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ABSTRACT

Some results about inversion formula of functional operator with generalized dilation are
given. By means of commutative Banach algebra theory the explicit form of inversion op-
erator is expressed. Some commutative Banach algebras with countable generator systems
are constructed, their maximal ideal spaces are investigated.

1. INTRODUCTION

Examine functional operator with generalized dilation

o0

(Mo f)(z) = Z a(n,z)n™ f(n"x), 0 £ 7 € R, z € (0;00).

n=1

This operator was considered in paper [3]. It were shown that the inversion
formula of this operator is close to the reciprocal sequences with respect to
the discrete Mellin convolution (DM C') of functional sequences with 7-degree
dilation

(axb);(n,z) = Z a(k,z)b(m,k"x), n € N.

km=n
Reciprocal sequence a~!(n,z) is almost everywhere on (0;00) defined by
equality

(a* ail)‘r(nvm) = (ail * a)T(n,l') - 61(”) N {(1): Zi },
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In this terms the inversion formula, when all including sequences belong to
special Banach space, may be expressed in form

Ma_,71—f = Ma—l,‘rf-

General theory of such operators were constructed in [1]. In paper we
consider more simple case of functional operator with number sequences

oo

(Marf)(@) =Y a(n)n™ f(n"z)

n=1

in functional spaces L, , (see [3]).

2. COMMUTATIVE BANACH ALGEBRA A(N)

DEFINITION 2.1. Let denote by A(IN) a Banach space of absolutely summable
number sequences a(n), n € N, with usual operations of summing and mul-
tiplication by number and multiplication, defined by means of DM C'"

(axb)(n) =Y a(k)b(m). (2.1)

km=n

In [3] were established some sufficient conditions of belonging the reciprocal
sequence a~!(n) to Iy, i.e. sufficient conditions of invertability of a(n) in A(N).
By means of maximal ideal theory we’ll find inversion criterion in A(IN).

Let determine for A(IN) its maximal ideals. Set

N1 = {ep(n), p — primes},

were
1, n =p,

wm={ g n 20

is generator system (minimal) for commutative Banach algebra A(N), i.e.
minimal algebra, containing N; and multiplication unit e (n), is A(N).

As known [2], canonical gomomorfism by some maximal ideal M, is exactly
defined on generator system. Let by this mapping number (, corresponds to
element e, (n). According to the properties of canonical gomomorfism |(,| < 1.
Then to arbitrary sequence a(n) € A(N) corresponds number

o0

a(n) = 3" a(k)G,
k=1

were (i is

Q=1 G= 1?11 1?22'“ IC):L’
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when k = p{'ps? - --p¥m — decomposition on the primes. Decomposition

formula for (j follows from the next property of canonical gomomorfism:

Cqu = Cpq:

because
(ep x €eq)(n) = epy(n)

for arbitrary p,q € N. My consists of all sequences, corresponding to zero.
In other words, My corresponds to all functions, defined on set

B = {z = {zp, p — primes}, |zp| < 1},

constructed by formula

a(z) = Za(k)zk, (2.2)

k=1

were zF = zptzp? - zpm, and vanished in zo = (C2,(3,--+,(p,...). From
the theory [2] we know, that some element of commutative Banach algebra
is invertable iff it does not belong to any maximal ideal. So we have obtain

inversion criterion in A(IN).

Criterion 2.1. Sequence a(n) € A(N) is invertable iff function a(z) (2.2)
does not vanish in any point of set B.

Corollary 2.1. Functional operator M;i with a(n) € I; under the crite-
rion 2.1 condition may be expressed as M,-1 ., were a~!(n) — reciprocal to
a(n) with respect to DMC (2.1).

But this criterion is very difficult in use. Even in the case of finite sequence
function a(z) (2.2) has not very simple form. Moreover, necessary inversion

condition
oo

| > a(k)k

k=1

>0, (2.3)

inf |a* = inf
anfola™(s)] = inf

obtained due to the integral Mellin transform, is very particular case of the
criterion 2.1 condition. Therefore, the inversion operator M, 1 does not al-
ways expressed by means of reciprocal sequences. With the aim of keeping
mentioned explicit form and simplifying criterion we extend considered alge-
bra.

3. COMMUTATIVE BANACH ALGEBRA A(Q,)

DEFINITION 3.1. Let denote by Q1 + set of all rationals ¢ > 1 and A(Q;4+) bea
Banach space of absolutely summable number sequences a(q), ¢ € Q1+, with
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usual operations of summing and multiplication by number and multiplication,
defined by means of formula

(axb)(g) =Y a(r)b(s), 7,45 € Qu+-

rs=q

This multiplication is continuous in defined space.
Obviously, algebra A(IN) is subalgebra of A(Q;+). Let investigate maximal
ideals for this more extended algebra. By analogy with previous case, set

N2 = {er(q)) 1<re Q})

were

eT(q):{O’q;r,)q€Q1+7

is generator system for commutative Banach algebra A(Q;,). But canonical
gomomorfism by maximal ideal My it is enough to determine only on the
set N7 from section 2.

Lemma 3.1. Mazimal ideal My corresponds to all functions a(z, ), defined
on set

S x [0;00] = {z = {zp, p — primes}, |z,| =1} x [0; 0],

constructed by formula

a(z,a) = Z alq)g— 24, (3.1)

7€Q1+
were
Q1,02 ~Qm
Zq _ Zpl Zp2 Pm
T _Om41_Qm42 Qm+tn ?
ZPpm+1 “Pm+42 " FDm4n
when
a1, a2 fe4
Q1 P1 Py Pt
q - — A 41, Xm 42 Qo 4n ) ql > q2

a2 perl pm+2 ’ pm+n
— fraction decomposition on different primes, and vanished in some fized

point of S x [0; c0].

Proof. Actually, we must prove that for arbitrary » number (., corresponding
to element e,.(q), has absolute, equal to r~®. Let consider 3 different cases.
1. If any of ¢, = 0, then for all s > 1 we obtain (s = 0. Really, for all r > s

Cs = CrCs/r =0
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by the property, mentioned in section 2. If 1 < s < r, then there is such
natural ng, that s™ > r and

(ns = =0=> ¢ =0.

So we may define this case as a = +o0.
2. If any of |(.| = 1, then for all s we obtain |(s;| = 1. This follows from the
next inequality

[¢r] < |¢s| for any s < 7,

obtained from [(, /| < 1.
In fact, forall r > s> 1

1Z|CS|Z|C’I“|:1 = |Cs|:1'

As r™ — o0, when n — oo, statement is proved for arbitrary s. So we may
define this case as a = 0.

3. All |¢.| # 0,1. Suppose |(.| = r~%, but there is s > r, for which
|Cs| = s75. Tt is easy to prove that |¢.| > |(s| for any s > 7.

If @ > 3, there are naturals n and m, such that r”™ < s™, but |(m| < |sm .
This follows from existence of rational -, satisfying inequality

B Ins n Ins

Sy _7
a Inr m Inr

which contradicts with properties of canonical gomomorfism.
Case a < 3 is wholly analogous.
Decomposition formula for z? is proved as in section 2. H

Immediately from this lemma we obtain inversion criterion in A(Q14).

Criterion 3.1. Sequence a(q) € A(Qu4) is invertable iff function a(z, a) (3.1)
does not vanish in any point of set S x [0; co].

The following lemma allows us simplify criterion 3.1 condition.

Lemma 3.2. Sequence a(q) € A(Qq4) is invertable iff

: —s
ik, | 2 alaa) >0
T 19€Qit

Proof. Statement of the lemma follows from the fact that maximal ideals,
corresponding to functions =%, r € Q;4, are dense in A(Q;4) maximal ideal
space (see proof of theorem 2, [2], p. 189). W

But our functional operator M, ; is defined on sequences from A(IN). There-
fore let transfer the results obtained on mentioned subalgebra.
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Theorem 3.1. Banach algebra A(N) is filled subalgebra of A(Q14), i.e. se-
quence a(n) is invertable in A(N) iff it is invertable in A(Q14).

Proof.

Necessity. It is evident, that sequence a~'(n) from A(N) is reciprocal
sequence in A(Q;4) too.

Sufficiency. Let show that a~!(g) belongs to A(N), i.e. a=*(q) = 0 for all
g #n € N. Obviously, a(1) # 0 (necessary inversion condition).

Let ¢ € (1;2). Then by the formula from definition 3.1 and by the reciprocal
definition

(axa™)(g) = a(l)a™ (¢) =0 = a"'(g) =0, ¢ € (1;2).

Suppose

m—1

a”'(q) =0, q€ |_| (i;0+1).

i=1

Let ¢ € (m;m + 1). Then ¢/k < m and ¢/k ¢ N for k = 2,m. From
equality

(axa™)(q) = a()a™ (q) + a(2)a="(/2) + ... + a(m)a~ (¢/m) = 0

follows a~!(g) = 0. So we have complete the proof of the theorem. W

Corollary 3.1. Sequence a(n) € A(IN) is invertable iff

S alk)k-

k=1

inf |a*(s)| = inf

2
RNs>0 RNs>0 (3 )

In the same time operator M, ! may be expressed as M,-1 ., were a “(n) —
reciprocal sequence to a(n) w1th respect to DM C (2.1).

Notify that corollary 3.1 inversion condition (3.2) is more strong then nec-
essary inversion condition (2.3). That is why let continue to extend Banach
algebra A(N).

4. COMMUTATIVE BANACH ALGEBRA A(Q.)

DEFINITION 4.1. Let denote by Q. set of all positive rationals and A(Q+) be
a Banach space of absolutely summable number sequences a(q), ¢ € Q4, with
usual operations of summing and multiplication by number and multiplication,
defined by means of formula

(axb)la) = 3 alr)bla/r), 4 € Qs

reQy
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The multiplication thus defined is continuous in A(Q.).
It is evident that

AN) C A(Q1+) CA(Q4).

Let investigate A(Q4) maximal ideal space. As in section 3 set

N3 ={ex(q), 7 € Qp, r # 1},

were

Lg=r,
er(Q):{O q#r:q€Q+:

is generator system for commutative Banach algebra A(Q.). But canonical
gomomorfism by maximal ideal My enough to determine only on the set N;
from section 2.

Lemma 4.1. Mazimal ideal My corresponds to all functions a(z), defined on
set

S ={z = {zp, p— primes}, |zp| =1},

constructed by formula

q€Q
were
Q1,02 ,,, ~QOm
Zq _ Zpl sz me
Um+41 _ Am+2 Qm+4n ?
ZPpm+1 “Pm+42 " FDm4n
when
oy, 2 (e
. pl p2 .. .pmm
q Um 41 Om+42 Am4n

Pm+1 Pmy2 """ Pm+n

— fraction decomposition on different primes, and vanished in some fized
point of S.

Proof. From (e, * e1/,)(q) = ei(q) follows [(1/r| = 1/|¢:|. As known [2]
|¢r] < 1. So || =1 for any positive rational r.
Decomposition formula for z7 is proved as in lemma 3.1. B

So we have obtain inversion criterion in A(Q4).

Criterion 4.1. Sequence a(q) € A(Q4) is invertable iff function a(z) (4.1)
does not vanish in any point of set S.

Lemma 4.2. Criterion (4.1) condition may be rewrite as

inf Z a(g)g=?| > 0.

Rs=0
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Proof of the lemma is as in lemma, 3.2.

Corollary 4.1. If

o0
: f * — 3 f —$8
Jnf la*(s)] Jnf Z a(k)k~%| >0,
k=1
then operator Ma_i may be expressed as M,-1 ,, were a~'(q) — reciprocal

sequence to a(n) in A(Qy).

5. FINAL CRITERION

The results thus obtained allow us to unite all corollaries in one inversion
criterion for functional operator M, .

Theorem 5.1. Operator M, ; with a(n) € l1 has inversion in L, , iff

Jnf |a*(s)] = inf |3 a(k)k™*| >0,

and inversion operator M;i may be expressed as M,-1 ., were at(q) —
reciprocal sequence to a(n) in A(Q4).

Moreover, if

WE

. * s —s
%lngola (s)| = ok a(k)k™*| > 0,
k=1
then in the mentioned explicit form a='(n) — reciprocal sequence to a(n)
in A(N).
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VIENO FUNKCINIO OPERATORIAUS ATVIRKSTINIO
OPERATORIAUS FORMULE

P. Plachinsky

Straipsnyje nagrinéjama vieno apibendrinto operatoriaus apvertimo problema. Naudojan-
tis komutatyviaja Banacho algebros teorija, sudaryta atvirkStinio operatoriaus ireikstiné
skai¢iavimo formulé. Sukonstruotos kelios komutatyvinés Banacho algebros, kuriy generuo-
jancios sistemos yra suskai¢iuojamos. Pagrindinéje teoremoje pateiktos butinos ir pakan-
kamos salygos, kad funkcinis operatorius turéty atvirkstinj.



