qintv
Ungr =@ on I

Math. Model. Anal., 20(1):53-75, 2015.
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and by Sext? 1= O_nUext|r, Where ey is the solution of the boundary value
problem

—Auext = 0 in Qext;

Uext| ' = (0 on [,

uext‘ag =0 on 0f2.

Then (Pg”) is equivalent to the boundary equation

5(6“6 —as) (o — ag)

as

aiSintw + aescxtw - A[‘W =g on F,
where w is the trace of ¥ on the surface I. We are now in position to state the

existence and uniqueness theorem, whose proof is similar to that of Theorem 2.5
in [5].

Theorem 5. The operator Ps := §WMAF — ;Sint — 0eSext 1S an
elliptic self-adjoint semi-bounded from below pseudodifferential operator of or-
der 2. Moreover, there exists series (An),cy growing to infinity such that for
any g € H® (I') with s € R, we have the following:

LIf 0¢& (An),en» then equation —Psw = g admits a unique solution in
S’ (I") which, in addition, belongs to H¥"2 (I") ;

2. If 0 € (An),cn » then there is either no solution or a complete affine finite
dimensional space of H*%2 (I') solutions.

Finally, we give an error estimate between the solution us of (1.1) and the
approximate solution u$” defined on 2 by

ap . .
uintﬁ m ant757
ap ,_ ap
Us = ugs in s,
ap .
uext,6 mn Qext,éa

where
1],

UG 1 (@) 1= w5 () o= uli o7 (m, 51)

ap Q; (ae - 045)

&%)
int,é|I" ) |:(Sl + 1)0[7 - 1:| anulnt |

2
uggmm(x) =gt s(x) == ug,’s" (m, s2)

=Uu

:up

ext,0|I" §2 — 1) + 1:| Onu ext O

We can now formulate our main result.
Theorem 6. There exists a constant c independent of § such as

([twint.s — u?’ri)t,tsHHl(me,a) + 0% [uas — “Z%HHl(Q&)

< 2
HY Q) = 0

ap
+ Huezt,é - ueact,6|
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Proof.  Since

Hu[l ap_ud1,5HH1(m) (Humté mt6HH1 mt)+6 ||u1nt1||H1(th)>7
o~ ll oy < s = 5kl @)

where c is a constant independent of § and according to the Convergence Theo-

rem, it is sufficient to estimate the error Ug? — Uél). Therefore, as in [28, p. 36],

we perform an asymptotic expansion for Ug”. The ansatz
= §wy, (6.3)
j=0

where wj| o, = Wext,; and wj|g;,., = Wint,j, gives the recurrence relations

int ©

—div (ainint,j) = 6.7'70f|9im in 2in,

—div (aveext,j) = j,Of\Qext in Qext,

Wint, 5|7 — Wext,j|I" = 0 on I,
(e — ag) (o — ag)

QiOnWing j|r — CeOnWexs j|I = ” Arwing j—1r on I

Wext,jlo02 =0 on 0f2

with the convention that w_; = 0. A simple calculation shows that the first
two terms wy and w; coincide with the first two terms ug and wu; of (4.3)
and (4.4). Furthermore, since f is C>, each term of (6.3) is bounded in H! (£2).
Then, by setting R, := Us? — wy — dwi — 6wo, there exists ¢ > 0, such as
[Ruwll 1y < 62, which gives the desired result. O

7 Conclusion

We derived and justified an asymptotic expansion of the exact solution of Prob-
lem (1.1). We successfully modeled the effect of the thin layer by a problem
with transmission condition with accuracy up to O(§2).

An interesting perspective is to investigate the cases of high-diffusion i.e.
Qe < a; < ag Or a < e < ag, low-diffusion i.e. a5 < a; < e or ag < e <
«;, and the case where diffusion constants depend on §. Lastly, the cases of
Helmholtz and Maxwell equations would be interesting.
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